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Page 13. 

3 Let AB, CD intersect at O, and suppose the ^AOD is a rt ^ 

Then the adjacent z. AOC is also a rt /. \Th 1 ] 

Again, ^®COB, BOD aie i espectively adjacent toA'AOC, AOD, 
each IS a it L [Th 1] 

4 The ext angles aie supplements of equal angles , 

they are equal \Tk 1 Cor 3 ] 

5 The ext angles aie supplements of equal angles , 

they are equal 

6 Let the st line BO make Mith the st line AOC the adjacent 

/.» AOB, BOC 

Suppose OX and OY aie the bisectois of these angles respec- 
tively 

Because z. BOX=half z. BOA, 
and Z. BOY=half jL BOC , 
v hole L XOY =half the sum of BOA, BOC 

=half of two rt 4." [7% 1 ] 

==a rt L 

Again, by hypothesis, OY is the external bisectoi of the 4 BOA, 
and OX is its internal bisector , 

the external and internal bisectoi's of the angle are at 
rt 4* to one another 

ELb G A G 
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7. As in Ex 0, the i.XOY is i rt u 

tlic l'BOX, boy aio coniplomcntiirj 
But L BOX=ii. AOX, and L BOY =/l COY , \Uyp ] 

tlio A,* AOX, COY arc coniplenicnt,ii> 

8 The A’ COX, XOA arc Biippleincntaij [77< 1 ] 

ButAXOA=ABox, Ufyp\ 

the A' COX, BOX ai o suppleinontari 
Again, A* AOY, COY aio «Hpi)lcnientai.i [7'A 1 ] 

But aCOY=aBOY , [//^/>] 

the iJ AOY, BOY aio fcuppleincnUiry 

9 LAOB+^BOC=2it 4.* 

= 180", 

and 4.AOB=3r/, 

4. COY =lnlf 4.800=725* 


Page 15 

1, In one hour the rninutc-lmnd malvoa a con)])lcio to\olutian, 
ir turns thiough lit c", oi 300* 

Hence, in GO minutes the hand tin ns through 3G0* 
in 1 minute the liatid tutus thi'ough G* 
the angles tinned through m 5 minutes, 21 minutes, 
43v^ minutes, and 1 1 J minutes are rcspcctnel> G^xfi, 
G" X 21, G* X m and C* x 14 J, oi 30% 12G% 2G1% and 85* 
Again, G* is tinned through in 1 minute 

G6* IS tinned through in minutes, ? o in 11 ininutcH , 

and 222" is tinned tlnough in nnniitcs i e in 37 niimilc** 

2 In 12 hours the houi hand turns ihiough 360" , 
in 1 hour it tuins thiough 30" 

Hence (i) m 3? lira it turns thiough 30"x3J, or 1121" ^ 

(a) in fjJ hra 30“x5J, or 155" 

And (in) the tiiiio taken to tuin through 172VjBli?i liout^, 

icsihiB * 30 


the time is 5 lira 45 min 
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3. The earth turns through 360’ e\ ery 24 hrs , oi 15“ every hour , 
(i) in 3^ hrs the angle turned thiough is 15“ x 3^^, oi 50“ , 
and (ii) 130“ is turned through in hrs ,ie 8 hrs 40 nun 

4 (i) The z.BOC=180“-35“, or 145°, being the supplement of 


5. 


the aAOC , 
the L BOD=35”, being equal to the A AOC , 
the aDOA= 145“, being equal to the a BOG 
(ii) The ACOB=the A AOD , 

each IS half 250“, ? c 125“ ; 
the aCOA, being the supplement of the A COB, 
= 180’ -125“, 01 55“ , 
the A BOD =thc aCOA=55“ 

(ill) aAOC+aCOB+aBOD=274’, 

and aAOC+aCOB =180’, 

. aBOD= 274“-180’=94“ 
the AAOD=the supplement of A BOD =86’. 
Now aAOC=aBOD= 94“, and a boo = a AOD =86" 

The A* BOC, COA are supplementary 

and aBOC=aAOD by hypothesis , 

A* AOD, AOC aie supplemental y. 

CO, OD are in the same straight line 

Produce XO to Y 

Then aAOY=aBOX, and aCOY=a DOX 
But the A* BOX, DOX are equal by hj pothesis , 
the A* AOY, COY are equal , 

. OY bisects the A AOC 


\Th 1 ] 
ITh 3] 
{Th 3] 
\Th 3] 


[%/>] 

[77j 1] 


[Til 1] 

[Til 2] 
[Th 3] 


7 The A* COX, DOX arc supplementary [Th 1 ] 

The A* DOX, COY are equal, being halves of the equal angles 
BOD, AOC {Th 3] 

* the A" COX, COY are supplementary. 

OX and OY are in the same straight line [Th 2 } 

8. After folding we have two equal angles AOX, BOX with a 
common ann OX and on the same side of it 
the remaining arms OA, OB coincide 
If the A AOX is greater than the A BOX, OA falls outside the a XOB 
less . within 
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9 The angles BOC, BOD being both right angles are equal 

Hence aftei folding \se ha\e two equal angles BOC, BOD, 
^\lth a common arm OB and lying on the same side of it , 
and therefore their lemaining arms, *viz OD, OC, coincide 

10 Unfold the paper and call the crease COD 

Then the z/AOC, COB (which coincided when the paper was 
folded) aic equal to one anothci , 
and these being adjacent angles, each is a right angle , 
that IB, CD IS perpendicular to AB 


Page 19 

1 Let ABC be the isosceles A, in which AB=:AC, and let AX 

bisect the %crt lBAC, cutting BC at X 
Then in the A* BAX, CAX, 

BA=CA, by hypothesis, 
because - and AX is common to both, 

and ^BAX=aCAX, by hypothesis , 
the triangles are equal in all respects [Th 4 ] 
(i) BX=CX , that IS, AX bisects the base 
and (ii) aAXB=:Z-AXC , 

and these being adjacent angles, each is a right angle , 
that IS, AX IS peipendicular to the base 

2 Join PA, PB 

Then in the A* POA, POB, 

OA = OB, by h^ pothesis, 
because - and OP is common to both, 

^and L POA=a. POB, being right angles , 
the ti tangles aie equal in all icspects , \Th 4] 
so that PA=PB 

3 In the A* DAB, CBA, 

DA=CB, being sides of a square , 
because - and AB is common , 

, and L DAB 3= A CBA, being rt A," , 
the A DAB=tho A CBA in all respects , [Th A} 
DB^CA 
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(i) In the A'LBM, MCN, 

LB=MC, being halves of equal sides , 
because - and BM =CN, foi the ‘•aiiie leason , 
and L. LBM =L. MCN, being it , 
the A LBM = the A MCN m all lespects , \Th 4 ] 
LM = MN 

(u) In the A* ABM, DCM, 

AB= DC, being sides of a equal e , 
because - and BM =CM, being hah es of BC , 

and z.ABM=z. DCM, being rt, W , 
the side AM =the side DM [?% 4 ] 

(ill) In the A' ABM, ADN, 

AB=AD, being sides of a square , 
because - and BM = DN, being hah es of equal sides , 

and i. ABM = '.ADN, being rt 4.*, 

AM=AN [T/i 4] 

(iv) In the A'SCN, DCM, 

BC= DC, being sides of a square , 
because - and CN =CM, being hah es of equal sides , 

and the angle at C is common to both triangles , 

, the A BCN=the A DCM m all respects , \Th 4 ] 
BN = DM 


5. Inthe A»BAY, CAX, 
because 


{ BA=CA, being sides of an isos tnangle , 
and AY = AX, b} lij potliesis , 
and the angle at A is common to both tiiangles , 


BY=CX. 


[7% 4] 


Page 21 

1. (i) Since AB=AD, \Myp'i 

. the A ABD is isosceles , 

• iABD=z.ADB \Th 5] 

(ii) Similarly it maj be shewn that 
Z.CBD=aCDB 

(ill) Hence, adding the equal angles in (i) and (n), 
AABC=i!.ADC 
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In the A ABC, since AB~AC, hy hypothesis, 

lABC=aACB [TA 5] 

And since DB = DC, 

aDBC=lDCB \Th 5] 

Hence the whole LABD=the whole Z.ACD 

As in the last example it may be shown that 
^ABC=^ ACB , 
and A DBG— Z. DCB 

the lemaimng z.ABD=the remaining Z.ACD 

(i) In the A«LBM, NCM, 

LB= NC, being halves of equal sides , 


because 4 and BiVI =CM, foi a similar leason , 

[also z.LBM=z.NCM , [^A 5] 

LM = NM [Th 4] 

(ii) In the A® LBC, NCB, 

LB=NC, as above , 
because - BC is common to both , 

^and Z.LBC=Z.NCB, \Th 5] 

^ LC=NB [Th 4] 

(ill) As in (i), the A* LBM, NCM are equal in all lespects , 
Z-BLM=lCNM 

then supplements, viz z.® ALM, ANM are also equal 


Page 26 
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Let A be the \ ertex, and BC the base, of an isosceles A ABC , 
and let BC be bisected at D Join AD 
Then m the A® BDA, CDA, 

r BD=CD, [Hyp-] 

because < and DA is common to both , 

[ andAB=AC, \TIyp^ 

the ti tangles are equal in all respects [Th 7 ] 
So that (i) Z-BAD=iLCAD , that is, the L BAC is bisected 
tind (ii) Z-ADB==z.ADC 

And these being adjacent angles, each is a right angle , 
that IS, AD is peip to BC 
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2. Let A6CD be a ihombus Join AC 
Tlien in the A* DAC, BAG, 

( AD=AB, being sides of a rhombus , 

because -J and CD=CB, foi the same leason , 

V and AC is coninioii to both triangles , 
the tiiangles aio equal in all respects [7% 7] 
So that (i) z.ABC=z. ADC , 

and (ii) L. BAC= A DAC, and L BCA= A DCA , 
that IS, AC bisects each of the a* BAD, BCD 


Join AC 

Then in the A'ABC, CDA, 
AB=CD, by hypothesis, 
andBC=DA, „ 
and AC is common to both , 
the L ABC = the A CDA 


because ■ 


ITh 7] 


(i) Join AD 

Then in the A* ABD, ACD, 

" AB=AC, by hypothesis, 

because ■ and BD=CD, „ 

and AD is common to both , 
A ABD = the A ACD 

(ii) Hie second case is similarly pioved 

In the A* BAD, CAD, 

( BA=CA, by h 3 rpothesis, 
and AD is common to both , 
also BD=CD , 
the A BAD = the A CAD, 
and the ABDA=the A CDA 


[7%. 7] 


[Th 7] 


6. Let ABC be an isosceles tnangle, and X, Y the middle points 
of the equal sides AC, AB Join BX, CY 
Then in the A* YBC, XCB, 
f YB=XC, being halves of equal sides , 

because -I and BC is common to both , 

[ also A YBC= A XCB , \Th. 5 ] 

YC=XB [7% 4] 
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7, In the base BC of the isosceles A ABC, let D and E be two 
points such that BD=CE Join AD, AE 
Then in the A* ABD, ACE, 


r AB=AC, [/Typ] 

because -{ BD == CE, \PyT ] 

Undz.ABD=iLACE, [T/i 5] 

AD=AE [T/i 4] 


8 In the equilateial A ABC, let D, E, F be the middle points of 
the sides BC, CA, AB, lespectively Join DE, EF, FD 
Then ip the A" FAE, FBD, 
f FA=FB, [JIi/p] 

because -j sind AE = BD, being halves of equal sides , 

[ and ^ FAE FBD, [T/i D, Co? 2] 

FE = FD [7% 4] 

Similaily FD— DE , the A FDE is equilateral 


9 Let ABC be an isosceles tiiangle, and let BO, CO bisect the 
base L* ABC, ACB 

(i) Then the A ABC =the /-ACB, [T/i 5] 

the AOBC=the aOCB, being halves of equal angles , 

OB=OC [7% 6] 

(ii) Again in the A* ABO, ACO, 

r AB=AC, [IT^p] 

because -j and BO=CO, by (i), 

\ and A ABO = A ACO, being halves of equal angles , 
the ABAO=the aCAO [7% 4] 


10 


Let the diagonals of the rhombus ABCD intersect at X 
Then, as in Ex 2, the A* BAC, DAC may be shewn equal 
m all respects by Theor 7 tbe A BACs=the A DAC 
Then in the A“ BAX, DAX, 


because 4 


BA=DA, 

and AX is common , 


[Hyp"] 


[and z. BAX =^. DAX , 


. BX=DX, andthe4.AXB=the/:AXD [?% 4] 
and these angles, being adjacent, are rt z.” 
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11. In the A> FAB, EAC, 

FA=EA, 

because- andAB=AC, 

^ and L FAB=aEAC , 
FB=EC 


iTlyp'\ 

[Th 3] 
[Th 4] 


Page 27 

3. Theoretically by Tlieoiem 4 Experimentally b} dialing 

one of the tuangles on tracing papei and supeiposing 
it on the othei 

4. If the dra\Mn" and measmements aie accurate, the values 

found foi 0 , c, and A in the ‘second tiianglc should agree 
with the values in the fiist ti tangle 

Hence we conclude that a tiiangle is completely determined 
fioni cithci of the follow ing data * 

(t) two sides and the included angle , [Compaie 

(ii) two angles and the side which joins them 4, 1/ ] 

7. Draw a horizon t*il line AB, 3 0" long, to repiesent the distance 

between the foot of the pole B and the extiemity of the 
shadow A At A make an angle BAD =42° From B 
draw* BO peip to AB and meeting AD in C Then C 
1 epi esents the position of the top of the pole By measure- 
ment BC=2 7", and theiefoie the height of the pole is 27 ft 

8, The figure is drawn on one-thiid the given scale If diawm 

on the icquiicd scale, it will be found bj' measurement 
that DA=4 24", nearlj ; and the L. DAB=:135° 

N 

A 



DA repi esents 424 yaids, and since AD bisects the angle 
betw een AN and AW, the bearing of D from A is N W 



10 EXTERIOR AKD INTERIOR ANGLES RAGES 27, 29 


A convenient scale to use is that of 1 inch to 100 yds 
[Tlio diagiam is gi\en to half ^ 

this scale ] i 

It w ill then bo found hy measure- \ 

ment that ^ . \ 

AB = 2 81", AC = 1 55" \ 

and AD (drtn\n from A peip \ 

toBC)=153' Hence the dis- g 

tances represented by the'so ^ 

lines aio 281 yds , 155 yds , and 153 yds respectively 

A convenient scale is tliat in 'nhicli 1 inch lepresents 100 yds 
Using this, diaw CB of length 3 2', and with the protractor 
malvO Z- BCA=42® Cut a 

off CA=2 45" and join 

AB [The diagram is \ 

gn en to half this scale ] \ 

Then AB represents the \ 

distance between the \ 

two places By mca- \ 

surement on the figure, \ 

AB IS found to be 2 14", ^ ^ 
neaily, hence the dis- ^ ° 

tance between the two places is 214 yds 


Page 29 


1 Take any point D in the base BC and join AD 

Tlien m the A ABD, int z.ABD<e\t Z-ADC, {Th 8] 

and in the A ADC, int ^ACD<ext ^ADB [T/i 8] 

the z.* ABD, ACD aie together less than the z."ADC, ADB, 
that is, less than two right angles \Th 1 ] 

2 (i) Produce BD to meet AC in K 

Then in the A DKC, ext /.BDC>int opp Z.DKC, [Th 8] 

and in the A AKB, ext z.DKC>int opp Z-BAC [Th 8] 

Still more then is the z. BDC > the z. BAC 

(ii) Produce AD to meet BC at X 

Tlien in the A BAD, ext z.BDX>int opp /.BAD , [Th 8] 

and in the A DAC, ext z.XDC>int opp z. DAC [Th 8 1 


adding these results, the whole BDC> the ^BAC 
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3. In the A ABC let BC be piocluced to D and CB to E 

Then the A* ABE, ABC togethei =2 rt z.* ; [Tk 1 ] 

tolso the A* ACD, ACB togethei =2 rt z.* ; 

hence the z.* ABE, ABC, ACD, ACB= 5 l it z.* , 

and of these, the z.* ABC, ACB aw togethei less than 2 rt z." , 

[Th 8, Cor 1 ] 

' the z.*ABE, ACD aie together greatci than 2 rt z.* 

4. Let ABC be the given line and O the gi\ en point outside it 

and let OA, OB, OC bo three liiicis, supposed all equal, 
drawn fioiii O to the line 

Then because OA=OC , z.OAC=z.OCA; [lit 5] 

and because OA= OB ; z.OAB=Z-OBA, [Th 5] 

hence Z. OCA =z. OB A But this is impossible bj Tlieor 8, 
foi one of these angles is an ext angle of the AOBC and 
the othei its int opp angle 

/. more than tao equal straight lines cannot be drawn from 
O to AB 

5 In an isosceles triangle each of the equal angles is acute , for 
by Tlieor 8, Cor 1 their sum is less than t\\ o 1 1 angles 
each of the ext U at the base is the supplement of an 
acute angle, and is consequently obtuse 


Page 34 

L Prom Theoi 8, Cor 2 it follo'\js that eiei^ tiiangle must have 
at least two acute angles , the rt angle is the greatest 
angle ; the hypotenuse, which is opposite to the rt angle, 

is the greatest side [Th 10 ] 

2. Let ABC be a triangle and BC its gieatest side Then, by 
Them 9, since BC is gi eater than either AB or AC 
we haxe the Z.BAC gi eater than either the z. BCA or the 
Z.ABC Thus if either of these angles is obtuse, the 
z. BAC IS also obtuse , and we lia\ e two angles of a triangle 
whose sum is greater than two rt angles; vhich is 
impossible by Theor 8, Cor 1 Hence each of the angles 
ABC, BCA IS acute 
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3 Let ABC be the triangle and BD, DC the hues diawn fiom 

B and C to a point D withm the tiiangle Produce BD to 
meet AC m X 

Piom the A DXC, DX+XC> DC \Th 11 ] 

Add BD to dhch side , then BX+XC> BD + DC 
Also fi om the A BAX, BA + AX > BX 
Add XC to each side , then BA+AC> BX+XC 
Hence BA+AC>BD+DC 

4 Since AB=AC, aABC=aACB [77i 5] 

But in the A ACD, ext AACB>nit opp Z.ADB, [Th 8] 

the /.ABD> the aADB , 

AD>AB [Th 10] 

5 Let ABCD be a quiidiilateral liaA'ing AB the least side, and CD 

the gi Giitest Join BD 

Then since DA > AB [Hyp ], L ABD > A ADB , [3% 9 ] 

and since DC > BC [Hyp ], L DBC > L BDC , 

the whole A ABO the whole A ADC 
So, by joining AC, the A BAD may be shewn > the A BCD 

6 Let AX be di.awn to meet the bcose in X 

Then since AC is not gieatei than AB, 

AC is equal to, or less than AB , 
the A ABC IS equal to, oi less than, the A ACB [Th 5 and 9 ] 
But e\t aAXB IS greatei than int opp A ACB, [Th 8] 

the aAXB IS gi eater than the aABX , 

AB IS greatei than AX [Th 10] 

7 Let AB be > AC, then the A ACB > the a ABC , [Th 9 ] 

hence the A OCB > the A OBC , OB > OC [Th 10 ] 

8 In the A ABC, BC is less than the sum of BA and AC [Th 11 ] 

Take AC from each of these uiiequala , then the dilfeience of 
BC and AC is less than BA 

9 Let ABC be the triangle, and O any point 

In the A CAB, OA + OB > AB ,1 [7% 1 1 ] 

m the A OBC, OB+OC> BC , ^ add these lesults , 
in the A OCA, OC+OA > CA J 
fiticc the sum of OA, OB, OC>tlie sum of AB, BC, CA, 

% e the sum of OA, OB, OC>h«ilf the peiim of the A ABC 
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10 Let AC, BD be the diagonals of the quad' ABCO. 

Then from the A ABC, AB-rBC>AC, [77i 11] 
and from the A ADC, AD — DC > AC , 
by addition, the perimeter > ticice AC 
Similaily, the -perimeter >ttnce BD 
, by addition, itnee perimeter > tirire sum of diagonals 
.'. pel iineter> sum of diagonals 

IL In the A ABC, let AX bisect the L. BAC and meet BC 
Tlien ext /LAXC>int opp ^.BAX, 

.*. aAXC is also>z.CAX ; 

AOXC 
Similar! V, AB>BX; 
by addition, AB, AC together > BC 

12. Let O be any point inthin the A ABC Produce AO to meet 

BC in X 

Then AC+CX>AX [7% 11] AC+CB>AX4-XB 

ButOX-f-XB>OB[!L5 11] AX-»-XB>AO+OB 

Hence AO -{- BO < AC 4- BC, 
similarly BO-{-CO<BA-{-CA, - 
and CO+AO<CB-f AB ;j 

by addition, Ufve the «um of OA, OB OC is less than ivdtx 
the «mm of AB BC. CA , 

or OA"^OB-**OC< AB-I-BC-f"CA 

13. Let O be the given pt , AC and BD the diagonals , 

then AO-bOC>AC, [77i 11] 

and BO-^OD>BD; ITIt 11] 

by addition OA-bOB-rOC-fOD>ACTBD. 

The exceptional case is when O is at the intersection of the 
diagonal's 

14. Lit ABC be the triangle, AD the median bisecting BC Produce 

AD to E. making DE=AD Join EC 

Then, by Theorem 4, we can prove the A* ADB, EDO equal in 
all respects, and '. AB=CE 

But AC + CE > AE , \Th. 11.] 

. AC+AB>2AD. 


dtX 
\Th 8] 

\Myp\ 
[Th 10] 
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15 "With the Figure of last example let BF, CH be the medians 
bisecting AC, AB rc«;pecti\ eh 
Then, as in Eic. 14, can pro\e AB-fAC>2AD"| 

siniihrh BC4'BA>2BFj> 

^ ami CA--CB>2CH j 

, bj addition, twice sum of tlic sides > twice sum of the 
medians, tint is, the sum of the medians less than 
the perimeter 


Page 41 

1 Since iLEGB=rM®, its supplementatyanglc BGH^lSo"" [7% 1] 
Because AB, CD arc par* , i-GHC=alt ilBGH [77i 14] 

^GHC=12V 

Because AB, PQ are par* , int Z-HKQ=cxt,:LEGB. [77/ 14] 
i.HKQ=55® 

/lQKF, being supplciuenlarj to .iHKQ is 125® [77 1 ] 

2 Let each of the st lines AB, CD be perp to a st line which 

meets them at P and Q. 

Then the i.* APQ, PQD are equal being it angles and since 
these angles are alternate, AB and CD arc painllcl 

[77 13] 

3 Let PQ meet the parallels AB, CD at P and Q, and let PQ be 

perp toAB 

Then since AB and CD are pai**, and PQ meets them, 

the PQD = the alt. z. APQ \Th 14] 

=a rt. angle [Z/V/p ] 

4 Let ABC be any angle, and PQR an angle formed by tv.o 

lines PQ, QR pai*^ to AB, BC resjiectn cly 

First, when the a* ABC, PQR are either both acute or both 
obtuse 

Let PQ, produced if necessary, cut BC at X, 

Then since AB and PQ are and BXC meets them , 

z, PXC=corresponding z. ABC [77? 14 ] 

But since BC and QR are pai^, and PXQ meets them ; 

z. PXC==coiTCspondiiig z. PQR [77? 14 ] 

iABC=z.PQR 
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Next, wlien the angles ABC, PQR .aie one acute and one ohtuse 
Produce PQ to meet BO at S Tlien the a* ABC, RQS aie 
either both acute or both obtuse 
, as m the first case, A ABC = A RQS 
But A* RQS, PQR are supplementaiy * [2% 1] 

A® ABC, PQR arc supplementary 

5. In the A*AOC, BOD, 

1 [ j I hypothesis , 

because andOC=OD, J 

[and aAOC=aBOD, being veit opp A", \Th 3] 

the AOAC=the aOBD, [27< 4] 

and these are alternate angles , AC and BD aie paiallel [TIi 13 ] 


6 Let XY cut the equal sides AB, AC of the isosceles A ABC at 
X and Y 

Then since XY, BC are pai', and AXB meets them, 

ext AAXY=mt opp A ABC [Th 14] 
Similarly the AAYX=the aACB 
But the AABC=the aACB [Th 6] , the AAXY=the A AYX 


7. 


8 . 


Let P be any point in the bisector of the aAOB , and let PQ 
bo drawn par’, to OB 

Tlien since OB, PQ are par’, and OP meets them, 

AQPO=alt aPOB [Th 14] 

=apoq, {Byp"] 

QO=QP [2% 6] 


Let AD be the bisectoi of the A BAC 

Tlien the A® BAD, CAD can bo pioved equal in all respects by 
Tlieor 4, and aADB=aADC, that is, AD is perp to BC 
Thus AD and ZYX, being both perp to BC, are parallel , 


ABAD=alt aAYZ, 1 
alsoACAD=int opp aAZY,J 
aAYZ=aAZY AY=AZ 


[Th 14] 

[27t 6] 


9. In the A ABC, let BA be produced to D , and let AX bisect 
the A CAD, and be par’ to BC 
Then ext AXAD=int opp aCBA,\ 
and AXAC=alt aBCA , / 

but A XAD = A XAC [Hyp ] , 

AB=AC [Th 6] 


[Hyp and Th 14 ] 
A CBA— A BOA , 
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From O, any pt on tlio bisector of l BAC, draw OP par' to AB 
and OQ pjii^ to AC 

Then, by Tlieor 14, a*POA, QOA are equal to a'QAO, PAO 
respectively 

But A PAO = A QAO \Ihjp ] 


the four angles aic <*ill equal 

Now imagine the A AOO folded o\ or about AO Tlien because 
^ QAO = 4 . PAO, the hue AO coincides in direction v\ith the 
line AP 


Similaily OQ coincides in direction with OP 

Q, tlic common pt of AQ and QO, must coincide with P 
the common pt of AP and PO 

the A"AOP, AOQ coincide, and ACi=AP, and OP=OQ 
But aPAO=aPOA, [Proied] AP=PO [7% G] 

Hence the four sides AP, PO, OQ, QA aio all equal Tlius the 
figuio 18 cquilateial, and is theicforc a iliombus 
[EvcepUonal case If the given angle is a nglit angle, the 
resulting figiii o is a square ] 


11 Let D be the pt of intersection of AB and CD , 

then 4.XYD=alt 4.YDA=4.YDX [TVi 14,aiid^2^p] 
XY=XD [Th G] 

Similarly XD = XZ , 

YX=X2 


12 The lines PA, QB turn through 72®, 60® respectively per sec 
Hence the Ime PA turns thiough 12“ more per sec than QB 
Now when PA is again parallel to QB, and pointing in the 
opposite diiection, it must have turned through 180“ more 
than QB 

Hence the time taken in this case is oi 15 seconds 

Again, when PA and QB arc both pointing the same way the 
angle gained bj PA is 360“ 

Thus the time taken is or 30 seconds 
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5 In the Fig of Theor 16 we have aACD=/.BAC+aABC 

[Th 16] 

Z-ABC«aACD-Z.BAC= 134“-42“=:92“ , 
and AACB=ssupplement of iLACD=546“ 


[Th 1] 
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6 /.ACD=i.BAC+z.ABC, [77/ IG] 

Z.BAC=z.ACD-z.ABC=118“-5r=67' , 
al-^o i.ACB=supplement of L ACD=180'’-ll8'’ = 62'’ 

7. Let AD be dla^\n through the \erte\ A par’ to base BO 

Then z. BOA = alt Z.CAD [77/ 14] 

the thice i.* of A ABC=z.’CBA, BAD 

=2it4." [77/14] 

8 Let the lines XP, XQ be lespectiveh perp to the lines AP, AQ, 
Mhich foim an acute angle at A Let PX, pioduced if 
necessai}, meet AQ in O 

Then /.QXO=conipt of/.QOX [77/ IG /«/ 3] 

=compt of/LPOA 
=^PAO 
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1 Here B=2A, C=3A , A+2A+.3A=180'’ 

A=30’“ , and B=G0', 0=90' 

2 Let A be the vei tical angle, B and 0 the base angles 

(0 Here B=0=2A, A+2A+2A=180° 

A=36®, and 0=0=72' 

(n) Heie B=0=4A, A+4A+4A=180' 

A=20' , and B=O=80' 

3 To constiuct the ti tangle, dniw any line AB at a pt P in 

AB make aAPK= 94' , and at any pt Q m BP make 
x^BQL=126° Then if PK and QL cut at R, PQR is the 
lequired triangle The interioi angles at P, Q .ire the 
supplements of 94' and 126° resiiectively, viz. 86’ and 54° 
Hence R= 180° -(86° +54°) =40" 

4 Here the vei tical angle A=180° - 162°= 18° 

also B+0=162° , B-O=60°, whence B=lll°, 0=51° 

5 Let the bisectoi’s of the base angles B and 0 meet at K 
Tlien A=180°-(B+0)=180°- (84°+62°)=34° 

Also z.KBO=42°, and z.K0B=31°, 

* iLBKC=180°-(42°+31°)=107° 

B 


K.SG 
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6 Lot AB, AC be piodnccd to P and Q respcctnely, and the 

bisectors of the CBP, BCQ meet at K 
Then Z-PBC=180’’-74":=10G% and ^KBC=53* 

Also Z-QCB=180'’-62‘'«118% and ^-KCB==59* 

L BKC=180’ -- (o3°+r)9")=68“ 

7 Suppose the fourth angle conttains x degrees 

Tlien 114i‘*+50”+75i"+ar"=4 rt [77* IG Jnf 5] 

“ , a:=120 

8 Tlie sum of the four angles of a quad* can bo shewn to bo 

4rt z." (either b} Theor 16, Coi l,oi diiectlybj drawing 
a diagonal) 

Hence A+2A+3A+4A=t360®, whence A=36®, 
and B=72% C=108% □*=144'’ 

9 Here 40'^+78®+122'’ + 135*+r"+4 rt ^-=10 it z." 

[7% 16 Cor 1 ] 

t?”+375“=6rt 4**, and ^=165 

10 (i) Tlie w equal angles +4 rt 4 *= 2 n rt z.* [7% 16 Cor 1 ] 

the n angles !=(2n — 4) rt. z." 

each angle ^ rt z.® 

(ii) Each of the (n - 2) triangles so formed contains 2 1 1 z.* 

[77* 16] 

the sum of all their angles=s2(w — 2) rt z." 

But these angles mate up the n equal angles of the pol^ gou 
the 71 angle3=2(n - 2) rt z." 

each angle= rt z.® 

11 Let n denote the number of sides of the polygon 
Then (i) 108“x«+3G0®s=180“xw, whencen=5 

[7% 16 Cor 1] 

(ii) 156" X n + 360" s= 180® X n , whence w = 1 5 

[7% 16 Cor 1] 

12 For this to be possible 4 rt z.® must be exactly dnisible by 

the numbei of rt angles in each angle of the figiue 
Hence if n denote the number of sides, 4 must be exactly 
divisible by [See Ex. 10] 
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Jm Oil 

4 4 

Since this can bo written 24 rr, we see that 5 is an 

?i — 2 « — 2 

iiito;;ei , .ind the onl;^ po‘.*-iblc \ allies of n are found by 
tiial to lie 3, 4, (» 
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1 Tlie Mini of the R oxU z.' =300’ [77< IG Co 2] 

each ext, ^=C0'' = int 4 . of an cqiiilatci’al A 

2 Each ext 1 . of legular octagon=J*’* of 4 it t.*=4r»° 

Ilich e\t iL of icgular difagon = j\; *' of 4 rt ^•=36'’ 

3 'Hie nunibci of Miles in ( 1 ) is j c 12 , and in ( 11 ) **_'Y*, i c 1 "> 

4 I^et PHKQ cut the two pai’ lines AB, CD at H, K Let 

HX, KX be the bisectors of L.^ BHK, HKD 
Tlieii c.BHK+aHKD = 180'' [TV^ 14] 

Z-XHK+i-XKH = 90’ , [J/7fp ] 

the third angle of A HKX = 90'’ 

5 IjCI ABC be the ti tangle with AB, AC pioduced to D and E 

z.bBC=A+C, [77. IG] 

z.ECB=A+B , 

aDBC+.lECB=(A-{-B+C)+A=180’+A 

6 z,BOC=180‘’-/.OBC-aOCB = 180'-JB-1C 

= 180’-^(B+"C) 

= 180” (ISO’ -A) 

= 90”+5 


7 L BOC= 180" - L. OBC - L. OCB = 180" - f(] 80" - B) - A (180’ - C> 

=5(B+C) 

= \(]80"-A) 

- 00--5 
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8 Let ABCD be tbe quad* , and let the bisector<5 of A and B meet 

ntO 

Tlien iL AOB= 180^ - ^A — ^ B 

=^{3G0"-(A+B)} 

==MC+D), foi A+B+C+D==3G0" 

[Th 1C Inf 5] 

9 ^ACD=£.ADC, andiLACB=AABC [Th 5] 

/-BCD=iLDBC+i.BDC, z.BCDisart L [57/ IG Inf 4] 

10 Let the A ABC be rt angled at C, and let D be the mid-point 
of AB 

Pioduce CD to E, making DE=CD, join BE Then, as in 
Tlieor 8, the A* BDE, ADC aie equal in all lespects 
z.EBD=^DAC, and EB=AC 
Hence a-EBC^z-DAC+^ABC 

=a rt since ACB isa rt l [W 1G ] 
Thus in the A" EBC, ACB, 

f EB=AC, 
and BC is common, 
and Z-EBC=z^CB being rt £.■, 

EC=AB [77/ 4] 

But DC IS half EC, h} construction DC is half AB 


Page 49 

In the isosceles A ABC, let BX, CY be dra^n perp lespectivelr 
to the equal sides AC, AB 

Tlien m the A'YBC, XCB, 
f jlYBC=^XCB, [77/ 'i] 

because md '-BYC='.CXB, being rt U , 

[ and BC is common to both , 

CY=BX 

Let O be any point on the bisector of the L. BAC 
Draw OP, OQ perp respectn eh to AB, AC 
Then in the A* CAP, OAQ. 


because 


j 


.-OAP=/.OAQ, 
ind '.OPAs^z.OQA, being it 
and OA IS common to both , 
OP«OQ. 


[Th IT] 


1 ^ 1 / 2 ^ ] 


[n 17 ] 
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In the A*AOX, BOY, 

r i.AOX=Z. BOY, being \ Cl t op]^ i.*, [77/ 3] 

because •! and - AXO —i. BYO, being 1 1 i.", 

[ and AO = BO, i^vp] 

AX = BY [77/ 17] 


4 In tlio A ABC, let AD, the bisector of tho i. BAG, be pci p to BC 

Then in tho A* BAD, CAD, 
f L BAD = A CAD, U^VP ] 

because •% aBDA<=aCDA, being it i.' , U^l/Plt 

[ and AD is coininon to both , 

AB=AC [77/ 17] 

5 In the A ABC let the pcip AD bisect the base BC 

Then in the A" ADB, ADC, 
f DB=DC, [//^;»] 

because - and AD is c/>ninion to both , 

{ and ^BDA=z.CDA, being it i.» , 

AB=AC [77/ 1] 


6 Let tho base BC bo bisected b> AD, which also bisects tho 
aeit ilBAC 

Pioduco AD to E, in.iking DE equal to DA, aud join CE 
Tlien in the A' ADB, EDC, 
f DB = DC, i/It/pl 

because ■( DA— DE, 

lalso<LADB = /.EDC, [77/ 3] 

AB=EC, 

and £.BAD=z.CED [77/ 4] 

ACED=i_CAD , 

AC=EC AB=AC [77/ 6] 


7. Let POQ, teiininated b) the gnen pai’ st lines at P and Q, 
be bisected at O 

lliiough O diiiw XOY pcip to the pai’ lines 
Tlicn in the A" PXO, QYO, 

r L PXO QYO, being 1 1 i.", 

and z.POX=4QOY, 

[ aud OP=OQ, 

OX=OY 


because •< 


[77/ 3] 

UJ'l/P ] 
[77/ 17] 
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8 Lot the St hue AOB he hiscctecl at O and tcinunated at A, B 
by the p ir’ lines AP, QB Let POQ be any othei st hue 
di iMn thiough O and teiininated by the parallels 


Tlion in the A*AOP, BOQ, 

f ^POA=aQOB, [Th 3] 

because J and APAO=alt Z.QBO, \Th 14] 

[ andOA=OB, 

OP-OQ [T/i 17] 


9 Let AB, CD be the pai'st lines, O the pt equidistant fiom 
them, and AOD, BOC the st lines dra\\n thiough O and 
teminated by AB, CD 

Thiough O draw XOY peip to AB, CD and meeting them 
in X and Y respectively 
Then in the A® AOX, DOY, 

f L AXO = L DYO, being 1 1 

because^ and ^AOX=^.DOY, \Th 3] 

[ andOX=OY, 

AX=DY [7% 17] 

Similarly BX=CY 

, by addition (or subtraction), AB=CD 


10 In the A® ABC, ADC, 

r AB = AD, \IIyp-\ 

because 4 BCs= DC, 

[ and AC is coinmon , 

iLBAC=ADAC, and aBCA=^DCA [Th 7] 
Join BD, cutting AC in K 

Then in A* BAK, DAK, we h c BA= DA, and AK common, and 
A BAK =Z- DAK [Proved ] 

the angles AKB, AKD aie equal [77* 4 ] 

AC is perp to BD 


11 In the A® AOB, COD, 

f OA-OC, 

because 4 and iLOAB=iLOCD, being it /.«, 
land 4.A0B=^ert. opp ^COD , 
AB==CD 

That is, CD measuies the ^vldth of the iivei 


[Con^t ] 

[77* 3] 
[Th 17] 
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Page 54 

1. (i) See Theor 16 and Coi 1 
(ii) SooThcoi 1C Coi 2 

2. See p 17 Dcf 8 

3 Sec Thcoicnis 5 .ind 0 

3)\ Tlieoi 5, the z.A = tho ^C, and each is acute 
Again bince l> is less than c.ich of the otliei Rides, the /lB is 
less than each of the othci angles [Th 9] , all the 
thicc angles me acute 

4 The T heoicins me G and 10 

(i) C=180’-(18“+51")=8r 

Tlius C being the gie.itcst angle, t Mill be the greatest side 

[77< 10] 

(ii) c=i8o*-(62r+G2r)=5r)* 

'Jims A A being gie<iter than aC m'o h.i%o a is gicatci than c 

[Th 10] 

AndAA=AB, a=b [Th G] 

Hence a, h are equal, and c.ich gicatci than c 

5 (i) equal, by Tlieoi 17 
(ii) equal, by Theoi 4 

(ill) not necessarily equ.il , see (i), p 50 

(iv) equal, by Thcoi 7 

(v) ambiguous, see (ii), p 50 
(\i) equal, by Tlicoi 18 

6 Sec pp 50, 51 

7. It Mill be noticed tliat in each of the font theorems mIiicIi 
prove tMo tij.inglcs congiucnt (Theoi s 4, 7, 17, 18) m'c 
have given three paiUs of one tiiangic equal to thice paits 
of the second tiiangle, and that these thieo lelations arc 
independent, j c no one of them is siinjily a conhcquencc of 
the exifatence of the othei tMo This may be sunimaiiscd 
b> saying that in ordei to piovo two tiiangics congiucnt 
we must h.ive at least thioe independent iclatioiis botMCon 
their soieial paits [N.B The OMstcnco of anp tlueo 
such relations docs not piovo congiucncc See (ii), p. 50 ] 
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Now in the ca<;e gi\en us the thiee relations arc not in- 
dependent, foi if two angles of the hi’st timngle aie 
equal to two angles of the second triangle each to each, the 
the thud angles also must he equal by Theoi 16, and the 
thud relation is thuo only a consequence of the fint two 
Hence w ithout some further data w e cannot conclude that 
the triangles are congruent 

8 (i) SeeTheor 12 

(ii) In the Fig of Tlieor 12, let OQ be an oblique such that 
^COQ=^COP 

Then the complements of the^^e angles are also equal, 

that IS, LO(iC=LOPO [Th 16] 

OP==OQ [r/i 6] 

(in) liCt OR, OP be obliques on opposite sides of OC, such that 
^ ROC IS gi eater than L POC 

Then ^-ORC being the conipt of Z-ROC is less than Z-OPC 
which IS the compt of z. POC 

OR IS greater than OP \Th 10 ] 

Also if OR, OQ be obliques on the ^ame side of OC, such that 
^COR IS greater than ^COQ , make, on the opposite side 
of OC, an ^COP=z.COQ. 

Then OP=OCl by (ii), and OR>OP b^ the abo\e , 

OR>Oa 

9 Let ABC, DEF be two triangles having BA, AC equal to 
ED, DF, each to each, and Z-ABC=4.DEF 

Then if Z-BAC=Z-EDF, the triangles aie congruent In 
Theox 17, and /.ACB=iLDFE 

Butif^BAC IS not equal to the ^EDF, let Z-BAC be the 
greater, and at D draw a line DG, making with ED an 
angle EDQ==/. BAC, and cutting EF pioduced at G 

Then the A* BAC, EDG are congruent bj Tlieor 17 
DG=AC, and 4-DGF=^ACB 

But OF=AO[Zrvp], DG=DF, and i-DGF=^DFG 

[77i 5] 

Now^ the z." DFE, DFG are supplementary [7% i ] 

the Z-* DFE, DGF are supplementary 

Tliat IS, the z.* DFE, ACB are supplementary 
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Page 59 

1 In quad* ABCD, if BD m joined, 

r AB=CD, 

because J AD = CB, 

[ BD IS cnnimon, 

A* BAD, DOB lie idciitu..illy equal \Th 7 ] 

i.ABD=Z-CDB, 

AB IS p ii** to CD [7% Id ] 

AB and DC aio equil and paiallcl , lienee, bjr Thcoi 20, 
it follow s that ABCD is <i pai “* 

2 In the quad* ABCD, 

lot^DAB=;LBCD, 
and ^ ABC ADC , 

then the sum of tw’^o adjaeont sum of tho of fig ABCD 

=2it^*, [77i 10/71/0] 

the opposite sides aio painllol \Th 13] 

3 Let AC, BD be the diagonals, bisecting each othci at O 
Then in A‘AOD, COB, 

f AO = CO, 

because \ and OD = OB, U^VP ] 

\ and Z-AOD=^eli opp /.COB, [Th d] 

AD-CB, 

andz.OAD=^OCB [T/i 4] 

But these are alternate angles , AD is pai* to BC [T/i 13 ] 
Hence AD, BC aie equal and paiallel, and the figuie 
ABCD 18 a pai*" [Th 20 ] 

4 Let ABCD be a ihombus, and 0 the iutci*section of its 

diagonals Then wre ha\o in the A*AOD, COD, 

f AO=CO, [T/i 21 Cor 3] 

because *< and DO is common, 

[ and AD^CD , ] 

AAOD=iLCOD, [Th 7] 

and these being adjacent angles, each is a xt z. , 

DB is perp to AC 
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5 In the quad* ABCD, let AC=BD 
Then in the A* ABC, DCB, 

f AB=DC, 
because 4 BC is common, 

[and AC = DB , 

Z- ABC— ^ DCB [Th 7] , each is a rt L \Th 14 ] 

6 Because the sum of the /."ABC, BCD is two rt U \Th 14] and 

neithei is a it they aie unequal 
Then in the A“ABC, DCB, 

{ AB=DC, \Th 21 ] 

because 4 and BC is common, 

[ but A ABC IS unequal to L DCB , 

AC, BD are unequal [Tk 19 ] 
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1 Let AC be a diagonal of the ihombus ABCD 

Then the A® ABC, ADC are congiuent [Th 7 ] 

^CAB=:aCAD 
Similaily L ACB ACD 

Hence if the figure is folded about the diagonal AC, AD wull 
coincide iti diiection with AB, and CD will coincide in 
diiection wuth CB. 

Tlius D, the common pt of AD, DC, must coincide wuth B, the 
common pt of AB, BC 

the A® ABC, ADC can be made to coincide, and hence the 
ihombus IS symmetiical about the diagonal AC and, 
similarly, also about BD 

2 As in Ex 1 we can piove that each diagonal of a square 

bisects the angles thiough which it passes, and that there- 
fore the triangles on either side of a diagonal coincide 
when the figure is folded about that diagonal 
Hence a square is symmetrical about either diagonal 

The other axes of symmetry are the lines joining the middle 
pts of opposite sides 

3 The tiiangles though congruent aie not similarly placed wuth 

regal d to the diagonal For since two adjacent sides of a 
rectangle are unequal, they cannot coincide whenrthe 
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figuie IS folded about the diagonal through their pt of 
intersection Tlius this diagonal, and similarly the other 
also, cannot be an a\is of s} niinetrj 

The only a\es in this case aie the lines joining the middle pLs 
of opposite sides 

4 Let ABCD be an oblique pai*" , E, F the mid-pts of AB and 
CD 

Then since DA, DC are unequal, the} cannot coincide when 
the figuie IS folded about DB Tlius the diagonals are not 
a\es of s} nimetr} 

Again the lines AE, DF aie equal, foi thej are haUes of equal 
lines AB, CD , and EF is pamllel to AD [Th 20 ] 

Hence the ABEF=the int opp ^BAD [77/ 14], and is not 
ait angle [%/>] 

the A" BEF, AEF arc unequal 

Hence the lines EB, EA do not coincide when the figure is 
folded about EF 

Thus the lines joining the mid-pts of opposite sides aie 
not axes of sjmmeti} , and no axes of symmetry exist 

5 Since BA, BC aie unequal, the figure is not symmetrical 

about BD 

But in the A" BAC, DAC, 

f AB=AD, [/r^^] 

because-! and CB=CD, 

[ and AC is common , 

aBAC=aDAC , and aBCA=aDCA [77/ 7 ] 

Thus these tiianglcs coincide when the figuie is folded about 
AC, and AC is therefoie an axis of s} mmetrj 

6 (i) Let ABCD, EFGH be par'" in which AB=sEF, BC^FG 

and aABC=aEFG .Tom AC, EG 

Then the A ABC can be made to coincide with the A EFG 
[77/ 4], and the A ADC w'lll then coincide with the 
AEHG [7% 7] 

Hence the two par“* coincide, and are therefore identically 
equal 

(ii) Let ABCD, EFGH be two rectangles, in which AB=EF 
and BC=?FG 

Then the A ABC=the A EFG, being both rt a* 

Hence the example is a paiticulai case of (i) 
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7 Apply the A BAD to the A FEH so that A falls on E and AB 
along EF Then, since z.BAD=aFEH, the line AD will 
Ml along EH , and, because AB=EF and AD = EH, the 
pts B, D mil fall on F and H Also the A'BDC, FHG 
aie congruent by Theoi 7, hence aBDC=z.FHG, and 
aDBC=aHFG Tlius BC, DC fall on FG, HG respectively 
and C coincides with G Tlius the quadiilateials 
coincide. 


8 . 


Let ABCD be the pai“, O the middle pt of the diag BD, and 
POQ a at line thiough O teiminated by the aides APB, 
CQD 


Then in A* POB, QOD, 

APOB=vert opp Z.QOD, 
because -I and AOBP=alt aODQ, 
and BO=OD , 

PO = OCi 


ITh 3] 
\Th 14] 
[Eyp\ 
[Th 17] 


9 Let AP, CQ be peip to diag BD Then 

AADP=alt aCBQ, 

because- and aAPD=z.CQB, being rt A", 
^ andAD=CB, 

A»APD, CQB aie identically equal, 
AP=CQ 


[Th 14] 
\T1i 21 ] 

[7% 17] 


10. AX and YC are equal, being halves of the equal sides AD and 
BC They aie alsopaiallel Hence AY is pai' to CX, and 
AYCX IS a pai"' [7% 20] 

11 Join BE, AD, CF 

Then, because AB is equal and parallel to DE , 

AD 18 equal and pai' to BE \Th 20 ] 

Similarly CF is equal and par’ to BE 

AD and CF are both equal and parallel {Th 15 ] 

AC, DF are both equal and parallel [Th 20 ] 

12. In the Fig considered, CD is greater than AB 

From A, B draw AP, BQ perp to CD Then APQB is a par™, 
and AP=BQ 

Then in the rt angled A* APD, BQC, 
because hypot AD=hypot BC, and AP=BCi , 
aADP=a BCQ, and PDs=CCl , 


{Th 18] 



30 


PARALLELS AND PARALLELOGRAMS PAGE 61 


(i) Hence aA+z.C^aBAD+aADP= 180" [7% 14] 
Similarly aB+aD=180® 

aA+aC=aB+^D 

(u) Adding PQ to the equal lengths PD, CQ, we have QD = PC 
Hence m the A* BQD, APC, 
r BCi:=AP, 

because-! and QD = PC, 

[and ABCiD==AAPC, being rt A* , 

BD=AC [Th 4] 

(in) Also, if X IS the mid-pt of AB, and Y the inid-pt of PQ, 
cind also of CD, then it c«in be shewn by Theor 20 
that XY IS pai' to AP and in consequence peip to CD 
and AB 

Moreovei XA=XB, and YD=YC 
Hence if the figure be folded o^ ei about the line XY, the 
lines XA, YD will fall along XB and YC and be tei- 
minated at B and C , that is the figqie is symmetrical 
about XY 


13 Since the lines aie initially parallel, the alternate angles 
BAP, ABQ aie equal by Theor 14 

Let AP', BQ' be the new' positions of AP, BQ at the end of any 
time 

(i) Then, since the i ods are turning at equal rates, the angles 
thiough which they have turned, mz, a" PAP', QBQ, 
are equal 

Hence, by subtraction, the A* BAP', ABQ' are equal 
And these aie alternate angles , AP is pai' to BQ' 
Thus the lines are always parallel 


(ii) Join P'Q' cutting AB in C 
Then in the A“ACP', BCQ' 

f AACP=vert opp A BCQ', [77z 3] 

because < A CAP's= A CBQ', IProied ] 

[and AP'=-BQ', 

AC=BC [Th 17] 


Hence C is the mid-pt of AB and is therefore a fi^ed pt 

Thus the line joining the ends of the rods always passes 
through a fixed pt 
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14 'Welia\e A=f(lS0®— A), whence A=54“. 

8 + 0 = 126 " [Th 16 ] 

But B = ^ C ; i C = 1 26 ", hence C = 04", and B = 72 ° 


15. In the diagram P, Q, R, S, T 
lepresent the pts at which 
the yacht change*? her course, 
and TK hei hnal direction 
QP IS pioduccd to meet TK 
at U Tlien <unce TK is pai' 
to OP, 

APUK=AQPE=6y 
Now QRSTU foiTiis a pentagon 
and the sum of its e\t. 
anglcs=.3G0" \Th 16 Cor 2] 

But the evt. angles at Q, R, S, 

U=324", 

ext angle at T=360’-324°=36° 
Thus the jacht niu^t change hei coui'se by 36" 



16 Tlie sum of the ext angles of the fignre=4 rt A* 

{Th 16 Coi 2] 

sum of the int angles is also 4 rt A* [J^yP ] 

Hence the sum of the ext and iiit angles =8 rt A" 

But the ext and iiit .ingles at anj iertex=2it A* 
the no of 1 ertices, and of sides=8— 2=4 

17 The sum of the int angles of the fiie-sided figurc=2xo — 4, 

or 6 it A* \Tli. 16 Cor 1 ] 

aB+aC+aD+aE=470° 
aA=o40°-470°=70" 
aEAB+aABC=180° 

AE and BC aie parallel [Th 13] 


18 . 


(i) The lines AP, BQ are pai’ when A PAB+aQBA=180” 

[Th 13] 

Now the sum of a* PAB, QBA is inci cased by 7-1° +3^°, th.it is 
11^", eieiy second 


time before AP, BQ are par’= 


180 

Hi 


sec = 1 6 seconds 
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(ii) Anffle between AP and BCi=suppt of the sum of 

a»PAB, QBA, [Th IG] 

=180^-llf xl2, 

=45" 


(ill) The .ingle between AP and BQ diniinislics cacli second by 
the amount by winch the sum of A* BAP, QBA is increased , 
for the sum of the 3 angles is constint 
Hence the late of deciease is 11|" per second 


Page 64 

3 With the Fig and construction of Ex 2, we can prove the 
A" AYZ, CYV congiuent by Theoi 4 
ZY=VY, CV=AZ, and aYCV=aYAZ , 
and these being alt angles, CV is pai* to AB [7% 13 ] 
But AZ = ZB [Ift/p ] CV = BZ 
Tlius CV IS both equal and pai allcl to BZ , 

CVZBisapar" [77/ 20] 

BC=^ZV=2 ZY 


4 In the Fig of E\ Llet X, Y, Z be the mid-pts of the sides 
Then, by Ex 2, ZY is pai' to BX, and XY is pai' to BZ 

Thus BZYX IS .1 pai*“, and XZ being a diagon.al^ the A* BZX, 
YXZ aie identically equal [Tk 21 ] 

Similarly the A* AZY, YXC aie identic.ally equal to A XYZ 
all fourtiiangles aie Klentic.ally equal 

5 In the Fig of Ex 2 let ADE bo a st line cutting ZY in D and 

BC in E 

Then ZY is par' to BC [Ev 2 ] 

, in A ABE, the line ZY dmwn through the niid-pt Z of AB, 
parallel to the base BE, bisects the third side AE [Ex 

6. Let AC meet BX in E and DY in F 

Then BY and XD are p.u*, and also equal, being halves of 
equal sides 

BX is pai' to YD [77^ so ] 

Then from A BEG, becduse YF is pai' to BE , CF = EF 

[Ex 1] 

And in A AFD, because XE is pai' to DF , AE = EF 

Art X 1 ^ ] 

AC IS trisected at E, F 
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7. In the quad' ABCD, let P, Q, R, S be middle pts of sides AB, ♦ 
BC, CD, DA lesnectiiel}'- Then by E\ 2, PQ and SR aie 
each par' to AC,* and PS and QR aie each par' to BD 

8 In last E\ , PR and QS aio diags of a pai™, .vnd therefoie 

bisect each otliei \Th 21 C'tw 3 ] 

9 Tluough A draw ALM, pai* to CD, cutting OX, BQ (pioduced 

if necess.uy) in L lUid M 

Then AP, OX, BQ aie pai', foi they aie all peip to CD 
PXLA, LXQIVI aic par'"' 

AP = LX = MQ, and LX = \(AP + MQ) 

Also by Them 22 Coi , or E\ 3, because 0 is the niid-pt of 
side AB of A ABM and OL is diaiin jiai' to side BM, 
OL=lBM 

111 case (i), bj' addition, 

' OX = OL+LX=i(BM+AP+MQ)=i(AP+BQ), 
and in caseXu), by subtraction, 

OX=OL~ LX=i{BM ^ (MQ+AP)}=i(BO.* AP) 
Thus 111 the numeiical Ex , 

OX = \ (3 8+4 2)cin = 5 cm , if A, B ai e on the same side of CD 
OX= J(3 8 — 4 2) cm =0 8 cm , if A, B aie on o/}jjos/(e Bides of CD 

10. With the Fig of Tlieor 22, where the three parallels AB, CD, 

EF cut oil equal intercepts XY, YZ and PQ, QR lespectively 
fioni the t\io tiansveisals XZ, PR, wc have 

because PXMQ, QYNR aio pai'"", 

PX=QM and QY=RN 
AlsoMY=NZ, [7% 22] 

PX+RZ=QM+QY+NZ 
=QM+QY+MY 
=2QY. 

That IS, QY is the Aiith Mean between PX, RZ 

11. Let P, Q be the middle pts of AB, CD, the slant sides of the 

trapezium ABCD 

Then, by Theor 22, the lino diawn through P par' to AD must 
bisect CD, i e passes tluough Q , hence PQ is pai' to AD 

by Ex 10, PQ IS the Arith Mean between a and b and its 
length IS consequently -J(a+6)cni 
K 8 G “o 
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• 12 Let la, 26, 3c?, 4c7, 6e be the fi\e paiallels 

Through 1, 2, 4, 5 di«w IP, 2Q, 4R, 5S pai^ to OY and meeting 
3c?, produced if necessary, in P, Q, R, S i espectively 
Then by Theor 17, the A" 13P, 53S aie congiuent 3S=3P 
la + 5c=(3c-3P)+(3c+3S) 

= ty\ ice 3c 
Similarly 264-4c7=twice 3c 

the h\e lines togcthei=h\o tunes 3c, th«it is, 3c is the 
mean of the fi\ e parallels 

Similaily if (2n + l) paiallels be so drawn the (« fl/** paiallel 
IS the mean of all the (2?i + 1 ) 

13 Let ABCD be the given pai'”, and let AX, CY be perps on the 

gi\en line from one pan of opp and DP, BQ peips 
from the other pair of opp z.® Let the diagonals intei- 
sect in E, and let EF be perp to the gl^en line 

Then AX + CY=2EF [Ev 9 p 65] 

=:DP+BQ, 

since E is the middle pt of the diagonals [Th 21 Cor 3] 

14 From D m the base BC let DE, DF be di*awn perp to AC, AB 

respectively , from B let BG be drawn perp to AC 
Draw BH par' to AC to meet ED produced in H 
T?hen GH is a par™ by construction, and EH = BG 
Now because BH is par' to AC, HBD=alt z. ACB= 2 L ABC 

[77/ 14 and 6 ] 

Then in the A** BDF, BDH, 

( Z.DFB—Z.DHB, being it z.*, 
and Z-DBF=Z-DBH, [Ao/cci] 

and DB is common , 

DF=DH [Th 17] 

DE + DF=ED + DH = EH=:BG 
If D he on CB produced, we have DE DF = BG 

15 Let OX, OY, OZ be perps to BC, CA, AB respectn ely 
Through O draw POQ par' to BC 
Through A draw AGH perp to PQ and BC 
Then z.® APQ, AQP are respectn ely equal to U ABC, ACB , 

A APQ is equiangular to A ABC, and equilateral , 

[77/ G Co} ] 
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, by the last Ex , OY + OZ=pevp fioia P on AQ, 

=pefp fiom A on PQ, by congiuent triangles, 
=AG 

OX + OY + bZ=AG+OX 

^'AG + GH (foi OGHX is a par'") 

=AH, which IS independent of the position of O, 
and constant 

16 Let AB, CD be two equal and pai’ st lines, and XY, PQ their 
pi ejections on any st line 

Tliiough A, C draw AE, CF par’ to XY to meet BY, DQ in 
E, F 1 espectively 

Then AEYX, CFQP are par'"» , AE =XY and CF= PQ 

But in the A* AEB, CFD, 

because BA, AE are paiallel to DC, CF lespectively , 

[ z.BAE=aDCF, [^i4, p41] 

•j and A AEB = A CFD, being rt A", 

[ and AB=CD , \My'p'\ 

AE=CF \Th 17] 

That IS, XY=PQ 


Page 68. 

1. Use the diagonal scale of inches as explained on pp GG, 67 

3 Measuiing the distance 5 7 cm on the dividers and trans- 

feiring to a diagonal scale of inches, it is found to be 
equivalent to 2 24" 

By calculation, 5 7 cm =0 3937" x 6 7 

=2 244", to 3 dec places 

4 By measurement, 3 15 inches =8 0 cm , 

whence 1 cm =3 15"— 8 

=0 39", to 2 dec. places 

5 By measurement, 2 9 cm =1 14" , 

whence 1"=2 9 cm —1 14=2 543 cm 
Also by measurement, 6 2 cm =2 44" , 

whence l"=6 2 cm —2 44=2 541 cm 
Tlius the average result is 1"=2 54 cm , to 2 dec places 
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6 The req*^ lines w ill be 3 and 4 08" Measure these lengths 

by use of a diagonal scale of inched 

7 Tlie req^ lines w ill be 0 85", 2 98", 1 01", %\hicli must be measured 

b> means of a diagonal scale 

8 Tlie length of the line =4 17" 

=10 6 cm (by measurement) 

9 Since o km aie represented b} 1 cm 

42 5 km 8 5 cm 

and, by measuiement, 8 5 cm =3 35" 

10 2 75" repiesent 55 mi 

1" repiesents 56 nn —2 75, i e 20 mi 
But 1 cm =0 3937'', 1 km mi nearly 
0 3937" represent (20 x 0 3937 x f ) km , 
that is, 1 cm lepresents 12 6 km (approx ) 

11 4 2" represents (35 x 4 2) mi , ? c 147 miles 

distance=(147 x |) km =235 km (to nearest km ) 

Again, by measurement, 4 2" =10 7 cm 
10 7 cm represent 235 km 
235 

or 1 cm lepresents — km,ze 22 km (to nearest km ) 

12 Scale on first map is 2y' to 37^ mi 

r to (374-2^) mi 
7 c I inch to 15 miles 
Scale on second map is 7 cm to 88 km 

? c 7 X 0 3037" to ^88 x mi , neaily 
t e 1 inch to 20 imle^ nearly 
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Draw a line OX .ind pel olT 4 oi 5 dn imous, C4ich 2 cm long, to 
rojjie'icnt j.iids 

At O dla^\ OY pciqi to OX and of any convenient length 

means of Piob 7 duide the llist dni&ion of OX into 
3 equal paits and OY into 12 equal paits 

Tliroiigh the pts of diMsion on OY diau parallels to OX ^^lth 
the set squares, and complete the flgmc as in the dingiani 

Then a line such as AB i cpre«cnts 2 j ds. 1 ft 8 in 


Page 79. 

1 Desciibe an eqiiil A ABC, by taking ain line BO and with 

centre-^ B, C, and indius BC, dmwing arcs to cut at A 

Tlien the tliice angles lUe equal \Th 51 and then sum is 
180“ [77i 10], each IS 00* 

Now bi'-ect /.ABC by Piob 1, and then bisect each of the tw'o 
parts 

2 (i) LctABCbeait t, Ctitofl BC any conicnient length on 

one of the aims, and on BC desciibe .in equil A DBC 

Tlicn _ ABC =00“ -60’ =30* 

Bisect DBC b> BK , then L DBK=z. KBC=30’ 

Thus BD, BK tiisect the it /.ABC 

(ii) Let PQR be an angle of 45" Di.i'w QS making with 
QR .111 .ingle of 60", on the s.ime side as QP 
Bisect /. SQR by QX , and bisect l XQR by QY 
Then /. PQR is tiisectcd, for each of its three paits is 15® 
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3 

4 


Use tbe constructiou of Prob 7 

LowgCh== of G 7 cm = J x 6 7 x 0 39*57" 

~0 53', to tho nearest liundrcdth 

Use Piob 7 

Length = } of 3 72" 

3 72 

= 1= — A cm 

7 X 0 3937 

=1310 cm 

= 1 3 cm , to tlic neaiest nun 


6. Bisect AB at C Through C dia\\ CD peip to AB to meet XY 
m D 

Jom DA, DB 

Then the A'ACD, BCD aic congincrit b\ Thcoi 4 
DA, DB ate equal, and D lic<< in XY 
The construction is impossible ttheu XY is parallel to CD, 
7 c ^\hcn XY IS peip to AB 

7 Bisect llic Z-BAC b\ AD cutting XY in D Through D dla\^ 

DP, DQ pel p to AB, AC 

Then the A* DAP, DAQ aic congniont b} Tlicor 17 
DP=DQ 

D, a pt on XY, is equidistant fiom AB, AC 
The construction is impossible if AD, XY are p italic], 7 c if 
XY 18 parallel to the internal biscctoi of ^BAC 

8 At C, any pt m AB, make the ^BCD of the gt'cii magnitude 
Through P draw PQ pn* to CD, and cutting AB in Q 

Then PQB=4. DCB, by Theor 14 


9 By Theoi 4 the A" PHK, P'HK are congiucnt. 

^PKH=-Z-PKH Butz.PKH=\eit opp ^QKB 
Z.PKH=^QKB 


10 (i) Thiough P dra\y PHK pai' to AB Tlicn if AH, BK aie 

the peips from A, B on PK, tho lig AHKB is a pai»», and 
AH = BK 


Or (ii) bisect AB at Q Join PQ, and fioiii A, B draw pcips 
AC, BD, to PGt 01 PQ piotluced 

Then tho A* ACQ, BDQ aie congruent [774 3 and 17 ] 

AC=BD 

Both consti actions fail if P, A, B arc in the same &t line 
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Page 82 

(i) one (n) one (ni) one (i\) none . 

Page 84 

2 By incasinenient, BX=1 oi", XC=143" 

Utiiw 

which, allowing foi probable enois in nicasinenicut, may 
be legal (led as ulcntic<il 

3 Draw BC C(|nal to 3 Ti" to leprescnt 315 .mIs At B niaho an 

anglc.CBA eiiti.il to 30’ and cut oil BA=2 6' to icjiicscnt 
2(J() /ds Then AC is found b> nieasiii’ement to be 2 00", 
winch lepiesents £00 yiD 


4 /.A«]80’-(47“ + 08“)=G5‘’ 

Draw BC cciual to 7 5 cm At B, C make anglca CBA, BCA 
tipial (o 17', OS’ lespectncty 

Bv mcahuicment m tin jilan, AB=7 7 cm , AC=C 1 cm , and 
the peip fiom A on BC=5 0 cm 

Jlcncc the tonesponding lengths in the field aie 77 m , G1 m , 
6G in 


5 


The diagram is dmwii to half the 
gi\ on i<c.ile , A, B, C being 
the thtcc tinning pts of the 

COttlhC 

J3v calculation AB=.} knots, BC 
=5', knots Set of! AB equal 
to (> em m diicction >. E 
At B s(*t off BC cipial to 10\ 
CHI III dnection N IV Then 
by nicasiiicmcnt CA=:121 
cm, and ^SCA=15°, neaily 
Hence the diskincc from the 
haiboui ssG 05 knots, and the 
new course is 15" E of fiouth 


N 
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6 See Prob 10 

V(H-a2=\/(10 6)2- (5 = which should be the num- 

ber of centimeties in 6 as obtained by measuiement 
(SeeTheoi 29) 

7 See Prob 9 

The two values of C must be supplementary , for, in Prob 9, 
ACi=AC 2 , and LACiCg^LACaCi But ^“ACoB, ACgCj 
aie supplementary , l“AC 2 B, AC^B are supplementary 

8. Draw a line AX , at A make aXAY equal to 50** , from AY cut 
off AC equal to 6 5 cm Then with centre C and the given 
values of a as ladii in turn, draw circles and note the pts 
where these meet AX 

In (i) there are 2 pts of intersection, but on different sides of 
A, so that one A has A=50** and the othei has A=130“ 
Hence there is only one solution ^ 

In (ii) there are 2 pts of intersection on same side of A 
Hence each possible A has A =50”, and there are t\io 
solutions 

In (ill) the 2 pts of intersection coincide, as the O touches AX , 
hence one solution 

In (iv) the O does not cut AX at all, and there is no solution 

9 It will be seen that we have to draw a triangle rt -angled at 
A and Tvith AB, BC given lengths Hence use Prob 10 
A convenient scale is 1 inch to 100 yds It v ill then be 
found, by measuiement, that AC =3 80' , thus the lequired 
distance is 380 yds 

10 Drav the base AB, 4 cm in length Bisect AB at C Diaw 

CD perp to AB and equal to 6 2 cm Tlien A ADB is 
isosceles , for by Theor 4, the A® ACD, BCD are congruent, 
and therefore DA=DB 

11 Let the magnitude of the given angle be denoted by X 
Draw AD of the given length repiesenting the peiTi fiom the 

vertex A on the base Through D di.n\ BDC peip to 
AD Pioin A dmw AB, AC on opp sides of AD, making 

each of the U DAB, DAC equal to ~ Then the A ABC is 

ISOS, for the A" ADB, ADC are congruent hv Theor 17 . 
andtheveit z.BAC=X 
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Draw AD of length 6 cm , and proceed as above making each 
of the angles DAB, DAG equal to 30° Then each angle of 
the A IS 60° 

12. Diaw AD of length 5 0 cm to lepresent the perp from veitex 
A on the base Through D draw BDC peip to AD With 
A as centie diaw one aic with radius 5 8 cm. cutting BC 
in Bj, B,, and a second arc with radius 9 0 cm cutting 
BC in Cj, C 2 . 

Then each of the A’ ABiCj, ABiCj, ABoGj, AB 2 C 2 satisfies the 
data, but it will he seen that they may be grouped in 
pans, each of one pair having its base 4 5 cm whde that 
of e.ich of the others is 10 4 cm 

13 Draw two par’ lines BC, EF whose distance apait=P 

At any pt A in EF make L EAB=L, and L FAC=M \Proh 5] 
Then A ABC=A EAB, and A ACB=a FAC [7% 14] 

ABC is the required A 

14. Draw AC equal to 6 At C make A ACK equal to A C At any 

pt K in CK make aCKF on the same side of CK as A and 
equal to A B \Pr6b 5] Through A draw AB par* to FK 
and meeting CK in B. 

Then aABC=aCKF \Th 14] , and aCKF was made equal to 
the given A B 

ABC IS the required A 

15. Draw BC equal to the given base At B make A CBA equal to 

90° - At C mmce A BCA also equal to 90° — JL Then 
A ABb IS isosceles [Th 6], and its veitical angle" 
=180°-(B+C)=L 

16. Draw PB equal to the given length (a + 6) At P draw PR 

making A BPR=45° With centre B and ladius equal to c 
desciibe a circle cutting PR in A, A' From A, A' draw 
pel ns AC, A'C' to PB Then either of the A"ACB, A'C'B 
will satisfy the given conditions 
Foi aPAC=45° [Th 16], and aAPC=aPAC, whence 
CA=CP 

AC+CB=PB, .and similarly A'C'+C'B=PB 

NoTr Tlieie will be two, one, 01 no solutions according as c is 
greatei than, equal to, or less than the perp from B to PR 
In the given case there are two solutions, but, as could be 
moved in the geneial case, the A“ aie congnient, and the 
lengths of the sides are 4 5 cm and 2 8 cm 

-s/ai*+6‘i=N/(4 5)'*+(2 8)2=v/2809=5 3 cm 
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17 Let B, C be the given ba«e angles, PQ tlie given pei imelcr 

From P draw PA making aQPA^^B 
From Q draw QA making ^ PQA=^ C 
From A diaw AB making A PAB = aQPA, to cut PQ in B 
Fiom A draw AC making l, QAC= a PQA, to cut PQ in C 

ThenBA=BP[7A G] , ext AABC=i.BPA+^ PAB = B 
Similarly CA=CQ, and -ACB=C 
. ABC IS tbe lequued A 

18 Draw an ^-PBC=60“ Cut off BC=65cm, and BP^lOcm 
Join PC , and from C draw CA cutting BP in A and making 

aPCA=«BPC 

Then AP=:AC[7% 6], and BA-*-AC=BP 
Hence ABC is the requiied A 

19 Draw _ PBC=o5” Cut oflf BC=7 cm , and BP=1 cm 

Join PC , and from C draw CA cutting BP produced in A, and 
making iLPCA=AAPC 

Then ACtt=AP [7% 6], and BA— AC=BP 

Hence ABC is the requiied A 
By measuiement AB=8 cm , AC=7 cm 


Page 89 

1 On PQ as base, and on opp sides of it confctruct two equil 

A®PRQ, PSQ Then the four sides of the figure PRQS are 
all equal to the diagonal PQ. AUo each angle of an 
equil A is 60’, i-SQP=>LRPQ, whence PR is par* 
to QS Similarly RQ is par* to PS Hence the figui*e 
IS a ihombus 

Each of the R, S=an angle of an equil A =60® 

Each of the i.“ Q, P=sum of two angles of an equiL A =120** 

2 See p 19, Ex 3 

3 Let AB be the given diagonal Bisect AB at O Draw COD 

peiqj to AB, making OC=OD = OA Then CADB is the 
1 equil cd square 

The foul A* formed can be proved congruent by Tlieoi 4 , 
hence the foui lines AC, CB, BD, DA iic all equal, and 
the iiguic is equilateral 

In A AOC, ^ACO=*-OAC [77i 5] and then sum is 90’ [T/t 10], 
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A e?c:!ii^4V. _ACO=45'; sir’if?rl7ABCO=45" 

«.AGB=*^''- SimJarlj ea::ii of t!ie o*Ger_^ <“f tfee 
is a TA _ Ttils tre n^are .5 Lorh eqniiateral 
£^#5 rectangular, rnd is . a s'^ur’^e, 

Ccn«tn*c:t a A,A03 b-aving AB=5 Ocni^ AO=4 cu^ OB=3 cm. 
Produce AO BO to C and D s'i that OC=AO and 
OD=OS- TLen A3CD tuU Le the required par=^. 

Bv Thecr. 4 tne AGO. COB are cr ^grae^t, 

. _OD«=— OBC: vrhen:s& ad 2 ^ par to BC. [77. I3j 

Slmilarij DO is par to AB Bp n:eA~.rt:in«»nt AD =4 4 cm. 

The fre ir:d-rp-:.^d:nt data sr? - four '^egatcuts of the tv“o 
diago^?L=/and the cng'ear v't :ch thj: lines e^-t. 

Let AOC BOD the dirgrrua'-. und the -.AOD=^0\ Then 
b/The-r^ 4 ard 13 can p-^-ove AD par to EC and A3 
I zr t> CD. HenK the Sgurc i- a pzr^. 

Bv cnt AD=3'0 ciw , AB=5 2 cni Thus the pen- 

ii.eter=2t'AD-A3; = i64 cm. 

In the case, bj irea.- irc’^’en: each sid^*=4’24 cm., thus 

the perimeter— i6 97 cn. 

fs 5*" 

ic'^recse per ce’it = IG3=3 4 nearly. 

Bj assuming diri-rent m^gnstude^ for the rngle BAD and 
pxozeeiing as in Przb. li, 'ne sloald get ^verai qnad- 
nl^t^rals^iTcring in shape bat each satisfying the given 
cr;udiz^^‘ns He' the shape is not cwn.pJeieLv'cietermined 

bp the d-ita. 

!• A=10T. i: "nit fo^nd that the length cf D3 i:a greater 
thin € o cm. Hence circles vnth centres D 8 and radii 
4‘0 cm. and 2 7 c’u. r&==pectr’c"} do not intersez:. 

If BD 2 s ‘ c *:> 6 3 cm , the t v’o c»rc»e? viA meet at a ptint C 
^n the dne 3D. F< ►r value of BD u xi 65 enn 

the cvn-tnittTcn faiE- • thus v*b3n BD is least the 6g. 

to a tnangie B^D v-nth AD=3 3 cm.. AB=5'6 cm . 
03=6 5 cm.. ■^"Len-c rre rnd *>piiiea«ireni=nt that A =9^. 

L-t ED Jie the dt-^gocal First a JL vith 

equni to CA. AB BD th»^n on the- other s^fle of 
BD dmv a v '♦ose rLmainfrcs’des are e^nnl to DC C3 

B/ Th'^H^r 11 any a iL ri ^«t be less thnn the sum of 

*he ot^er >rtl and z^o creator th^^n them diSerence. 
Thus BD mx st be gi cuter than and i-c, and less 
than itf and c. 
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Page 94 

1 The locus IS a concentiic circle, whose mdius is equal to the 

sum or difTeieuce of the radius of the given circle and the 
given distance 

2 Join AB and bisect it at C , draw CD perp to AB meeting RQ 

in P Then this is the leq* pt , for e\eiy pt on CD is 
equidistant from A and B [Pi oh 14 ] 

3 All pts which are equidistant fiom A and B he on the st line 

which bisects AB at rt A" The interaections of this* line 
and the cii cumference give two pts , each of \\hich satisfies 
the gn en conditions 

4. Produce AB and CD to meet in O Drau OX, OY the internal 
and external bisectora of iiBOD By Piob 15, ,iny pt on 
either of these lines is equidistant fiom AB and CD 
The intersections of OX, OY uith RQ therefore give two 
positions of the pt P 

5 All pts 4 cm distant from A lie on a O, centre A, radius 4 cm 
All pts 5 cm distant fiom B he on a O, centre B, radius 5 cm 
The common pts of the tuo ciicles aie the pts requiied. 

6 All pts 3 cm distant from AB he on one of the two lines 

EF, GH Tvhich are par' to AB on eithei side of it and at a 
distance of 3 cm from it (See p 90 Ev 2 ) 

Similaily all pts 4 cm distant from CD he on either PQ or 
RS which are par^ to CD and 4 cm fiom it on eithei 
side 

The 4 intersections of EF, GH with PQ,, RS give 4 solutions 

7 Let two peip st lines OX, OY repiesent the rulers, let AB 

be any position of the moving lod, and C the mid-pt of 
AB 

From Prob 10 we see that tlie line joining the \eitex of a 
rt angled A to the mid-pt of the hypotenuse == half the 
hypotenuse 

OC=^AB=a constant 

C always lies on a circle with the fixed point O as centre, 
and radius equal to this constant 

It is obvious that C always lies within lXOY its locus is 
that quadrant of this circle which lies %vithin Z-XOY 
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8 Let ACB be a it angled A on AB as hypotenuse Then, if AB 
13 bisected at D, CD is constnnt, being equal to half of AB 

[Ev 10, p 47 ] 

Thus the locus of C is a cnrle >\hoso contie is D and ladiiis 
equal to half the given base 

Take sc^eI•al positions of X along BC Ihsectuig each of the 
lines AX so obtained we oonjectuie fioni the figiiic that 
the icqmied locub is a st line pai' to BC 
Din-w AD pcip to BC and bisect it at O Let X be a7v/ point 
on BC, and P the iiiid-pt of AX 
Then, by E\ 2, p 64, OP is pai' to DX, ^ e to BC 
Similarly any othei position of the pt P lies on the st lino 
thioiigh b pai* to BC, ^^hlch is theieforc the icquiied locus 

10, Let O be the cenlic of the gi\en O, C the iind-pt of AO 
Take X ayu/ pt on the cnclc, and P the nud-pt of AX 
Then, bv K\ 3, p 64, CP=fOX=a constant, foi OX is the 
ixidius of the given O Tims P is ahv<iys a constant 
distance from the fixed pt C, and its locus is a ciicle 
%Mth ccntie C and ladius equal to half the ladius of 
the gi\Gn ciiclo 

11 Bisect AB in C, and AX m D Then DC is pai' to BX 2, 
p 61] and is peip to AD Thus the locus rcqmied is 
that of the ^citices of the it angled A“ 'i\Iuch can be 
drawn on AC as hy potenusc Now use E\ 8 

12. To find a position of P, nieasuic ofl along OX a length OM less 
than 0 cm At M dra%\ MP pcip to OX and equal to 
the diircicncc botMecn 6 cm and OM Tlicn 
PM + PN“PM + OM=6 cm 

(i) Along OX cutoff OA=6 cm Join PA Tlien MP=MA, 
^MPA=^MAP=45", foi iLPMA=90* Thus A being a 
fixed pt , and jLOAP a constant the line AP is known m 
])osition, and the locus of P is a line thiough A such that 
cOPiP—4^}* This line makes equal intercepts, viz 6 cm , 
on OX and OY 

(n) Let P be a pt such that PM — PN=3 cm Along OY cut 
off OB=3 cm Then, since ON — NP“3 cm, we have 
NP~NB, whence 4.YBP=4r>® Thus the locus of P is 
a f>t line thiough B, such that z. YBPs=45" 

13 (i) From OX cut off any length OM Fi om M draw MP perp 
to XO and equal to 20M Then P is a position or the 
moving pt , foi PM-20M=2PN By plotting several 



46 


PXAMPLES OX rOCl PAGlv 95 


positions wo see tliat tlie locus is a st lino tlnough O 
Similaily foi (n) 

14 The pt must ho on the st hue EF wliicli is pui'to the tw'o 

gneii pu* lines .iml half w.u lietwucn them It must also 
ho on tlie whoso centic is the gi\en pt O and whoso 
1 idius is the gueii length a 'Jhe intoi sections of EF and 
this ciiclo gne possible positions of tho pt 
Tlieie will he two, one, oi no solutions aceoiding as a is greater 
than, equal to, oi less than, the peip fiom O on EF 

15 All pts 2^' distant fiom MX he on one or othci of the two 

lines, pai' to MX, on cithei side of it, and distant fiom 
It 

All pts distant fiom S ho on a ciiclo, centre S and ladins 
27' it will Ih found that onlj the lino on the same side 
or MX iis S cuts the O , tlie two inteisectioiis of this line 
with the O gi\o the icquiicd pts 

16 Assume tlie distance of S from MX to be 2' Ihaw a senes of 

lines ill pai' to MX, on the same side of it as S, and dis- 
tant fiom It 1', 12', 14', Also with ccntic S and 
ridii equal to these distances describe aics and maik the 
pts wheio each aic cuts tlie corresponding line These 
pts aie all equidistant fioin S and MX 
llie cune foimed b> joining these pts is called a parabola 

17 Let AB be the given b.ise, h tho given altitude, XY the gi\ en 

st line 

The peip distance of ^e^te^. C fiom AB is h C must he 
on one of the tw'O lines pai* to AB ind at a distance h fioin 
it on eithei side It must also he on XY the intei - 
sections of the tw^o paiallels with XY gi\e two positions 
of C and there are tw'o A* which satisfy the gn en con- 
ditions 

18 Let ABC be given A Bisect the ^ B, C by Bl, Cl meeting in 

I Then all pts equidistant from BA, BC he on Bl, 
[Prob 15 ] , and all jjts equidistant fiom CA, CB he on Cl 
Thus 1 is equidistant from each of the sides 

19 (i) Lot P bo the mid-pt of QR Diaw PM, PN perp to OX, 

OY iespectivel> Then PM=^OR, and PN=-^OQ 

pE'r 3, p G4 ] 

PM + PN = ^[OR+OQ]=co?ii?to7i^ ] 

locus of P is a st line cutting off fiom OX, OY intercepts 
equal to this constant [See E\ 12] Similailj foi (ii) 
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20 (i) Fioin S d^a^\ SO, ni (Htf/ dueetion nmknip; SQ 3 5" in 

length Join S'Q, 

Fioni (IniM S'P luaking ^QS'P equal to z-S'QS, on sanic 
side of QS', and lutling SQ it P 
llien PS =PQ [7% 5] llint 

SP-^PS' = SP+PQ=SQ-3“) 

Thus nnj niiinlun of micIi as P may be found on the 

leqmiod Iolus^ ^^lllch is known as an ellipse 

(ii) Fkuii S di-aw SQ, 1 j in lengtli, in avf/ diiection doin 

s'a 

Fiom S' diaw S'P, cutting SQ pioduccd iit P, and making 
^ QS'P C(|ual to * S QP 

Tlien P Is a iioint on the ie(|nutd lotus which is known as a 

hyperbola 

The piuof follows the method of (i) 


Page 98 

1. llnough A dx^jiw PAQ pai* to BC At A dniw AB, AC making 
angles PAB, QAC each =sX Then, bj Tlicoi 1 1, each of 
the lines AB, AC makes the i-eqmied angle with BC 

2 Dniw am lino pu' to OA and also a second lino pii' to OB 

and the Mme disliiiite fiom it as the in*st line is fiom OA 
The inteiscctions of Ihcbe lines gne a pt P equidistant 
fioin OA, OB 

•Siniilaih find anothei pi Q equulNtnnt fiom OA, OB, Then 
PQ IS the bisoctoi of iLAOB [Prob lo j 

3 Produce OP to S so that PS=PO Through S diaw^ SQ 

pai’ to OB to meet OA in Q, and SR pat' to OA to 
meet OB in R 

Then OQSR is a paP" QR, OS bisect each othoi 

[ 7 % 21 Co) 3 ] 

QR passes through P, and is bisected at that pt 

4, Take any pt Pin OB Thiougb Pdiaw PQ pii' to OC and 
meeting OA in Q. Diaw PR pai' to OA meeting OC in R 
Then OQPR is a par'“ its diagonals bisect eich othci 
[77/ 21 Coi 3 ] tc QR H bisected b> OB 

Since P may bo t/ikcn anywheic on OB tho number of 
solutions IS unlimited 
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6 Let PQ, RS be the Uvopai’* Take an^ pt B in PQ, \^itb 
ccntic B, and radiUR equal to the cneii length, dmw a 

0 cutting RS in C, D Thiougli A draw par*® to BC, BD 
Tlicn the i)art inlei copied on each of tho'Jc i*? equal tf> the 

gnen length, Rinco the opp sides of a pir*' me equal 
Thcic aic t\io, one, oi no ‘•olutious accoiding aa the ciiclc 
of consti uctiou cuts, touchos, or does not meet RS , 
t e accoiding as the gnen length is gieatoi than, equal to, 

01 Icsb than the peiji disUncc between the two jnrillcls 

6 Bisect z. BAG b} AO niccting BC in 0 Thiongh O draw OE 

])ar* to AC to meet AB in E, and OD pai* to AB to meet 
AC in D Then AEOD is a pai"' b^ consti iiction 
Alsoz.EOA=^OAD [7% ll]=-i.OAE 

EO=EA ADOE is a ihombus \Th 21 ] 

7 Let ABC be <an cqiiilnt A , bisect the angles at B and C hy 

BO, CO, thiougli O draw OD, OE pai* to AB and AC 
respectn el^ meeting BC in D and E 1 hen, hy ^licoi 1 1, 
16, A ODE is cquiangulai to A ABC, so that ODE is 
cquiiat Again /.DOB = alt /lABO«Z-OBD, 

OD = BD Similai \y OE = EC 
BD=DE=EC 

8 (i) Through the gnen pts P, Q, R draw BPC, CQA, ARB 

par* to QR, RP, PQ icspectnch Then fiom the pai’"'* 
RQPB, RQCP, we ha\c BP=RQ^PC [77/ 21 ] 

Tlius P IS the mid-pt of BC Similaily for Q, R 

(ii) Construct a A ABE such that AB, BE aic equal to the 
lengths of the gnen sides and AE is double the length of 
gi% en median 

Complete the pat™ ABEC Let BC, AE meet in D 
Then AC==BE, and AD=^AE [77t 21 <7oj 3] 

ABC 18 the requiied A 
(ill) Sec Fig to III p 97 

Let BC be the gnen side Take two thirds of each of the 
giA en medians , hence consti uct a A BOC 
Complete pai™ BOCK and pioduce KO to A so that OA=OK 

Tlien, by E\ 1, p 64, OY and 02 bisect AC and AB , and the 
rest of the proof follows as in III 

(iv) See Fig to III p 97 

Take two-thirds of each of the medians and construct the 
A KOC Complete the pai™ KCOB and pioceed as in (in) 
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Page 101. 

1 (i) Draw a line AB to lepiesent 1 jjird On AB desciibe a 

sqiiaie ABCD Dn ide AB, AD each into 3 equal parte, and 
thiongh the pts of division of each line draw parallels to 
the othei line Then the squaic is now divided into 
conipaitments each of \vhith represents 1 squaie foot 
Thera aie 3 io\ss each containing 3 squares , the 
square lepre^enting 1 square yard contains 3x3 oi 3^ 
squaies lepresenting sqiune feet 

(u) and (ill) are done similaily 

4. Consider a square in the plan each of \shose sides is one inch 
The area repiesentcd is (5 x 5) sq mi 

Hence 1 sq m reprasents 25 sq miles 
. 6 sq in represent 150 sq miles 

Page 102 

The nu]onty of Examples 1-10 are too simple for solution 
A few are given as specimens 

3 By the extension of Theor 23 given on p 101, 
the area=(0 8x3 3) sq in=2 8sq in 
On drawing the figure on squared paper ruled to tenths of an 
inch it will he found that theie are 8 rows each containing 
35 small squares TJius the number of squaies is 280 
But the aiea of each small squaic is one*hundredth of a 
sq inch Hence the area is 280 hundredths of a sq inch 
te 2 8 sq in 

6 Tlie area =s(l 6x2 1) sq in=3 36sq in 

By drawing a figure, it will be seen that the number of squares 
each equal to of a square inch is 16x21, te 336 
Tlius the area =336 hundredths of a sq inch or 3 36 sq in 

8 Here cr =7 ft , 6=6 ft , area=(7 x 6) sq ft 

9 a=2500 metres, 6=4 metres; area=(2500x4) sq ni 

K-SG D 
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10 a = }0760 x 3)ft, ?>=,\ ft , 

aie.i = --— t-q ft=-llOsq ft 

11 Since the aica of a uttanqle — {Jcn*fth)y,{h)cacUh)^ \\c have 

b) cadth ~ (f/7 rrf) — (A. oqth) 

Thus tile Inccidth - r> oni 

12 As in K\ 11, hoqth^{oica)~^{]lne(tdth) 

llius the length =5=’!^? = 2 6" 

® 1 > 


13 (1) 



In the Figuic, ABCD icpiesonts the oiiginal icttnnglc, AQRD 
the let t obtained ticbhng the length AB It am ll be 

seen that the new lectangle is 3 tunes the aica of the 
oiiginal lectanglc 

(n) ABCD icpi events the oiiginal 
1 ectangle, AQZY the new I’cct- 
anglc obtciined b) tiebhng 
AB and AD It w ill be seen 
that the new lectanglo is 0 
times the aica of ABCD 
The general lulc is 

Each time w o nniltiplj eitha 
the length o; the In cadth of Z 

a lectangle b^\ aiiA factoi, the aiei must also be multi* 
])hed b> that factoi 



14 The length and bieadth of the gaidon aic 30 ^ds and 25 \ds 

1 espcctiA ch its aiea =(3G x 25) sq > ds =900 sq a ds 
The new aiea is 1200 sq \ds , 

new length=i*5®=*13 }ds 

Since 10 jds are icpiesented h\ 1 inch, the length on 
the plan =4 8' ® 

15 Tlie actual length and bieadth aie 
(G5x20)inoticsand(4 5x20)metics, 130 in and 90 in 
Hence aiea=(130 x 90) sq m 
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16 The aiea of the plan^Z 2 x 4 5=^14 4 sq cm 

144sq cm lepiesent 1440 sq ^cls 
1 sq cm lepiesents 100 sq yds 
1 cm 10 yds 

Tims the scale is 10 yds to the centimetre 

17 Actual length =3 25 x 100=325 ft 

actual breadth = 1 60 ft 

bieadth on plan=^-{;^ =1 G" 

18 It A\ill be noticed that the small rectangle on the light of the 

figure, whose dimensions aie 10 ft oy 5 ft, can be fitted 
exactly into the cavitj" in the upper portion of the figuie 
Tims the tiiea is equal to that of a rectangle whose length 
IS 30 ft and breadth 20 ft, and is (30x20) sq ft 
1 e 600 sq ft 

19 Fiom the right hand uppei comer of the fieuie cut off the 

lectangle whose length is 24 ft and breaath 12 ft This 
can be fitted exactly into the holloAV poi tion of the lemain- 
mg figuie to make up a rectangle whose dimensions .aie 
24 ft oy 48 ft Thus the area of oiiginal figuie 
=(24x48)sq ft =1152 sq ft 

20. It will be seen that the dimensions of the unshaded lectangle 
in the centic are obtained b^ subtracting twice the AMdth 
of the bordei from those of the whole lectangle 

Thus the inner leetangle has length =10 ft , and breadth =5 ft , 
and its area is 50 sq ft 

But area of whole iect€angle=(10 x 15) sq ft , or 150 sq ft 
Thus area of shaded portion = 150 -50, oi 100 sq ft 

21 To obfiiin the dimensions of the outer lectangle add twice 

the wndth of the boidei to those of the innei lectanglc 
"We thus get its length =15 ft , and bieadth=12 6 ft 
aiea of outer rectangle=(15 x 12 5) sq ft =187 5 sq ft 
Also area of inner rectangle=(7 x 4 5) sq ft =31 5 sq ft 
area of border =(187 5 — 31 5) sq ft =156 sq ft 

22 Each of the rectangles at the four corners has its length 

=^(15 - 5) ft =5 ft , and breadth=5(l 2 - 5) ft =3 5 ft 
sum of their areas=4(5 x 3 5) sq ft =70 sq ft 
But aiea of whole rectangle =(15 x 12) sq ft = 180 sq ft 
area of shaded portion =(180 — 70) sq ft=110sq ft 
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23 Considei tlie dimensions of tlio four sliadcd figures at ilie 

coincis of the oiiginal rectangle 
Then lcngth = 1(30- 18) ft ^0 ft , bicadth=;\(20-8) ft =G ft 
sum of then arcas=4(GxG) sq ft =1 14 sq ft 
also area of cential rcctangle=(18x8} sq ft =141 f^q ft 
total shaded arc4i=(144-hl44) sq ft =288 sq ft 

24 Consider the foui small squares into which the oiismal 

squiue IS dnidcd bv the dotted lino'^ Eich i*^ divided 
into two equal poi tions one sh uled and one plain Thus 
by addition the whole aica of the shaded poition 
(area of whole squaic) = 72 sq ft 

25 As in Ex 24, whole shaded atca=^ whole rectangle 

=i(10xl5)sq ft =7 1 sq ft. 


Page 105. 

1 (i) Area=(5 5 x4) sq era =22 0 sq cm 
(ii) Aiea=(2 4xl 5) sq in = 3 6sq in 

2 Appl} Prob 12 Draw DK, BM peip to AB, AD lespcctively 
By measuieinent DK=1 30", Area = 2 3 x 1 3G=3 400 sq in 
This IS only apjnoxnnate since the length obtained by 

nieasuicinent is only coircct to the ncaiest hundiedth 
of an inch, and in Gnding the area anj eiroi in the 
measurement of one line is multiplied b^ the number of 
units in the other line Tims in the abov e DK may be 
any length gi eater than 1 355" and less than 1 365", and in 
taking Its length as 1 3G" we must expect an enoi not 
exceeding 0005", and theic is a consequent cuor in the 
area not greater than (2 5 x 01)05) sq in oi 00125 sq in 
By measurement, BM=2 27" 

aiea=AD BM=(1 5x2 27) sq in =3 403 sq in 
Thus average of the two results=^(3 400+3 405) sq in. 

=3 4025 sq in 

3 By Prob 12, dmw a par" having sides 6 cm , 5 cm and 

included angle =60“ 

By measinement, the perp distance between the two lon<^ 
sides IB 3 82 cm , representing 19 1 mcties ° 

Tliusaiea=(191x30)sq m =373 sq m (approx) 
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Again, b> incasuieinent, peip distance between the two 
shoit *?idcs IS 1 0 cm , ropicseiiting 2.1 mctics. 

Tims aica=23x2>=‘57r) sq ni (appio\ ) 

Hence the .l^c^.age lesult is 5740 sq in 

4 Altitude of par“=^-^= 1 5" 

o 

Draw AB=28'' and a line parallel to it at a distance of 1 5" 
With centre A, i-ndius^a", draw an aic cutting tins lino 
lu D Tlieti complete the jiai"* as in Piob 12 

5 Altitude =*^=1 93" 

Draw' two iwiidlel lines 1 03" apart Take a pt A in one 
line as centie, and, with i'adius=2", cut the lines in B, 
D i*espectively Cut off DC on the second line=2" 

Tlien ABCD is the rhombus 
By measurement each of the acute angles=75“ 

Page 107 

1, (i) Area=f (24x15) sq ft=180fcq ft 
(ii) Aiea=^(4 8x3ri) sq in =8 t sq in 
(ill) Area=^(lG0x 125) "sq m =10000 sq in =1 bectaie 

2 (i) By nieasuremeiit, perp on BC is 3 6 cm (to the neatest mm ) 

area=A(8 4 x3 2) sq cm =13 44 sq cm (appiov ) 

(ii) By mcasiiieinent, peip on AB=4 .■> cm (to ncaicst mm ) 
arca=5(G 8 x 4 5) sq cm = 15 3 sq cm (appiov ) 

(ill) Bv measurement, peip on BC=G3 cm (to iicaiost mm ) 
.'irea=4(C 6 x G 3) sq ern =20 48 sq cm (appiox ) 

3 If we considei BC as the base the altitude of the A is seen to 

be AC, foi ACB is a rt angle 

area=^ BCxCA 

When a=G cm , 6=5 cm , aica=4(Ox.5) sq cm =15 sq cm 
Draw CK perp to AB By measurement 
AB=7 8 cm , CK=3 8 cm (each to the nearest mm ) 
area =4(7 8 x3 8) sq cm =14 82 sq cm (approv ) 

The error is 0 18 sq cm in 15 0 sq cm 

0 18 

* en or per cent = x 100= 1 2 
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4 Aiea of it -angled A 8 x 4 5) sq in =6 3 sq in 
By measurement, c=5 30', ji?=2 38" 

aiea=i(5 30x2 38) sq in =6 307 sq in 

enoi pel cent=^j^^x 100=0 1 (nearly) 


5 


(i) Since a?ca=i (6a^c)x(atoiMcfc) 

2(q?eg) 
base 


altitude^' 


2x80 
“■ 20 


= 8 in 


(n) As above, hase= 


2(a7ga) 

altitude 


2x104 

16 


= 13 cm 


6 By measuiement, perp=2 24" 

area='^(3 0x2 24) sq in=3 36sq in 
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1 (i) The A® are on the same base BC and between the same 

pai'* BC, XY Now use Theoi 26 

(ii) The A® are on the same base XY and between the same 
par'® XY and BC Now use Theor 26 

(ill) Add the A AXY to each of the equal A® BXY, CXY 

(iv) Take the AXKY from each of the equal A* BXY, CXY 

2 The two A® are on equal bases and of the same altitude , 

hence, by Theor 26, they are of equal area 
Divide the base into 3 equal parts by Piob 7 and join the 
pts of section to the vertex The three A* so formed have 
equal bases and a common altitude 

3 In the Fig of Theor 21 Cor 3, the A AOD= A DOC, being on 

equal oases AO, OC, and having a common altitude 
Similarly A DOC= A COB= A BOA 

4 The AABX= AACX , and AYBX= AYCX \Th 26] 

Hence, by subtraction, A ABY = A ACY 


ARrv or V FRiANGLr rvc.isioo, no 
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5. See E\ 0 on p GO 

Ihe _i*ADX. ABX h.i\c a coTiimon ba^-c AX aiulccpial altitudes 
DQ, BP , tlicv .11 e equal in ai ea bj Tlieoi 25 
Siniihih foi A*CDX, CBX 

6 Let L ABC b.i\e <ides> AB, AC bisected in X, Y respcctnel^’ , 

then aBXY=ilAXY, iiul ACXY= _ AXY , [7% 20] 

ABXY=ACXY, 

XYispai'toBC [77(27] 

7 I-a?t P, Q be the iuid-pt'« of the «lant sides AD, BC of tnipc/iuni 

ABCD .Tom PC, QD and AC, BD 

Then 2. DPC=:^ A DAC, ADQC=5ADBC [Th 2G ] 
Also A DAC = A DBC (Uyjy .ind Th 2G ] , ” ADPC= A DQC, 
PQ IS pai'* to DC [77j 27 ] 

8 Par"' AY =half pai"' AC, 

and _i AZB=half pai'" AY [7V( 25 Cor] 

AAZB=ont* fnuith pai”‘ AC 

9 (U'AXB, BYC .aic e.ith h.ilf of the gneii pai™ [77( 25 Co?] 

10 Thiough P di.iM XY par* to AB oi DC 

'Ellen A APB i-. lialf ])<ii"’ AY, 
and C DPC is lialf p ii XC , 
that IS, sum of A* APB, DPC is half par’" AC 

Page 110 

1 Diat\ a A mIiosc sides aio *J 7', 2 0 , 1 9" T.ikiiig 2 0' as ba'-c, 

the altitude b} mcasuicment is 1 1 }' 

H ence ai ea of plan — ^ (2 0 x 1 1 4) sq m 
But 1 ‘•q inch repieseiits 100- sij ^ds 

ai 0.1 of enclosui c =!^ (2 0 x 1 14) x 100- sq s ds 
= 11 100 sq y ds 

2 Drau two lines G2cin and 7 2 cm icspecti\ely inclined .at 

angle of 45° Completing the A and taking 7 2 cm as 
Iwse, the altitude by mc.isuicment is 4 4 cm (to neaicst 
mm ) 

Hence .uea of plan =^(7 2 x 4 4) sq cm (.ipprox ) 

But 1 sq cm lepic'-ents 20 - 01 400 sq m 

area of enclosui e = ’(7 2x4 4)x 400 sq ni 
=6336 sq m (.appio\) 
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3 Since base X altitude = 2 {ai ea of 0 tangle) , [7% 25 ] 

altitude—— g-^=2 4 cm 

Thus the locus of A is one of the two st lines pai' to BC and 
at a distance of 2 4 cm on each side of it 
With centie B, radius— 2 6 cm , di.iu an aic cutting one of 
these hues in A Join CA By measurement CA=5 1 cm 

4 Aititude=?^^|^=204' 

Hence the locus of A is one of the t\\o st lines pai* to BG and 
at a distance 2 04' fioin it 

At C draw CA making 4-CBA=68® and cutting one of these 
lines in A Join AC 
Bj measurement, AC =2 20' 

5 For a graphical representation of the le^ult see p 321 

6 Since the equal sides contain supplementaiy angles the two 

A” can be placed ha\*ing one side in common and the 
other two eqiical sides in same st line Thus we have two 
A” of same altitude on equal bases 
Let the A® be ACB, ACD with the side AC common and the 
sides BC, CD in the same st line 
If the A* aie congruent, /.ACD is equal to one of the /J of 
the A ABC , and it can be seen b^ Theoi 8 that this is 
only possible when /_ACB=/.ACD, that is, ivhen the two 
supplementary angles aie it 

7 Bisect the base BC of the A ABC at D, and draw DK at 

it /-“to BC and meeting the pii* to BC through A in 
K Then, by Theor 4, the A KBC is isosceles, and by 
Theor 26 it is equal in aiea to A ABC 

8 Let P, Q, R, S be the mid-pts of AB, BC, CD, DA Let PQ 

RS cut BD in X, Y 

Then par™ PXYS=2 A SPB [7% 25 Cbr] 

-AASB [T/i 26] 

=^AADB [Th 26] 

Similarly par“ QXYR A BCD 

, by addition, par*" PQRS— ^quad* ABCD 

9. ABQC=^ A ABC [7% 26]=: A ARC 
Take away from each the AXQC 
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2 With Fig of nicoi 28 (ii), A ABC^lfll x 17) sq ft 

AADC=>(9xl7)‘^q ft 

qudcV ABCD=:i(20x 17) sq ft =170 sq ft 

3 Area of plan=\(34+2G)xB2 = 2l G sq cm 
But 1 sq cm lepicscnts 25 sq m 

aica of enclosuiG=(24 G X 25) sq in =615 sq ni 

4 Applj Piob 8 to dra%\ fiist the (s. DAB and then A DCB 

B} ineasuieinent, olfscts fiom A and C aic 2 4', 1 G" 
icspectnely 

aiea of qiKuV = A(l G+2 4)x4 2 = 8 1 sq in 

5 Fu'bt dia\\ the A DAB, and then the A DCB 

B} incasmcmeut, DB=8 5 cm, oflsct fiom C to BD=4 1 cm 
(to neiiest mm ) 

aieaof A BCD = {(8 5 x4 l)sq cm =17 43sq cm (appio\) 
Ai ea of > i d A DAB = \ (3 6 x 7 7) sq cm = 1 3 86 ^^q cm 

area of quad* =31 20 sq cm (appio\) 

6 B} ineasuieinent, DC= 2', height=l 73" Now use Tlicoi 28 

7 Constiuct a A BPC such that BC=CP= 7 cm , BP=G cm 
Pioduce BP to A so that PA=3 cm , complete pai"* CPAD 
Then ABCD is the leq*^ trape/uini 

B^ mcasuiement, height =4 cm Now appl} Tlicoi 28 

8 Let diag BD cut diag AC at it at X Then the oflbCts of 

B, D are BX, DX iespecti\ely , tlieii sum = BD 
aiea = \ AC x (sum of oflsets of B, D)=^ ACx BD 
= \ (pi oduct of diagonals) 

9 Let the diags AC, BD of gnen length cut one anothoi at the 

gi\en angle at anv ])oint in each Through A and C diaw 
PAS, QCR pai'* to BD and thiough B and D diaw PBQ, 
SDR pai' to AC Then the fig PQRS is a pai”* whose 
sides and angles are the same at w hatevei point AC and 
BD intersect 

Now AABC=ipar>"APQC, and AADC=ipar“ ASRC 
quad' ABCD=^ of the constant pai»» PQRS 
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1 (i) Aiea of AAED = \(3x5) sq cm =7 5 sq cm 

Aiea of A ADC (4 x 6) sq cm =12 sq cm 
Aiea of AABC=A(2 xG) sq cm = 6 sq cm 
^\llole €uea=25 5 sq cm 

(ii) A"AED, BCD have equal bases and equal altitudes, and 
aie theiefoie equal in aiea Hence 

aiea of fig AEDCB= A ADB = \(6x5 2) sq cm =15 6sq cm 

2 (i) Aiea of squaie AEDB=25 x2^=6 25 sq in 

Aiea of A DCB ^ j(2 5 x 2 16) sq in =2 7 sq in 
uhole aiea =8 93 sq in 

(ii) A AXD=i(l^ x2^) sq in =1 5625 sq in 
ACYB=|(l5x2‘')sq in =1 75 sqm 
Tiap™ DXYC=i(22 x4i) sq in =6 1875 sq m 
whole aiea =9 5 sq m 


3. 


AAXF=i AXxXF 
AAY6=^ AYxYB 
ACYB=V CYxYB 
ACDZ=\ CZxZD 


sq m sq m 

=ix 50 X 60 = 1500 
=7ixl20x 50=3000 
=|x 60 X 50=1500 
=ix 30 X 80=1200 


tiiip“DZYE=i YZx(DZ+EY)=-\x 30x120=1800 
tiap'»EYXF=i XYx(EY+FX)=ix 70x100=3300 


, by addition, -whole area =12500 sq m 


Page 116. 

1. (i) As in E\ 7, p 64 the figuie is a pai™ Now, by Tlieoi 
4, the A* PAS, PBQ, RCQ, RDS are congiuent Hence 
PCi=PS=RQ=RS , and the figure is a ihombus 

(a) By Ex 8, p 110, the aiea of 

PQRS=J(‘«ea of ABCD)=^AB x BC 
Now, by Tlieor 20, Ci8=AB 
Simliaily PR = BC 

area of PQRS=-^ PR x QS 

=^Cpioduct of the diags of the ihombus) 
(ill) See Ex 8, p 113 
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2 Let ABCD Ijc a par'**, O the inidclle pt of the diag BD 

I)ra\v any hue thiougli O meeting AB, CD in E and F 
respectuely Then A* EOB, FOD aie identicalh equal 
^ [Th 14,17] 

fig AEFD= A ADB=half the pir® 

(i) Through O and the gi\cn pt P diaw a line to cut a pan 
of pai* sides 

(ii) and (ill) ina} be soUed on the sinie principle 

3 (i) Let PXQ diawn par^ to AD meet DC in Q and AB in P 

Then A®BXP, CXQ are identicall> equal [77< 14, 17] 
the area of the trapezium is equal to that of par" APQD 

(ii) Trapezium ABCD = par"' APQD =2 A AXD [7% 25, Cor] 

4 As in Ex. 8, p 1 13, the area=f (3 0 x 2 2) sq in s=:8 3 sq in 
See Ex 9, p 113 

5 Dmw AB=8 0 cm and a st line par' to it at a distance 3 0 cm 

fiom it With ccnties A, B, radii 3 2 cm, dnn\ aics 
cutting this line m D, C 

Aiea of p'ir™=ABx(pcrp dist between AB, DC)=(8x3)sq cm 
Aieaalso =ADx(peip dist between AD, BC)=(3 2xa:)sq cm 
whcic a=perp dist betw cen AD, BC in cm 
32:i?=8x3, whence a?=75 

6 Constinict a A AOB, having AB=2 5% AO=l 7", BOs=l 2'' 
Produce AO, BO to C and D, so that OCs=:OA, OD=OB 
Then by Tlicors 4, 13 tlie figure ABCD is a par™ 

By measurement, perp dist between AB, DC =s^l 44" 
area of par™=2 5x1 44=3 6 sq in 

7 Let ABCD be the par™, and O the intersection of its diags 
It IS easy to shew that A AOB=^ pai™ ABCD 

Hence the A AOB is of constant area, and, its base being 
fixed, its altitude must also be constant ° 

Tims O moves so that its perp dist from AB is constant 

its locus IS one of two fixed st lines par^ to AB and on 
either side of it 
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1. Bj Theoi 29, hence 

(i) c 2=3=+42=9+16=25 , c=5 cm 

(w) c2=(2 5)2+62=6 25 + 36 =42 25 , c=^/42 25=6 5 cm 

(ill) c2=(l 2)2+(3 6)2=1 44+12 25 = 13 69, c=«/r3G9=3 7" 

2. (i) 62=c2-a2=(3 4)2_(3 0)2=2 56, &=\/256=lG" 

(ii) a-=<^-b-=(!i 3)2- (4 6)2=7 84 , a=N/f84=2 8 cm 

3. Let AB represent the kddei, A its foot, and C the foot of the 

all Tlien AB® = AC® + CB® 

AB=VaC'*+BC^=V 81 + 1600 ft =41 ft 
For the plan 2 mm to 1 foot may be taken 

4 The lequired distance =^33®+ 56® mi =\/4225 mi =65 mi 
Take 1 inch to 10 miles for the plan 

5 Let S, A, B niaik the positions of the station and the two 

ships Tlien AB® = AS® + SB®, from 1 1 -angled A ASB 

AB=V(6 0)®+(1 1)® km =a/ 37^ km =6 1 km 
Take 1 cm to 1 km for the plan 

6. Let AB repiesent the ladder, A its foot, and C the foot of the 
Mall Then AC2=AB2-BC2 

AC=\^5®-63® ft =V^ ft =16 ft 
To test this by measurement, the A would be diawn by 
Piob 10, p 83 Take! cm to 10 ft for the plan 

7 From it -angled A ABC, AB2=AC2— BC® 

AB=V73®-55® m =\/l8xl28 m =48 ni 
For the plan take 1 cm to 10 m and use Prob 10, p 83 

8 Let 0 mark his starting point, and A, B, C his three stopping 

places Then if CD is diawn par® to BA, meeting OA at 
D, from the rt -angled A ODC, OC2=OD2+ DC® 

OC=\^7®+24® mi =25 mi 
For the plan 1 inch to 10 miles ni<iy be biken 

9, Name the successive turning pts B, C, D, E Produce BA, 
DE to meet m K Tlien 
AK=CD- AB=55 m , and EK=BC- DE=48 m 
Tlien AE2=AK®+KE2, fiom rt -angled AAKE 

AE='s/552+48® m =\/63^ m =73 m 
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10 Let AB, CE repiesent tlie two w*all% D the foot of the ladder^ 
AD, DC Its fii'st and second po«5itions 

Then fioin rt -angled AABD BD = \^r)0" — 48^ ft =14 ft , 
and fiom it -angkd ^ CDE, DE=n^oO— U- ft =48 ft 
BD = BD-rDE=62 ft 
Foi the plan proceed as follow s 

(Scale 1 cm to 10 ft ) Let D a point in the horizontal line 
XY represent the foot of the laddei Draw two line^ 
pai** to XV, and above it at distance^ of 4 8 cm and 
1 4 cm respectixelv 'VTith centi'e D, and radius o 0 cm , 
cut the fii'st par* at A and the second at C Draw AB 
CE perp to XY 

Page 123 

1 Let BD be the diagonal of the given sq ABCD 
Then BD-=BC“ + CD“=2BC"=2 (given square) 

2 (?=AD---DB- and b-=AD^-i-DC^ 

, h} subtraction, cr — 6-=BD-- DC^ 

3 Bv Ex 2, AZ2-ZB2=AO= -OB-, 

BX'-XC-=B02-OC= 

CY--YA==CO--OA2, 

bv addition, (A22^BX2-i-CY0-(ZB2-i-XC2^YA=)=O, 
that is, AZ--1-BX2-S-CY2 = ZB--i-XC2-i-YA- 

4 BQ~BA-J-AQ= ind CP-=CAVAP2 

, adding, B(a=+CP~(AB2-5-AC')-r{AQ--AP^)=BC-+PQ- 

5 In the A BAG, rt angled at A let the medians be BQ. CP. 
Then B(1-=BA“+AQ=, and PC-^PA^o-AC^ 

4(BQ^-}-PC=)-4(BA2-hACS;-4PA^+4AQ2 

=4BC- J- AB-+ AC- 

=4BC- -1- BC- =5BC2 

6 Let AB CD be sides of the two squaie^i , at B draw BE perp 

to AB and equal to CD Tom AE 
Then AE-=AB2 -i-BE2=AB--i-CD" 

7 See Proh 10, p 83 Let AB P be «5|(les of the two given 

«quare« 

3.1ien BC'=5AB-—AC“= difference of the gi\en squares. 



TnnOKKM OF r\THAGOFAS PAGL 123 


G3 


8 Let AB be tlie jjiveu si lino 

Viom B BD pcip to AB and fiom A dla^^ AC, mabing 
BAG one-foiu ih <)f a i ight angle Fiuni C, the intersection 
of AC and BD, diaw CX, making ^lACX equal to ABAC 

biuLC A XCA = ^ X AC, X A = XC 

And bec<iuse ABXC=suin of a* BAC, ACX, 
aBXC is half a it a 

And angle at B IS a il a a BCX is half a it A [77/ 16] 
aBXC=aBCX, BX = BC 

Hence the squaie on XC is double of the scpiai c on XB [77/ 29 ] 
that IS, the squaie on AX is double of the squaie on XB 

9 Let ABbethegnenst line At Bdiaii BC, making AABC=4r)® 

With cciitie A, i-adius equal to the side of the given squaie, 
desciibc .1 ciicle cutting BC in C Hiaw CD perp to AB 

'riien in ACDB, aBDC=9i»“, ADBC=4.r, aBCD= 45\ 
DB=DC AD*+DB“=AD- + DC2=AC-'=given squaie 

10 On substituting the gnen values of the sides, it ^^lll bo found 
that tlic foimula c-=a--h6- is satisfied bj the datci of (i) 
and (ii) but not bj those of (in) 


11 AB2=:AC2+CB2=2AC2, since AC = CB 

Lot the diags of sq on AB iiiici'secl at 0, and let CE bo a 
diag of sq on AC Then since AOBC, ABCE aie pai”’", it 
will he seen that AAOB^AAEC Now AB“=4AAOB, 
AC-=2AEAC, Mhenco AB-=2AC2 

AB2=2AC2=:(2x4)sq in , AB = \/8=283" 

12. Dniw AB=G cm Bisect AB at O and \Mth centie O, radius 
OA, desciibe a O Through O diaw COD jieip to AB 
and meeting the ciiclc in C, D llicn ACBD is the icq^ 
srjiiai e 

By Theor 4 the sides can be pioved equal , and as in Piob 10 
the angles c<in be piovcd light angles the figuie is a 
squaie 

LetAC=:CB = 'i cm 

AB2=:AC‘2+CB-=2.t’2, 2r2=36sq cm 

cm =4 24 ern 

areas=:i;^sq cm =18 sq cm 


Also 
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13 Let AC be a diag of square ABCD Let AB=a units 

AC2=AB2+BC2=2a2 AC=aV2 
Req<i diag =50s'2=50xl 4142=7071 lu 

14 liCt BD be perp from B on AC Then, by Theor 17, 

AD=DC=m units 

Now AB*=AD2+BD®, 4»i'=m=+^2^ whence Vs 

15 + 6® — (m^ — w®)® + -f 

When n=l, 9?i=2, \\ehave a = 3, 6=4, c=5 , 

71=1, m=3 a = 8, 5=6, c=10, 

71=1, 771=4 a=15, 6=8, c=17, 

71=5, 771=6 a=ll, 6=60, c=61 , 

and so on 

16. (i) AB=\^12^+92cxn =15cni Also DC =(25 -9) cm =16cm 

AC=n/^ 12-+162 cm =20 cm 

(ii) AD=V 502^^2 in ^40" DC=n/ 41^-“402 in =9" 

BC=BD + DC=39" 

(in) BD-= BA® - AD®=6 ® - , BD =\/?^ 

Similarly DC=\^6-— , 
a = BC = V6® — 2 ^® 4- 

17 c®-BD2=AB®-BD®=AD2=AC2-CD®=6®^CD2 

Let BD=a7 cm CD=(51 — :t) cm 

37®- r^=20®-'(51 — ii.)- , whence ^=35 
p2=37®-35®=144 , ^=12 

aiea=Aap=306 sq cm 

18 We shall find exactly as in Ex 17 

(i) BD=71f, p=4/A 

(ii) BD=9 6ft, ^7=7 2 ft 

(m) BD=13Sf cm,^=6/i-cm 

(n) BD=0yds, p=12vds 
Whence the aieas can bo obtained 
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19 In tie posit'on let OQ= ~ cm 

.. :ri^(4-0)==PQ*«n-G)J-(33)-*=42~25. 
■Whence j^=26 25 and -^=5 12 nearly. 


20 . 


Let CK be the C on AB. 

Then the area of the L. h {CK.AB, and also ^ AC.CB. 
CK.AB=AC.CB; jc 

TT-_- 1 c 1 ^ 1 1 

U^nce “““T ? • =sr — 75;- — 

p ah pr a-tr a-tr Ir a- 


Page 127. 

1- Let ASCD hs the given sqtxare. Jon AC Then, bv 
Theor. 16. aCAB=^5°. 

Tfarongh B dra-w BE par to AC to meet DC prodaced in E- 
Then ASCD, ABED are equal in area [77«. 24]. 
Web&reAC-=^AB-~SC^=DOsq cm.; - AC=5%^=71cm 

2. XTse Prob 12, p 87, telling anv convenient angle for the in- 

duded angle. 

With centre A, radins AB dravr an are catting DC in E. 
Join AE, Thronerh B draer BF par^ to AE, cuttmg DC 
predaced in F- Then ABFE L« a rhombus and ia equal to 
ABCD bv Theor 24 

3. Bf Theor 21, each of the par=“ AEKH, KGCF, ABCD is bLoected 

bv AC 

.* i£iAEK-s-£.KGC=:£.AKK-J-£.KFC. 

Taling these equal areas from the eoua! Z_*ABC, ADC re.=ipe> 
their, veha^e fig EKGB=fig. HDFK. 

Place HK. KG in the «ame st. line. Through H draw HA par" 
to KE to meet BE produced in A. Draw AK meetins BG 
produced in C Complete par= ABCD, and let EK produced 
cut CD at F. Then HKFD is the ptr“ required. 

4. Produce DE to G. raahing EG equal to AB, or 6 cm. Complete 

the par*^ FE6H. Join HE. and produce it to meet CD 
produced at K- Complete the par“ KCKL, Produce FE 
to meet KL at M Then Efi'LG is the required rectangle ; 
and EM =4 cm- 

5. Produce BC to K. so that CK=2 7'^ Through K draw KL 

par to BA and meetinn: AD pr^uced in !_ Iltew LC 
to cut AB produced in P. Through P draw PQ par* to 
K.^0 E ' 
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AD and mcGting LK pioduced in Q Pioduce DC to cut 
PCi in R Then KGRQ is equal to A6CD bj Ex 3 
By measurement it will bo found that CR is 1 C\ and that this 
IS tiue whatevci value we give to A 
Also! 0x27 = 18x24 

Hence wo deduce that in cquiangulai pai*"* of equal aiea the 
pioduct of a pan of adjacent sides is constant 

6 Fust construct a 1 ect equal in aica to A ABC (Use Piob 17, 
taking D=90®) Now proceed as in Ex 4 to constuict a 
second icct equal to the first and ha^ullg one side equal 
to 5 cm 

Page 130 

1, Use Piobs 11 and 18 If ADX bo the resulting A, the perp 
from X on AD =10 6 cm (to ncaicst mm ) 

» Hence area of qiiad*=i(10 6x4 5)=23 85 sq cm (approx ) 

2 Use Prob 8 to constiuct iii*st AADB and then ADBC 
Thiough C diaw OX pai’ to DB meeting AB produced in 
X Join DX Then ADX is the req** A 
By incasuiement, perp fiom X on AD=4 67'' (approx ) 
area of quad*= J(4 67 x 3 6) sq ni =8 406 sq in 

3. At A, B diaw AE, BC each equal to AB, making the U BAE, 
ABC each^lOS® 

With centres E, C and ladn equal to AB draw aics cutting 
in D Then ABCDE is equilateial 
Use the Fig and construction of Piob 18, Coi By measuie- 
ment wre hn^ c XY =8 9 cm , perp from D on XY =6 2 cm 
area=5(® 2 x 8 9) sq cm =27 59 sq cm (appiox ) 

4 Drawr the Fig on the leq** scale by tw o applications of Piob 8 
If CX drawn par' to DB meets AB produced in X, we shall 

find by measurement that perp from X on AD =13 3 cm 
(to the neaiest mm ) 

area of plan=^(7 8x13 3) sq cm =51 87 sq cm (approx ) 
But 1 sq cm represents (50)® sq m 

area of fiold=51 87 x 2500=129675 sq m (approx ) 

5 Join AD Through C draw CE par' to AD to meet BA (or 

BA produced) in E Then, as in Prob 18, 

^ AEBD=AABC 
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6 Let CAB be the given A on base AB Tluough A draw AD 

peip toABand equal to tbc gnen altitude, and tbiough 
C dmw CE par’ to AB meeting AD in E Join DB, and 
draw EF par’ to DB nieotiiig AB in F Join DF, EB 
Tlieii ADAF=AEAB=ACAB [Ptoh 18] 

7 Join BX Tbrougb A diaw AD p.ii'’ to BC meeting BX in 

D Then ACDB=AABC Join XC Diaw DF par' to 
XC to meet BC in F, and ]oin XF 

AXBF=ADBC [jPio6 18]=AABC 

8 Thiougli C and D dra^\ CE, DF par’ to BX and AX respectively 

meeting AB pioduced in E and F , then EXF is the req'’ A 

9. DiMde the base into n equal paits [Pi oh 7], and join the pts 
r of di\ ision to the vei tex 

12 As the method is quite general, it will be suihcient to take a 
paiticular case Let ABC be a ti tangle fiom yhicli it is 
required to cut oiT a fifth part by a st line thiough a pt X 
in AB Take BD a fifth part of BC [Prob 7] Join AD, 
and thiough X draw XE to meet BC in E, so that 
AXBE = AABD [Ev 5] 

14. With the consti notion of Prob 18, make the A DAX equal to 
the given qiiadrilateinl Take AY equal to one-fifth of AX ; 
join DY Then A DAY = one fifth of A DAX, that is, of the 
quadnlateral The method is quite general 

Page 134 

3. Let PM, QN be the oidinatcs of P (4, 3) and Q, (12, 7) 

Jjet R be the mid-pt of PQ, and RL its oi dinatc 

Then RL=^(PM-l-QN) [Ah9, p65] 

Again OL-OM = ML=LN [7% 22]=ON-OL, 

■whence OL=-^(OM+ON) 

5. Draiv ordinates fiom (0, 6), (0i 12) to meet the line joininc 
O to P (18, 15) J b 

Then OP is tiisectcd by these ordinates, and the ordinates 

aie icspcctivcly 6 and 10 units [Th 22 C'oi ] 

Thus the req'’ coords aie (6, 5), (12, 10) 

7. If P (a:, y) represents any one of the points, we have clearly 

OP2=a?2+y’' [Th 29] 
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8 SeeEx^l,p 133 

9 If P, Q, R rcpiesent the pts in the order given, it will be 

found, as on p 133, (Example 1) that PQ-=PR^ Thus 
the pts foiiii an isosceles A A\hoso veitox is P 

10 If P icpreseiits anyone of the pts , it will be found in each case 

^y the method of Ex 7) that OP2:=25 

11 On plotting the points it will be found that in each case the 

distance is the h>potonu 80 of a it -angled A A\hose sides 
are a and b 

12 The lines are the diagonals of a square 

13 If P, Q, R aie the points m the oidei given, it will be found 

that PQ=QR = 13 

Tjet QR meet the a-a\is in S , then, by congiuent A*, PR and 
OS bisect each other \T/i 17 ] 

14 The fourth vertex is obviously at O , and since the diagonals 

bisect each othei, the coords of then intersection are those 
of the mid-pt of the line joining (0, 0) and (14, 10} See 
Ex 3 

15 As in the Ex on p 133, it may be shewn that the length of 

each side is 13 The intersection of the diagon«il8 is the 
mid-pt of the line joining (0, 0) and (18, 12) See Ex 3 

16 The locus is the perpendicular bisector of the distance between 

the two points T-Pro6 14], and cuts the axes at the pts 
(4,0), (0,-4) 


18 Each side is cleaily equal to inches, (Ex 13, n 124) and 

the figure is a square whoso area is 2 sq in 'IHhQ second 
figure is a squaie on a side of 1" 

19 It will bo found that each triangle has a base of 14 units 

(lying on the ar-axis) and height 10 units Hence the 
area is ^(10 x 14), or 70, units of area. 

20 To facilitate measurement it will be found convenient to take 

half an inch as the unit Take the origin as xeitex 
In (i) baae^6 units, height=3 units 

area=^(3 x 6)=:9 units of area 
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21 To find the aica, choose that side of the A \\hich is pai' to 

an axis as base, and measure the altitude along the other 
axis 

22 Tliesc A* aie rt angled Take the two sides which aie par^ 

to the axes as base and altitude lespectively 

23. If A, B, C, D aie the points, the lengths of AB, BC can be found 
as in Ex 1, p 133 To find the aiea, dmw^ parallels to the 
i r-a\is thiough B and D, and paiallels to they-axis through 
A and C The aiea of the sunounding rectangle thus 
formed is 9x15, or 135, units of area The areas of the 
corner A* thus foimed are easil}^ found to be 30, 30, 6, 6 
units of area respectnely Hence the area of ABCD is 
135 - 72, or 63, units of area 

24 See Theoi em 28 

25 Follow the method of the example woiked out on p 134 

26 Sec solution of E\ 23 In this case the aiea is easily seen to 

be twice that of a tiiangle whose base is 23 and altitude 5 

27. Let P, Q, R, S be the points in the order given , then by 
Theor 29, 

PQ=-y52+12- = 13 , RQ = VP+6- = 10, 
SR=Vl2-'+92=15 

By measutenicnt (or calculation) SP=8 24 

Let SR meet OY in T, and let RM be the ordinate of R 

Tlien area of fig OTRQ=trap“ OTRM + A RMQ 

=Jx4(3+6)+ix6x8 {Th 28] 
=18+24=42 units of aiea 
And area of AOP(l=50P OQ=^x5xl2 

=30 units of area 

28 Here BC=9 obviously, and as in Ex 1, p 133 "vve easily find 
that AB = 10, CD = 17 AD = 12 7 by measurement 
Let CB and DA produced meet in E The coords of A shew 
that DA bisects the angle between the axes, hence it 
easily follo^vs that E is the point ( — 10, —10) 

Area of ABCD = A ECD - A ABE 

=ix23xl5-ix6xl4 
=130 5 umts of area 
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29 If P, Q, R> S, O are the given points, the sides can all be found 

as in Ex 1, p 133 

If SQ meets OY in T the req^ aiea is the sum of the aieas of 
the A-PTQ, GSR, STP 

30 Thiouffh A diaw a par' to OX meeting the oidinates from B 

and C in D, E lespectively 

Then AABC=tiap“ECBD- AAEC- AADB 
=K8x8)-ia><4)-^i(4x7) 

= 16 units of area 

And each unit lepiesents 100 x 100 sq yds , 
aiea of field =160,000 sq ^ds 
Again, BC=n^ 8'^+6'*=10 units 
coriesponding side of field = 10 x 100 3 ^ds 
Let p be the peip fiom A on BC, then 

i pxBC=16xl00xl00, 
whence p= 320 yds 

31 Each side of the figure is the hypotenuse of a right-an gled A 

whose sides are 6, 14 Hence each side = V 6- + 14- = 1 5 23 

(i) The ciicuniscnbingsquaie contains 20- units of aiea, from 
this we must subtract foui rt -angled A« each of which 
contains ^(6x14), or 42, units of aiea Unis the gnen 
squaie contains 400 — 4x42, or 232, units of area 

(u) By the method of page 120, we find that the given sqiiaie 
consists of foui equal rt -angled A“, each of which contains 
42 units of ciiea, together with a central square on a side 
of 8 units 

the square contains 168+64, or 232 units of area 


Pago 138 

1 Of AB, AC let AB be the greatei Produce AX to E making 
XE=AX Join EB Tlien by Theor* 4, the A*AXC, BXE 
arc congruent , and EB= AC, and A BEX~ A CAX 
Also from A ABE, since AB > BE, 

aBEX>ABAX, tc. aCAX>aBAX 
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From tins it easily follows tliat z.CAX>aCAP, and AP lies 
Mitliin angle CAX 

Again i-'CAD, BAD aic complements of A* ADD, ABD respec- 
ti\ ely, and A ACD > a ABD A CAD is less than A BAD , 

fiom wliicli we liaie A CAD is less than a CAP, and AP 
lies without angle CAD * 

Tlius AP IS intermediate in position hetw een AD, AX 
, by Ex 8, p 55, it is also intei mediate in magnitude 

2 Let ABC be the given A, AB being greater than AC, and AH 
the bisectoi of the veitical aBAC Draw CLK perp to 
AH, cutting AH m L, and AB in K 

Then by Theor 17 the A* ALK, ALC are congruent, and 
aAKL=aACL 

(i) Now AAKC=sum of A- KBC, KCB [77t 16 J 

To each add a ACK 

then twice a ACK = sum of a* ABC, ACB , 

A ACK=half sum of A* ABC, ACB 

(ii) As before, AACK=sum of A' KBC, KCB 

To each of these add A KCB 
then AACB=AKBC+twice aKCB 
*. tw'ice A KCB=diffoience of a* ACB, KBC , 
that IS, AKCB=half difference of a* ACB, ABC 

3. This follows at once from Ex 2 (ii) and Ex 8, p 43 

4. Let the given diff be equal to AB and the hypotenuse equal 

to K From A draw AE making with BA pioduced an a 
equal to half a it A From centre B, with radius equal 
to K, describe a ciicle cutting AE or AE produced in the 
points C, C' From C and C' draw perps CD, C'D' to AB , 
■ind ]oin CB, C'B Then either of the A*CDB, C'D'B will 
satisfy the given conditions 

Note If the given hypotenuse K be greater than the perpen- 
dicular drawn from B to AE, there will be tico solutions 
If the line K be equal to tins perpendicular, there wull 
be one solution , but if less, the problem is impossible 



72 MISCELTANEOUS EXERCISES PAGE 138 

5 (i) Lot AB be tbo given base, X the difTerenco of the /.■ at the 

ba&e, and K tbo dilTcicnco of tbo lemaining sides 
Draw BE, making tbo Z-ABE equal to half tbo lX SeeEx 2 
From centre A, with radius equal to K, describe a ciicle 
cutting BE in D and D' I^t D bo tbo point of intoi- 
♦ section nearer to B 

Join AD and pioduco it to C 
Draw BC, making L DBC equal to L BDC 
Then CAB is the A lequired 

Noxn Tins problem is possible only when the given 
diffoionco K IS gieater tb.in tbo pcipendicular drawn from 
A to BE 

(u) Let AB be the given base, K tbo sum of the lemaming 
sides, and X tbo diireienco of the U at the base Make 
the ^lABD equal to half the lX , draw BE poip to BD, 
and from contie A and with ladius equal to K clescribo a 
ciicle cutting BE m E Join AE, and at B make /.EBC 
equal to /.AEB Tlien ACB is tbo lequiicd A, [Er, 2,] 
since, if AE meets BD at F, it may be shown that CBs=CF 

6. Let AB be the given base, and K the sum of one side and 
the perp from the vertex to the base 
Bisect AB at X draw XH perp to AB and equal to K 
Join AH at A diaw AC making aHAC=/«AHX and cutting 
XH in C 

Then ACB is the A lequired , foi CH=CA 

7 See Ex 8, p 123 

8 (i) If O IS without the L DAB and its opp veit Lj then OA is 

without the pai'“ ABCD tbeieforo the peip diawn fiom 
C to OA 18 equal to the sum of tbo perp* drawn from B 
and D to OA [See Ex 13, p 65 ] 

Now tbo A* OAC, OAD, OAB aio upon the same base OA, 
and the altitude of the A OAC with respect to this base 
=the sum of the altitudes of tbo A* OAD, OAB 
tbo A OACa=tbe sum of the A* OAD, OAB 

(ii) Let BX, DY, CZ be the peip* on AO Tlien drawing CH 
peip to BX wo ma}^ sbow^ by Theor 17, that A*ADY, 
CBH aio ooiigiuent, and BH~DY Hence 
CZ«BX-DY. 


Now piocced as in (i) 
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9 In ihc quacV ABCD, dniM BO pai^ to the dhig AC, and CO 
j>ai' to AB , then DBO the icejunod A, find ABOC n a 
pu*” AKo the p'Mp fioin D on BO is eijiiil to tin sum 
r>f the pcip*fiom D on AC and fioni B on AC 

DBO=^ ADACJ-AABC, 

Min e tht *50 \hi\o equal bas>es 

10 1>-1 BC he the pi\cn ha^c and ABC the A in am of its 

poMtmiw Then smLe the aioa of the t is constant and 
th( hisu i*y known the length of the altitude is also 
constant Let 0 he the intei-stction of the medians, 
then as in K\ p 100 it is lms> to pio\e 

' BOC=:ACOA=AAOB, 

* ABOC=oiu-thnd of A BAC=c<»nsinut 
Noir thc«!c A" l)i\c-'amc hise hence the altitude of ABOC 
IS one thud of the altitude of ABAC and is constant 
IJenet the locus of O is a st line pai' to BC and at a 
lived distance fiom it 

11 Ijct ABC be the giien A on base BC, and DE the gnen st 

line Thiongh A dniw AF pu’ to BC meeting DE in F, 
and join FB, FC Then FBC is the icqinml i\ \Th 2G] 
If ED IS p*u' to BC, the solution is onl^ possible wlien DE 
passes thiougik A In this tasc any pt in DE may be 
Uken as tlie leilev of the leiiunod I , and the nuinbci 
of solutions IS unlimited 

12 T/Ct E, F be the mid-pts of AB, CD Then, In Theoi, 20, 

EFs=BC and is constant , and E is a fixed point Hence 
the locus of F IS a seiiuciicle, with ccntic E and ladius BC 


F 
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PART m 


Page 145 

1 ByTheor 29, 0B8=0D2 + DB® OB='y5^+42=5 cm 

2 With the Fig of Theor 31, OD the perp from O on AB bisects 

it and AB=2DB 

But DB=>/OB2-bD-=Vl3'!-62=12'' AB=24" 

3. Let AB represent the chord 1 6" long, and OD the perp from ' 

the centre, then D is the mid-pt of AB, and BD=0 8" 

Now OD3=OB2 - BD2 OD =<v/i-0 64=VOb=0 6" 

Similarly for the chord 1 2" long 

4. Here OB=4 cm , BD=3 cm 

OD='v/OB 2— BD“=V7 cm =2 6 cm (to the nearest mm). 

5 HereBD=35'',OB=37'' OD=a/ 372-35“=12"=1 ft 

6 Here BD=1 2", OB=l .3" , and OD=-yOB2-Bb“=0 5 " 

area of AAOB=^ ABxOD=^(2 4x0 5)sq in s=0 6sq in 

7 With centres P and Q, radu 1 7", desciibe O’ cutting in O 

Then O is the centre of the req^ O 
Draw OX perp to PQ then, by Theor 31, X is middle pt of 
PQ. 

Thus OX2=OF«- PX2 OX Wl 7'*-! 5-‘=\/0W=0 8" 


Page 147. 

1 Let O be the common centre, ABCD the st line cutting the 

inner O m B, C, and the outer O in A, D Draw OX perp 
to ABCD Tlien BX=:CX, andAX=DX [2% 31 ] 
difference AB^ difference CD 

2 By Theor 31, the AMC, BMC are both rt A* 

by Theor 2, AMB is a st line 

AB 18 the line of centres, and CD the common chord of the 
two O* , and we have proved that AB is perp to CD and 
passes thiough its middle pt 
KSG F 
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8 Let the bisector of l BAG cut BC in D Then m ADB, ADC, 
it follows that DB==DC and Z.ADB=iLADO [7%. 4 J 

That js, AD bisects BC at rt jL*, and passes through the centre 

4 The required locus is the st line bisecting at rt !J the st line 

30ining the tM o given pts [See Prob 14, p 91] 

5 Let A, B be the tuo given points, and PQ the given st line 

join AB, and bisect it at it angles by a st line nhich 
meets PQ at O Then 0 is the centre of the required O 
[See Ex 4] Impossible when PQ is at rt angles to AB 
or AB pxoduced 

6 Ijet A, B be the given points, and R the given radius With 

centre*? A and B, and radii equal to R descnbe O* cutting 
at O Then 0 is the centre of the required O 
Impossible when the given radius is less than half AB 

Page 149 

1 Bisect AB, BC at rt by DO, EO respective!} Then O is 

the centie of the req^ O \Th 32] By construction, 
OEBD IS a rect , and OE==BD=0 8", and EB=sl 5'' 
Also 0B«^/6E^^hEB^=^-^^(08)H(l 6)^=v^89=l T 

2 Draw AB=6 cm From D the mid-pt of AB draw DO perp 

to AB and equal to 3 cm Tlien a O with centre O 
radius OA is Uie O req* Also OA®«OD-4-DA® 

Whence OA=53 \/2 cm =4 2 cm (to the nearest mm ) 

8 Let AB be the diameter, O the centre, CD a chord of given 
length Bisect CD at E , then aOED=90® 
OE2toOD2^ED2=16-4==12, 
whence OE=\^=2V3, oi 3 46 cm (nearly) 

4, With the notation of the Fig of III p 143 we have 
OP«26\ PR«24", PO'=25" 

OR2:=Op2^PR2^ whence OR = 10*' 

Also RO'2«PO'2 ^Pr 2 ^vhence RO'=7'^ 

Thus 00'=*0R + R0'=17" 

5 Let AB, CO be the longer and shorter chords respectively, 
E, F their mid-pts and O the centre Then OE being 
perp toAEfT/i 31], and also to the par'hne CD [7% hJ 
must pass through F [Th 31] Hence EOF is a st line 
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Now OE2=OA2 — AE^, whence OE=2 5" Similarly OF=6 0" 
EF, which IS the sum or diflereuce of OE, OF, accoidmg as 
the chords are on opposite sides or the same side of 0, is 
either 8 5" or 3 5" 

6. As m the last Ex , let OE=^ cm , and OF=(^+l) cm 
Now OE®+ EA2=(radius)2=OF2+ FC^ 

=(iadius)^=(^+l)^+9 , 
whence a= 3 Thus 0A=\/3‘^+4^=5 cm 

7. The reason is that the points (6, 5) and (6, - 5) are symmetri- 

cally opposite with regal d to the ^-axis, which is the line 
of centres [Seep 143, III] 

8. The st line, through the centre, perp to one of the par* chords, 

is perp to the othei [Th 14] And this st line bisects 
both choids \Th 31] Hence, the st line joining the 
middle pts of two par* chords passes thiough the centre 

9. The st line, through the centre, perp to one of the pai* chords, 

IS perp to all of them \Th 14] And this st line bisects 
all the choids Hence it is the requiied locus 

10 Let AB, CD be two chords bisecting one another at E If 
possible let some other pt 0 be the centie, then, by 
Tlieor 31, aOEA and z_OEC are both it A®, which is 
impossible Thus no other pt but E can be the centre, 
and each chord is theiefore a diameter 

11. The diagonals of a par® bisect one another , by the previous 

Ex their pt of intersection is the centre 

12 Let the par® ABCD be inscribed m a O Then the diagonals 
AC, BD intersect in O, the centre of the O \Ex 11] 

Hence the diags are equal, being diameters of the O , 
the paim ABCD is a rectangle [See Ex 6, p 59 ] 


Page 151 

1. Since equal chords are equidistant from the centre, the locus 
IS a circle, whose centre is the centre of the given circle 
and whose radius is equal to the distance of any of the 
chords from the centre 
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2 Let chords AB, CD cut in E Let F bo the centre Draur 

FG, FH peip to AB, CD xespectively Then the A'FEG, 
FEH aie congiucnt [Th 17j GF=sHF, the chords 
AB, CD are equidistant fiom the ceutie, and aie theiefore 
equal \Th 34] 

3 Take Fig of preceding Ex Then EG^EH But BG, HD, 

the haUes of AB, CD \Th 31], aio equal the whole 
or icmaindcr BE = whole oi rouiainder DE 

4 “With centie A, on the O" of the given O, and with radius 

equal to the lequued lengthy cut the given ciiclo in B 
Fiom the centre of the gi\en cucle, diaw a st line perp 
to the icquired direction and equal to the distance of the 
ccntio from AB The choid drawn thiough the extiemity 
of this st line, pai-^ to the given direction, will be the 
chord required 

i. 

6 Let O be the centie and AX, BY, OZ the pcip* on PQ. Tlien 
OZ==half the sum oi diff of AX and BY, according as A 
and B are on the same or opposite sides of PQ \Ex 9, p 65] 
the sum or diffcionce of AX and BY = twice OZ=a constant 

6 For a theoretical proof see Ex 1 

Lot AB bo any Hu6h choid, F its mid'pt , O the centre 
Then OF2=OA2-AF2=(41)2-(0 9)2=16, OF=4 0 cm 


7 AsmFig of III p 143,wehaveOR2=OP2^PR2=(3 7)2^(l 2)2, 
whence OR==3 5" 

Hence take O, O' at a distance of 4", measure off OR =3 5'', and 
diaw RP, RQ peip to OR on eithci side of it and each 
equal to 1 2' Then P, Q aie the pts of intersection 
PO'2=PR2+RO'2=(12)^+(0 5)2, whence PO'=l 3' 


Page 153 

1 Ijet O be the centre, F the given pt Join OF, and through 
F draw AFB pcip to OF Then AB is the least chord 
For draw through F any other choid PFQ and let OX bo the 
perp to it from the centie Tlien OXF is a it i? /\ and 
its hypotenuse OF > OX Thus AB is fuither from the 
centre than PQ, AB<PQ 
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2 Bisect BC at D Tliiougli D draw DE perp to BC and 

meeting AB in E Tlien E is the leq** centie 
Since (3 7)-=(3 5)=+(l 2)2, the A ACB is a 1 1 A [ Th 30] DE 
IS par' to AC and consequently bisects AB [£'r 1, p 64 ] 
Hence radius =EB=1 85" 

3 See Theor 32, or Prob 23, p 193 

4. Let XZY, X'Z'Y' be tM o chords bisected at Z and Z' in AB, of 

■which Z IS neaiet than Z' to C the middle pt of AB Let 

O be the centre Tlien OC, OZ OZ' are respectii ely pern 

to AB, XY, X'Y' Also OZ'>OZ>OC {Th 12 Cor 3] 

X'Y'<XY<AB Hence AB is the greatest length of 

XY, and XY increases as Z approaches C When Z coincides 

with A or B, XY vanishes 

* » 

5. Let P be (2 4", 1 8'0, Q be (1 8", 2 4"), O the oiigin Then it 

IS found from Theor. 29 that 0P=0(i=3 0" 

Through P, Q draw PN, QM perp to OX Let R be mid>pt 
of PQ, and RS its perp on OX 
Tliiough P draw PK perp to QM 

(i) Tlien PK=0G" QK=0 6''. PQ2=PK2+QK2=0’72 , 

whence PQ=085" (nearly) 

(ii) By Ex 3, p 134 the coords of R are 

^-(2 4"+! 80 and 4(18"+2 4'0, nanielv, (21,2 1) 

(ill) Smee R is the mid-pt of PQ, OR is the peip distance 
of O from PQ. 

Hence OR2==OS2+SR2=8 82 , whence OR=2 97" (nearly) 


Page 155. 

1, Let P be the fi\ed point, AB the gi\en st line , and let any 
one of the circles haifng its centre in AB and passing 
thiough P cut the line thiough P peip to AB again in Q. 
Then, by Tlieor 31, Q is the image of P in AB [seep 141]; 
that IS, Q IS a fixed point 

2 Let AB be the common chord of two O* whose centres are 
E, F , and let the st line par' to AB cut one O at P, Q 
and the other at X, Y Join EF, cutting PQ at O Then 
EF is perp to AB [III p 143] EF is perp to PQ 
{Th 14] OP=OQ, and OX=OY [2% 31] Hence 
PX=QY 
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3 Let the two O® intersect in A, B Let CAD, EBF he par^ 

lines cutting the one circle in C, E and the other in D, F 
Then the st line through thfe centie of ABEC, perp to the 
choids AC, BE, bisects these chords in P and Q, say 
Similaily the st line thiough the centre of ABFD perp to 
the choids AD, BF bisects these chords in X and Y, say 
But PQ IS par' to XY [7% 14] PX=QY [2% 20] 
But CA IS double of PA, and AD is double of AX CD 
IS double of PX Similaily EF is double of QY » 
CD^EF 

4 Let the two O* intersect at A, B , and let PAQ, XAY be two 

st lines equally inclined to AB and terminated by the 
Qcw ough B diaw P'Bd' par' to PQ Then 
P'Q'=PQ \Ex 3] Now the ^XAB:=the /.PBA , whence 
it may be shewn that XA=P'B [Th 34, Convers^, 
and similarly AY==BQ' XY = P'Q'==PQ. 

5 With the notation of the Fig of III , p 143, we have 

OR=VOP'‘-PR‘*=*/37-‘-12-‘=n/49x 25=35" 
and RO' = >/0'P* - PR* = - 12-*= v/325^= 16" 
00'=0R+R0'=51" 

6. With the notation of the previous Ex (O being the centze of 
the larger O), let OR=^ inches , 0'R=(2 1 -a?) inches 

Now 0P2-0R2^PR2=0'P2-0'R2, 

(1 7)2 - = PR2 ^ (1 0)2 - (2 1 ~ vf 

Hence a:=l 5 , and PR=s\/(l 7)2-(i 5)^=0 8" 

Thus the common chord =2 PR =1 6", and its distances from 
the centies are 1 6'^ and 0 6" respectively 


Page 157 

1 Let A, B he the centres of the two 0« , and D, E the pts 
where AB (produced both ways) cuts the Let any 

other line PQ cut the O'®* at P and Q. Join QA, and 
produce it to cut the circle at R Then AE>AQ 
[Th 37] To these unequals add the radii DA, RA 
respectively Then DE>RQ. But QR>QP [Th 371 
DE>Pa 

Similaily, if AB cuts the O'®* at F, G, it may be shewn that 
FG<PQ. 
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2 Let C be the centre of the O, A anv nt on the 0“ ACB 

the diameter, AD, AF aii} othei choius , and let Z.ACD be 
greatei than aACF 

Then (i) AC + CD > AD [77< 11] But CD = CB , AB> AD 

(ii) AC, CD=AC, CF, each to each, but aACD>z.ACF , 

. base AD > base AF. [Th 19] 

3 Let the two O*, \shose centies aie E and F, cut at A, B 

Let PAQ be the st line thiough A p.u' to EF and tei- 
niinated by the O***, and let XAY be any othei st line 
terminated by the O”’ 

From E, F draw EG, FH perp to XY , and from E draw EK 
perp to FH Then XY is double of GH, that is, double 
of EK [27i 31] Similailj PQ IS double of EF But in the 
rt -angled AEKF, EF is gieatei than EK PQ is 

greater than XY 

4 As in III, p 143, the pt of interaection will be the image 

of (8, — 11) in the r-aMs, and its cooi’ds are thei efoi e (8, 1 1) 

5 Let the points in the given oidei be A, B, C Then the ladii 

of the O- are AC, BC AC-=152-p82 whence AC=17 
Siimlaily BC2=62+82, whence BC= 10 Again the 2*"’ pt 
of intersection is the linage of C in the line of centres AB, 
that IB, the pt (0, — 8) 

6. It will be found that each of the angles APB, AQB, is 40’ 
Hence we infei that angles in the same segment of a 
circle are equal (See Them 39 ) 

Taking the angle at 0 to be 70°, each of the angles APB etc 
will be found to be 33°, which suggests that the angle in 
a segment is half the angle subtended at the ccntie by 
the chord of the segment (See Tlieoi 38 ) 


Page 161 

1. ByTheor 39, z.BAC=aBDC=74° 

ByTheor 38, aBOC=2z.BDC=148° 

And the sum of the equal U OBC, OCB=180° -148°=32° , 
aOBC=16° 
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AKULK PROPlJiTIES PAGES 3G1, 163 


2 


From A XDC, i.BDC=lS0®--(40"+25’*)=lirA 
byTlieor 39, z.BAC« ABDC=lir 
B\ Theor 3S, ^BOC=SLlBDC=230" 


[7% 16] 


3 


From A BDC, 
by Theor 39, 
Also 

Hence 

aud 


i. BDC= 180“ - (43“ -bS2')=:^fir>“ [7 h la] 

z.BAC=aBDC=55“ 
aBOC=2z.BDC=110“, 
iLO3C=^OCB=^(180“-110“)=35“. 
iLOBD=:^ DBC-l. OBC==8* , 

L OCD = A DCB - L OCB=47% 


4 Denote i. BAG by A 

Then reflex z.BOC=2A £.BOC=f3GO“-2A 
Now, b^ Theor 16, <?ince _OBC=aOCB, lune 
^j^OBC^IPO^-aBOC 
2i. OBC « 180" - (3G0" - 2A)s=2A- 180" 
£.OBC=A-90" 


Page 163 

2. Theor 30, iLADB=^ACB, and iLBOC^Z-BAC 
Adt*ing, wADC=wACB+aBAC 
Dius ^ADC+^ABC=i.ACB-i-aBAC+aABC=180". \Th 16] 

3 Tlic opp 1 * of a ptir'*^ niie otiml , and if a circlo can 1 k> 

<le^c^bcd about the pir*' lhc\ are together cquil to two 
rL A* each A is a rt 

4 Tlio jlABC=^*.ACB=- 1W^^XYC [77/14] XBCY is 

cono\(.hu [Converse of Th 40] 

5 T^t ABCD be a c^chc quadrilateral, havmtr one side DA 

produced to E 

Tlien the DCB together --tavo rt iSy [Th 40] 

and the ^♦DAB, BAE t«»gi ihctss-two rt* 
lif nco wBAEfi-iiOCB. 
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Page 165 

1 I^et the A ABC be 1 1 angled at C, and lot P be .mj' point on 
the ciiclc A\ho'50 diain isAB 

llien i APB = 90“ [ 7Vi 11 ] = ^ ACB \Jhfp ] 

C is on the ait APB \Th 39, Cowiriw] 

2. Each of tlio i* PBA, QBA in a scnncu ele is .i 1 1 L [37< 41 ] 
PB, QB aio 111 a st line 

3 The line joining the '\eitc\ of an isostelcs A to the niiddlo 
pt of the base IS pel p to the base fE\ l,p 26] Hence 
the O on a side as dianietci passes thioiigli the middle pt 
of the ba‘>c [ISi 1 ] 

4. Both the ciicles desenbed on the sides of a A as dianiclci'S 
must jjiss tliioiigh the foot of the pcip fiom the veite\ on 
the base oi base pi odiiccd 

5 The locus is a quadi-ant of the O vliose centre is the pt of 
intei'section of the lulers, and mdiiishalf the length of the 
lod [77t 41] 

6. Let A be the fixed point, C the centie of the O, and APQ any 
choid thiougb A, meeting the O” at P, Q. Let X bo the 
middle {loint of PQ Then CX is jiei p to PQ. 

That IS, the aAXC is a it angle, and since AC is a fixed base, 
the jioint X lies on the O" of a O on AC ns diain 

(i) Tf A IS external, the locus is that pait of the O on AC 
which IS Intel cepted xiithin the guen O. 

(ii) Tf A 13 on the O”, the locus is a complete O desciibod 
on the radius AC as diaiii , and having intcinal contact 
w ith the given O 

(ill) If A IS intci nal, the locus is a complete O falling w'ltlnn 
the gi\ en O 


Page 170 


1. In the A APB, the Z. APB is constant [77t 39 ] 

A nd, by Theoi 10, z. PAB +Z. PBA =180“-/. APB = constant 

2. >The /."QRS, QPS in segment QRPS aio equal and the 

/.■ RQP, RSP in segment RQSP are equal and the opp , 
vertical /." RXQ, SXP ai c equal 



$4 a:;gles in a circle, page ito 

3 The - *AP8. AQB, m the se^nients APB, AQB are constant 

m 39] 

Ebnce from A PBQ-, the third _ PBQ i'^ constant. [77i. IC-j 

4. Thei.PBX=i-PAX[7^ 39]=Tert opp i.YAQ 

=^YBQ[r^.39]. 

5 The 1^08 = 150' -(^.-PAB-i-^^PBA) andi'- constant ££lr 1]. 

Hence locn*^ of O is the an- of a 0 on chord AB- [Corn ei^se 
of TL 39 ] 

6 Let the chords AB. CD intersect within the O at E. Join AD 

Let the centre be O 

Then ^AEC=^ BAD ADC [T/t. 16] 

=i:.BOD-*-i-AOC [TO 38] 

ssbalf the sum of the L* subtended at the centre 
by the arcs BD, AC , or the _ at the centre subtended by 
an arc equal to half the sum of the arcs BD, AC [TO 43 ] 

7 Let the chords AB, CD intersect without the 0 at E. Join AD. 

Then AEC= i.ADC- . DAB [TO 16 ] 

That 15. _AEC=the difference of the at the C" «mbtended 

by the arcs AC BD . or the jl at the centre subtended by 
half the difference of the arcs AC, BD 

8. Let AB, CD two chords of a O intersect at rt i." at E. 

Then by Ex 6 the ^ABC is equal to the sum of the sub- 
tended at the O** by AC BD 

That IS the sum of the arcs AC, BD subtend a rt angle at the 
G** , or the «um of the arcs is equal to a semi-circumference 

9 Let the bisector of _APB cut the conjugate arc in Q. 
Tuen APQ=_ BPQ. arc AQ=^arc BQ [TO 42} 

. Q IS the pt- of bisection of the conjugate arc AQB 

10 The JLAXY=the - subtended at the C" bv the sum of the 
arcs AQ. PB. [£!r 6 ] 

Similarly the AAYX5=the .. subtended at the O* by the 
sum of the arcs QC AP 

But by hyp the arcs AQ. PB=the arcs QC AP lespectivdv 
^AXY=-.AYX , AX=AY 

IL The iLAXY=i.ABY=4a And _AXZ=^AC2=4C [TO 39] 
. :.ZXY=4(8-C)=90’-5 [mi6] 
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12 Let PA, PB cut the other O in Q and R Join BQ. 

(1) Lot Q and R be in PA, PB pioduced Then by Thcoi 16, 
iQBR=sum of i*BQA, BPA=siim of i* subtended at 
the O®” b} AB= constant 

(2) Let Q and R bo in PA, PB Tlien z.QBR=diffcrence of 
4.* BOA, BPA=difteiencp of L* subtended at the 0“' of 
the two O* by AB=:consUint 

(3) Let R bo in PB and Qiii PA pioduced Then 4. QBR= sup- 
plement of 4.*BQA, BPA= supplement of 4.* subtended at 
the O®” b\ AB= constant 

13 Let AB, CD be pai’’ choids of a O Tlien 4.ADC=4.DAB 

[Th 14] aic AC=aic BD [Th 42] choid AC 
=choid BD [TVi 45] And 4. CAB = supplement of 4. ACD 
[Th 14]=4.ABD [Th 40] choitl BC= choid AD 
[n 42. 45] 

14. By Tlieoi 3, PX and QY subtend equal 4.* at the O®®* of equal 
O* Hence arc PX = ai c QY H ence choi d PX = choi d QY 

[77< 45] 

15 Each of the given lines =tho common choid [Ex 13] 

16. Since the choid AB is common to the two equal O', the aic AB 

in oue=thc aic AB in theothei [7% 14], 4.APB=4.AQB 
[77/ 43] BP=Ba 

17. Tlie chords BX, XA, AY, YC aie equal, foi each subtends at 

the O'® an L equal to half the base 4. 

Hence, if the base U aio each double of the \eitical4., the 
pentagon is cquilatcnil 

18. Join PR, QR, and BR Tlien PR, QR shall bo in one st line 

For 4. PRB =tho siipp^ of 4. PCB [77j 40 ] 

=the supp^ of L BAD [Ex 6, p 163 ] 
=the supp*^ of 4. BRQ. 

P, R, Q are collinear 

19. Let P and X be on BC, Q on CA Tlien QX=QC [Ei 1, p 165] 

L QXC =4. QCX = 4. PRO, since PCQR is a par™ [Ex 2, p 64] 
L QXP=4. PRQ, 01 its supp* P, R, Q, X are concj die 

[77i 40 Con ] 

20. Let Y and Z be the feet of the peip» fiom B and C on CA and 

AB, 1 espectiv'ely Tlien, as in E\ 19, P, Q, R, Y <ind P, Q, R, 
Z are concyclic But only one ciicle can pass thioiigh P, Q, 
R [77/ 32] Hence the si\ pts P, Q, R, X, Y, Z ai e concyclic 
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21 If all the given A" stand on a fixed base BC, and have a given 

'v ei tical angle, they also have the same circumscribed cn cle 
[Th 39 Couveise] 

Take BAC, any one of these A®, and let the bisector of the 
Z.A meet the ciicum-circle at X 
Then Z.BAX=Z.CAX [Hyp\ aic BX=:arc CX {Th 42] 

X, being the middle point of the arc BC, is same foi all 
tiiaugles of the senes 

22 DrawCF peip to AE Then AE bisects the A BAC \Th 43] 

Hence Z-FCB=half the difF of the u at B and C 
[E:q 2, p 138] Now DE, EA aie lespectively pcip to 
BC, CF 

Z.DEA=Z.BCF[jEr 8, p 43] 

=hatf the diff of the U at B and C 


Page 177 


1 Let AB be a choid of the outer O, touching the innei O at M 
Then if O be the conuuoii ceutie, O Wl A is a rt L and AWl = NIB 
Hence AM2=A02-0M2=16 AM =4 cm 

And AB=2AM =8 cm 

Tlie choids aie all equal, since they aic equidistant fiom the 
centio of the O in which they lie 

2 Let AB be any such choid, M its middle point Then OMA is 

a rt L OM2=OA2-AM2=0 36 Thus OM=OG^ 

Thus till the mid-pts ho on a concentiic ciicle, whose 
radius=OG' Also since ^OMA is always a it each 
choid will be a tangent to this ciicle 


3 With the notation of Ex 1 , AM2=(6)^-(2 r))"=:18 75 Whence 

AM =4 33 cm Tlius AB s=2AM = 8 7 cm (to nearest mm ) 

4 Since OPT is a rt TP^=T02-0P2=144 TP=12'' 

5 With the figure of Tlieoi 47, TO- =(0 7)- + (2 4)2=6 25 Tlius 

TO =2 6" 


6 Let O bo the centre of a O touching AB and AC in B and C 

Tlien in the rt -angled A" ABO, AdO, OB=OC, OA is 
common, and ABO, ACO are rt z.* , \Th 46 ] 

iLOAB=Z-OAC [77i 18] 

7 Let AO cut BC in D Then, by Tlieor 47, AB=AC , and, by 

Ex G, Z.BAD=^CAD A® BAD, CAD are congiuent 
\Th 4] , whence BD=DC and z.BDA=Z-CDA 
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8. ^OPQ=z.OTQ in «cgnient OPTQ. Similarly iOQ,P=^ OTP. 

But L. OPQ=^OQP [77/. 5] ; i. PTQ=:2 A OPQ. 

9. Let CD, BE l>c the two pai-* tangents at the e\tremitics of the 

diameter CAB * and DFE a tangent at F. 

Tiien the Ji.*ABEi AFE are identically equal [77/ 47, Cor] 

AE bi'Ctts _BAF. Siiiiil illy AD bisects aCAF 
. DAE 13 art A [/>. G, p IS] 

10 Tlio tangent at an extrennti of a diameter is porp to the 
diameter the chords ^vii’ to the tangent aie al«o pciqi 
to the diameter, and are bisected b\ it [TV/ .11]. 

IL The required locus is the porp to the gi\ en st line thi ough 
the gi\ en pt [77*. 4G]. 

12. Tlie required locus is the *-1 line which is par* to the two 
gi\en st lines and equidistant from them 

Ik 

13 The required locus i*? the pan of iii«;tctors of the anplcs 
between the two given st lines [See /7 j* 6 and iVo?/ l.'V] 

14. Let ABCD be the quad*, and P, Q, R, S the jiDints of cont<ict 
of the sides AB, BC, CD, DA. 

Tlien AS=AP [77/ 47, Cor] and DS=DR; bv addition 
AD=AP+DR. Similarly BC=BP-FCR 

Hence AD+BC=AP4-BP+bR+CR=AB+DC 

Tlie converse is Jf the turn of one pmr of op/wsite rides of a 
qva<f It equal to the rum of the other pair then a ctr\.lc map 
te insmb^d in the fiqtire 

Let ABCD be a quad* in which AB+CD=BC'4-DA B\ bi- 
secting the two A‘ABC, BCD, dcsci.lie .a O to touch thi'ce 
sides AB, BC, CD [Proh 20] Tlien shall AD also touch 
this O For if not, let AD' touch the O and cut CD 
at D'. Now by hjp, AB+CD=BC-‘-AD Also, bj nboie, 
AB-f CD =BC+AD' tahing the differences of these 

equals, DD'=the difference of AD and AD'; hence cither 
AD'=AD+DD', or AD=AD'-fDD'; which is impossible 
[77, 11] 

15 "With the figure and notation of first part of Ex 14, O being 
the centre of the O, w e lia% e A AOP= A AOS [77/. 47, Cor ] and 
aBOP=aBOQ; , In addition, AAOB=ABOQ-hAAOS 
Similaily aCOD=aC6Q-FADOS 

Hence aAOB-»-aCOD=aBOC-FaAOD 

But these four A* together make up SfiO". c ich pair=180’, 
1 c A'AOB, cod are pupplcnicntan 
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THE CONTACT OF CIRCLES PAGE 179 


Page 179 

1 The point on the line of centres which is 1 7" from the centre 
of the larger O and 0 9" from the centre of the sniallei O 
cleaily lies on each O Also, by Theoi 11, there can be 
no other pt of intersection , the O* touch at this 
point 

In general, when the distance betw een tw o centres is equal to 
the 8\im of the radii, the O” touch at a pt betw een the 
two centres and the contact is external 
When the distance between the two centres is equal to the 
difference of the two radii, the contact is internal 

3 By Tlieor 29, c = 10 cm Let the O with centie A cut AB in 

P, and BA produced in Q. ThenBP=3cm andBQ^lTcm 
Hence with centre B, and i*adu 3 cm and 17 cm, will 
t6uch the given O with external and internal contact 
respectively 

4 Let the O, centre P, touch the large O at Q, and the smaller 

O at R, and let the pt of contact of the tw'o given O* be 
C Then, by Theor 48, APQ, PRB, ABC are all st line^ 
AP+PB=AP+PR+RB=AP+P(a+BC=AQ+BC 
=sum of radii of given 0®=a constant 

5 Let P, Q be the mid-pts of AC, CB respectively, R the centre of 

the foul th O, and D its pt of contact with the semicircle 
on AB Then, by Tlieor 48, CRD is a st line Since 
PRQ« is isosceles, and C the mid-pt of PQ, we ha\e 
RCQ—it angle [TO 7] 

Let r inches be the req^ radius Then PR=r+l, CR=2-r 
Now PR2=CR2+CP2 [TO 29] (r+l)2=(2-r)2+l2 

“ViTience r=3" 

6 Let C be the pt of contact Then A, C, B are in a st line 

[TO 48] Because AC=AP, aACP=lAPC And 
because BC=BQ, z.BCCi=iBQC But ^ACP=^BCQ. 
/L APC=z. BQC AP, BQ are parallel 

7 With the figure of Ex 6, let PT> QK (drawn in opp direc- 

tions) be the tangents at P, Q. Then, as above, /.»APC, 
BQC are equal 

But z.‘APT, BQK are rt L" , ^CPT=^CQK , 
aie par* [2%» 13] 


PT, QK 
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8. (i) The required locus is the st line thiough the centie ef the 
given O and the giien pt [7% 48] 

(u) Let O he the centre of the given O, OP its radius On 
PO, or OP produced, take PC equal to the given ladius of 
the circles which are to touch the given O Then the O 
with centre C and radius CP will touch the given O at P 
And OC=the sum oi diff of OP and CP Hence the 
lequired locus is a ciicle with centie O and radius equal 
to the sum oi dilf of the ladiiis of the given circle and the 
given radius of the touching circle 

9 Let A he the centie of the given O, B the given pt Let AB 
pioduced cut the given O in C and D Tlie O described 
with centie B and radius BC or BD will touch the gnen 
O Hence there are tvio solutions except when B is on 
the O'® of the given O 

10 Let A he the centi e of the given O of radius 6, P the given pt 
Take PC equal to a, either on PA (produced if necessary) 
or on AP pioduced The ciicles desciihed with centre C 
and ladius CP will touch the given ciicle at P hut, if 
a =6, one of the two circles so desciihed mil coincide 
with the given ciicle 


Page 181 

1. L. BAD =A FBD \Th 49 ]=72' 

, L EBD=supplenient of L FBD=108" 
ABCD=aEBD[7V< 49]=72'* 

2 Each of the U made hy the tangents with the line joining their 
pts of contact is equal to the angle in the alt segment 
these A* are equal the tangents are equal [2% 6] 

3. Let T'AT he the common tangent to the two O* at A, AX being 
between AP and AT 

Then aTAX=aAPX \Th 49] 

And, in (i), aTAX=aAQY 

in (ii), A TAX = A r A Y = A AQY 

in (i) and in (ii) a AQ,Y = a APX 

PX IS par' to QY 
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4 Tangent at A to the O through O nukes with AO an u equal 
to aOBA in alternate segment But because 0 is centie of 
the other O, OA=OB aOBA=^OAB AO bisects 
L between AB and the tangent at A 

6 Tlie tangent tat P makes with PAG an L equal to aPBA=A ABD 
(or Its supplement) = A ACD (or its supjilement) tangent 

at P IS par^ to CD 

6 Let A be pt of contact, AB choid thiough A, C thd middle pt 
of aic cut olf by AB , CW, ON pei*p* on the tangent at A 
and the chord AB Then A CAM = A ABC \Th 49] and 
aABC=aCAB[7% 43] aCAM^aCAB 
the A" CAM, CAN are identically equal [Th 17] 

CM=CN 


Page 181 

2 Prom Theor 31 we know that if AB be any chord drawn 
thiough a pt A on the O and D its middle point, then 
aODB is a rt a 

This 18 tine however near B approaches to A If B moves up 
to coincidence with A, the chord AB becomes the tangent 
AT, and D coincides with A, hence the a ODB becomes the 
A OAT and the theorem becomes 
“ If A be any point on a O and AT the tangent at A, then 
A OAT IS a it angle ” 

3, Let A, B be the centies of the tno O® in Fig 1, p 173, and 

let M be the mid -pt of the common chord PQ Let Q 
move up to coincidence nith P Then whatever be the 
position of 9Q, we know that A, B, Wi are in one straight 
line This must be true in the final position when Q 
coincides mth P, and M with each of them Hence if 
two O", centres A and B, touch one another at P, then 
A, P, B are collinear 

4. Let ABCD be the cyclic quad' having BC produced to F 

Then aDCF^aBAD 6, p 163 ] 

How let C move along the circumference until it coincides 

n ith B Then secant BCF becomes the tangent at B, and 
the A DCF becomes the a DBT, where BT is the tangent 
at B Hence if BT be the tangent at B, and BD a secant 
through B, then A DBT = A BAD in alternate segment 
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5. In the Fig of p IGJ, let C nune along tlic until it 
coincide^ with B Then the clionl CB be<omc,^ the tangent 
at B, and AC becomes the di.uiKtcr AB IIciuc the u 
between the tnin^ent at Band the diameter thiough Bis 
a 1 1 angle 


Page 187 

1 (i) Two direct, and no tran^\oi-e 

(u) Two direct, and a ihntl at the point of contact 

(m) One, — It the i>oint of contact 

liCt A lie the centi*c of the 1 T O, and B of the 1 0" O , 

(i) Tlic C* will intci'«ect, and thcic will he two diiect, and 
no irins\crse conuuon tangents , foi B will be within the 
O of construction foi tnins\ci>c tangents 

(u) The O* will loiiih cvtennlh, and there will ho two 
diKct toirumm inngrni'-, and one linns\ci^c at the point 
of contact of the two C* Foi B will be on the O of 
constuiction foi tnnsxci'-c tangent*' 

(in) Tlie O* will toiicb intMnnlly, and there will he one 
direct oomnion tingtiil at ibc point of (untn<t« **11100 B 
will l>e on the Q) of constimtion . and no tinns%ereo 
common lang«*nt'* 

(n) 'flic O' will mnthoi touch noi <ul each ntlicr, and there 
will Ik two diiccl and two tians\ei«c common tangenta 

2 Ko t!'an«\ei'«c common tangents exi‘'t With the Fig and 

notation of Prob 23, AB J^CT, AC~1 2 , nml ACB is a 
It ;L, DE==^BC“AB--AC- = 2fjG, DE = 1 (T 

Siniilai h the other tangent 1 G 

3 With the Fig and notation of Pioh 23, AB— 1 8", AC=0 6'', 

ACB IS a light ingle, DE-t-BC-=^-AB-- AC-=2 fiS , 
DE=t7;neaiU 

Siinilail^ tlic othei diicct tangent 7\ neail} There is a 
trins\eri?o common tangent of unlimited length at the pt 
of conUicb of tilt two 0\ 

4. Proceeding as before, the lengths of the common tangents arc 
found to be 108" neuU To find the common chord 
proceed as In Kx* C, p 

5 Proceeding as in Piob 23, we shall obtain two daect and two 
tranfi^erae aunmoii tingents 

KS(r Vr 
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6 In this case the O of construction is reduced to a point. 
Pioceed thus — join AB the centres of the given O®, and 
draw AD, BE peip to AB, cutting the O'” in D and E 
Join DE, which will be one direct common tangent 
[Proof by Theors 13, 20, and 46 ] 

7* Let a pair of common tangents touch the greater O at D, D', 
the smaller at E, E', and cut one anothei at P 
Then by Theor 47, Cor , PD = PD', and PE = PE' 

for direct tangents PD — PE = PD' — PE' , 

and for transverse tangents PD + PE = PD'+PE' , 
in either case DE = D'E' 

Or again, with the Fig of p 185, DE — BC , similarly D'E'= BC' , 
but BC=BC', DE = D'E' If the O" aie equal, then 
the direct common tangents are equal \Th 20] 

8. Let the direct common tangents DE, D'E' touch the O” whose 
centres are A, B at D, E and D', E', and cut one another 
at P Join PB, BE, BE' Then in the A®PEB, PE'B, y>e 
have BE = BE' and BP common, also the A* PEB, PE'B are 
rt A® [Th 46] , 

AEPB=AE'PB[rA 18] 

That IS, the centre B lies on the bisector of the A between the 
common tangents Snuilaily the centie A lies on the same 
bisector the points A, B, P are collmear Similarly, if 
the transverse tangents cut at Q, then A, B, Q are collmear 

9 Let B, C be the centres of the two given O® then BC passes 
through A \Th 48] Join BP, CQ 
Then A BAP+ aCAQ^A BPA+ a CQA 

=90* " A APQ+ 90* - A AQP 
= 180*-(AAPQ+AAQP)=APAa[27i 16] 
Hence A PAQ is half of two it a® , that is, the A PAQ is a rt A 


Page 189. 

1 See Theorem 32, or Problem 25, p 193 

2 The centre lies on the line through A perp to PQ \Th 47 ] 

On the perp to AB through its middle pt [7% 32 ] 

Through A draw AO perp to PQ , draw CO bisecting AB at 

rt angles, and meeting AO at O With centre O and 
radius OA describe a O, which will be the O required. 
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3. The centio lies on CA, oi CA produced 

Dmw EO bisecting AB at it angles, to meet CA at O The 
centre of the O must lie on both CA and EO, and will 
therefore be at O , and its radius "will be OA or OB 

4. Draxr a line XY pai' to AB on the same side as P and at a 

distance 3 2 cm from AB , with centie P and radius 
3 2 cm cut XY at Q and R With centres Q and R, and 
radii QP, RP rcspecti\cly, describe O" they will be the 
O* required 

5. Let A and B be the centres of the 3 0 cm and 2 0 cm 0“ 

respectively AV ith centi cs A and B, and i adu (30+35) cm 
and (2 0+3 5) cm icspcctively, describe O* cutting at P 
and Q then the two ciiclcs whoso ccnties are P and 
Q, and w^hose radii aie 3 5 cm, will touch each of the 
given O* externally 

Let r be the radius , tWn 3+r+2+r<tG [Th 11], 2r<{;i, 

or Hence the ladius of the smallest O is 0 5 cm 

6. Since the O touches both OA and OB, its centre is equidistant 

from these lines it must lie on one of the bisectois 
of the angles formed by OA, OB \Prob 15 ] 

Draw a line par* to OA, disUiut 1 2" from it, to cut these 
bisectors tit P and Q Tlien the 0“ of radius 1 2" wdiose 
centi es aio at P and Q will each touch OAniid OB Theie 
will be four 0% for the parallel line can bo drawm on 
either side of OA 

7. Draw a line XY par' to AB, distant 2 5 cm from it, and on the 

same side of it tas the centre of the gi\ en O Dnaw a O 
of radius (3 5+2 5) oi 0 cm , concentric with the given O, 
to cut XY at P and Q these pts will be the centi es of 
the two 0% of radii 2 5cm, wdiich can bo drawm to touch 
the given O and the given line AB [Proof by (iv) and 
(v),pl88] 

8 Let the transversal cut the two par* lines PA, QB at A and 
B respectively , then the centre of the required O is 
equidistant from PA and AB , it must lie on the bisector 
of the aPAB Similaily it must he on the bisectoi of 
aQBA it IS at the point of intersection of these 
bisectors , and the ladius will bo the perp let fall from 
this point of intoraection on any one of the lines 
Since the centre can be the pt of intersection of either the 
internal or external bisectors there will be two O® And 
these will be equal, for in each case the radius is half the 
distance between the pai* hues 
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9 Let C be the centre of the given O, PQ the given line, and A 

the given pt in PCi. 

At A draw AF perp to PQ, then the centie of the reqniied 
O must lie in AF 

Draw BD, a diam'* of the given O, peip to PQ, Join A to 
one extremity D of the diam’’, cutting the O®® at E Join 
CE, and pioauce it to cut AF at F 
Then F is the centre, and FA the ladius of the required O , 
and a second solution is got by joining AB [Proof by 
Th 46,48] 

10 Let PQ be the given at line, and E the given point on the O 

of which C is the centre Draw the diameter BD peip to 
PQ. Join DE (or BE), and pioduce it to meet PQ at A 
Draw AF perp to PQ , and join CE, producing it to 
cut AF at F Then F is the centre of the required O 

11 The three given st lines are supposed to be of infinite length 

The locus of the centres of O® touching any pair must be 
the internal and external bisectors of the angle between 
them Four different centres will be gnen by the inter- 
section of these loci, corresjionding to what are known as 
the inscribed and escribed O® of the A formed by the 
three gi\ en lines [See Probs 26, 27, p 194 ] 


Page 191 

1 On the given base describe a segment containing an angle 

equal to the given l The pt or pts in which the arc of 
the segment cuts the given st line will give the required 
vertex 

2 The required vertex is the intersection of the arc of the 

segment described on the base to contain an /_ equal to 
the given L , and 

(i) the circle, whose centre is an extremity of the base and 
radius is equal to the given side 

(ii) the st. line parallel to the base at a distance fi om it equal 
to the given altitude 

(ill) the circle whose centre is the middle pt of the base and 
radius equal to the given median 

(iv) the perp to the base diawn through the given point 
3. Because arc AP=arc BP , LAOP—L BCP [Th 43 ] 
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4, Because z.ACB=K 5 and i-AXB=^K, 

. ^GBX=i>K[774 1G]==ICXB 
. CB==CX[3% 6], AC4-CB=AX=given length 

5 On AB, the given base, desciibc a segment containing an u 
equal to the given i.K; also auotbei segment containing 
an angle equal to 90®+ \K. Fioni centie A, with radius 
equal to the given (hflerence of the sides, desciibe a O 
cutting the la^t draxrn segment in X Join AX and pio- 
duce it to cut the first segment in C Tlien ABC is the 
required triangle 

Bec;iu«:c iLAXB=90®+^K, L CXB=D0®-^K [Th 1 ] 

And z.XCB=K, " iLCBX=90®-^ \K [T/i 16] 

. CB^GX [2%. 6] AC-CB=AX=^gnei\ length 


Page 198 

L Take anj point A on the O and draw RAQ perp to the 
nidius OA, and a tangent , draw lines AB, AC making 
the Z* RAB, QAC each 60 , let them meet the O at B and 
C , then ABC is the tiiangle lequircd [Prob 28] 

To circumscribe an equil A, diaw tangents at B and C 
meeting at P and cutting RQ at R and Q respectively. 
Tlien PQR will be the triangle requued 

ForQA=:QC[3% 47, Cor]; iLQCA=z.QAC=eo\ 

•. AQ=60®[37i 16]; similarly z.R= 60® 

. z. P==60® [Tlu 16] , and the A PQR is equilatcml 

2 The circles are drawn as in Prob 23, 26, 27 

In the ca^c of an equilateral A the bisectoi of an angle also 
bisects the oppo«iite side at it z.* , the centres of the 
circuni-circle and in-circle coincide at the intersection of 
the medians Let I he the common ccntit-, ABC the A, X 
the mid-pt of BC, the centre of the O esciibed to BC 
Tlien AlXlj is a st line [Prob 27 Koto 2] Also AI=s2XI 
[ti 97, III Coi ] the radius of the circum-circlc is 
double that of the in-circle 

Again, z.liBX=60®=Z.ABC; ^BX1,=^90®=Z. BXA ; 
jbyTlieor 17, Xlj~XA=3XI fp 97] 

Tliat !«!, the ladius of the e'jcnbed O is three times the radius 
of the iD^scubed O 
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3 The A® being diawn, the O" can be desciibed as in Piob 25 
The angle A will be found to be 64" in Cases (i), (ii) , and 
180" — 64" m Case (in) \Th 16] 

Since the side a is of the same length in each case, the A® can 
be described on the same line as base , if A„ Aj, A3, be 
the \ertices of the 3 A", A^ and will he on the segment 
of a O containing an L of 64" described on BC as chord, 
and A3 on the conjugate segment of the same O [7% 39 
and 40, Converse] the radii of the 3 circum-circles 
are equal 

4. The A® being described as in Ex 1, let O be the centre of the 
given O, and X the mid -pt of BC 

Then OA=4cm OX =52 cm [p 97,111 Cor] 

But BXO IS a rt A BX2=OB2-OX2, 
whence BX=2\/3 cm =3 464 cm and CB=6 928cm 
Now area of A ABC AX BC=i(6x6 928) sq cm 

=20 78 sq cm 

It was proved in Ex 1 that AQ,C was an equil A So for 
ARB, PBC each of these three A® is equal to ABC in 
aiea A PQR is 4 times A ABC 

5 With the Figure of Prob 26 we have 

areaof AIBC=i ID BC [Th 25] 

a 

Similarly AICA=i? 6, and AIAB=^ c 
Now A ABC= A IBC+ A ICA+ A lAB 

(a+6+c) 

In the numerical example r will be found to be 2 24 cm 

6 With the Figure of Prob 27 we have, as above, 

area of A liBC=^ria , similarly for the A® IjCA, IjAB , 
Now A ABC= A liCA+ A IjAB - A I,BC 

=^i(5+c--a) 

In the numerical example rj will be found to be 6 cm 

7 By measurement R will be found to be 3 2 cm nearly , and 

Pi^ P^ Pz to be 2 4 cm , 5 04 cm and 2 96 cm respectively 
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Page 199 

1. Join the extremities of any two perp diameters Proof hy 
Theorems 4 and 41 

If r IS the radius of the cncle, and a the side of the square, 
we have \Th 29]=2 25+2 25=4 50 a=2 12" 


2 Take two diameters at right angles, and driiw the perps at 
then extiennties Pi oof by iTieors 14, 20, and 4G 

If r 13 the radius of the ciicle, the side of the square is 2r^ 
the <iica=(2r)“=4r“ 

As in E\ 1, the area of the inscribed square is 2r2, area 
of the ciicumscribed square is twice that of the insciibed 
square 


3 Draw' the diagonals, which are axes of symmetry of the square 
[E\ 2, p GO] Hence the centie of the insciibed circle 
must lie on each of them [Ex 6, p 177], and be at 
their pt of intersection Also, by symmetiy, the pts of 
contact of the O must be the middle pts of the sides , 
the ladius is equal to half the side of the square 


4. Let ABCD be the square, and O the intersection of its diagonals 
Describe a O wuth O as centie and OA as ladius By 
measurement, the diameter will be found to be 8 5 cm 

The diameter of the circle is a diagonal of the square ; if 
d be its length, , whence d=8 48 cm 


5. For Construction, see Prob 10, p 83 Let a be the length of 
the other side, d of the diameter, then (i“=a-+9 £7% 29], 
and c?=3G, whence 0^=3 9G And a=2 0', to the 
nearest tenth of an inch 

If PQRS 18 any inscribed rectangle, PR will be a diameter, for 
PQR IS a it angle O, the intersection of the diagonals, 
IS the centre of the O. Now the area of the rect = twice 
thatof APQR=PRxp, whcre^isthepcrp fromQonPR 

Hence the area is greatest when p is greatest, te when 
JO = the radius Hence OQ must bo perp to PR , by 
means of Theor 4, the rectangle must bo a square 
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6 Let ABC be the tiiangle, I the ceiitie, X the mid-pt of BC 
AamEx 2, p 198, AI=2XI XI 

But B12=BXHXI=, -whence h^^Zr'- 

And for the square, since its diagonal is a diameter of the 
ciicle^ (2r)-=a^+a2 ^ ^yhence a-=27^ 

3a2=6r2 = 262 

7 The angle subtended by a side of <in inscribed square at any 

point on the major arc is half the angle subtended at the 
centre, that is, half a right angle 

But the sum of the angles in the major and minoi arc is two 
rt angles \Th 40], 

hence the angle in the minor aic is ^ of a it angle. 

8 Draw any two diameters AOC, BOD, and draw PQ, QR, RS, 

SP perp to the radii at A, B, C, D lespectively , then these 
lines aie tangents \Th 47] 

Now, by Theor 13, PQRS is a pai*" , also OP, OR bisect the 
vei tically opposite angles AOD, BOC, lespectively {Th 47] , 
POR IS a st line , 

Z.PRS=z.RPCi \Th 14]=^SPR \Th 47] 

SP=SR \TL 6] Similarly SP=PQ, PQ=QR 

the par“ is equilateral, and is consequently a rhombus 

9 In BC, CD, DA make BY, CZ, DW each equal to AX 
Join XY, YZ, ZW, WX Then XYZW is the sq lequired 

For the A- XBY, YCZ, ZDW, WAX aie all identically equal 
\Th 4], the fig XYZW is equilateral 

Also, iLZYC=iLYXB, 

AZYC+iLXYB=z.YXB+Z-XYB=onert L [Th 16] 

Z.XYZ is a it L Similarly each of the othei U of the 
figure 18 a it z. it is a square 

10 The sq of minimum area is that obtained by joining in order 
the middle points of the sides of the gi\ en square 
For a square is a minimum when its diagonal is a minimum 
and the least line that can be drawn between two opp 
sides of the given square is peip to those sides , this is 
obtained by joining the middle points 
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11 (i) Tlie diags of «i lect being equal, the intersection of the 

diagonalb is the cciiti e [Th 21 Cor 3] 

(ii) Thiough the vcilices of the given rect, diaw lines, 
e\teriial to the figuie, making iJ of 45® ^\lth its sides 

12 (i) Let OAB bo the quadrant, AB being the aic 

Bisect the it z^AOB bj OD, meeting the aic at D , diaw DF 
pcip to OA , bisect the Z-ODF b> DE, meeting OA at E , 
and at E diaw EC peip to OA, meeting OD in C Then C 
IS the centre of the lequiied O 

Forz.CED=alt ^EDF^^EDC [Co?i^tr] 

CD=CE And if CG h diaun peip to OB, then CE = CG 
[Ex 2, p 49] 

Finallj, since the if at E and G aie rt angles, a O 
described fiom centre C with radius CD touches the arc 
and the mdii of the quadiant 

(ii) Til this example it is underatood that one angle of the 
squaie is to coincide with the angle between the radii 

Bisect the Z.AOB by OD, and draw DF, DH peip to OA, OB 

Then OFDH is the square lequired 

For L FOD=i rt z., and JL DFO is a rt A 

iiODF— I it OF=DF And since the fig is a 

lectangular pai*", it is a squaie 

(If two \ertices of the sq are to he on the aic, and the other 
two on the ladii, see £\ 3, p 284 ) 

Page 200. 

1 (i) Let 0 be the centre of the ciiclc, OA a mdius With 
centie A, ladius AO, cut the O” at B Join AB Then 
A OAB is equilateml Set off choids equal to AB lound the 
Qco resulting figure will be the hexagon required, 

for z.AOB=60®, or om-^\xth of 360® 

(ii) Let 0 be centre and OA a ladius as before, draw OB at 
right angles to OA Bisect the Z-AOB by OC meeting 
the O'® at C Set off choids equal to AC lound the ciicle 

The resulting figuie will be the octagon required, foi 
^AOC=45®, 01 one-^eiqhth of 360® 

(ill) As in (i) desciibe the equilateral triangle OAB Bisect 
^AOB by the line OC meeting the O®® at C Set off 
cliords equal to AC round the circle The lesulting figure 
will be the dodecagon i equired , f oi z. AOC *= 30® s= of 360® 
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2 (0 As m E\ 1 0) insciibo a regular hexagon in the given O , 

and draw the tangents at its angular points Taking the 
figuio of Piob 30 let tlie Lingcnts at A and B meet in T, 
those at B and C m R, and those at C and D in S 
Now A®A0B, boo are equal \Th 43], and OT, OR aio their 
bisectors [Th 47, Cor ] , L TOB = A RO B 

AlsoATBO^it A=aRBO 

Hence A“OBT, OBR are congruent [Th 17], TB—BR, 
that IS RT s=2RB 

Similarly RS=2RC 

But RB, RC are equal \Th 47, Cor’] RT—RS 
Similaily every pair of consecutive sides of the circumsci ibcd 
hexagon are equal, and the figui e is equilateral 
Now, from quad' AOBT, since the A" B, A are rt A* , 

AATB=supplenient of aAOB , \Th 16] 
“Supplement of A BOO , \Th 43] 

=abrc 

Similaily every pair of consecutive angles of the Rguio are 
equal the cii cuinsci ibed hexagon is regular 

(ii) Inscribe the regular octagon as in Ex 1 (ii), and drw the 
tangents at its veiticcs Tlie proof follows exactly as in 
Ex 2 0) 


3 (i) Lot ABCDEF be the inscribed hexagon, and 0 the centre 

of the O Then because AO=OB and aAOB^GO®, the 
AAOB 18 equilateral [Th 16] and AB=OB each 
side of hexagon “ladius of the O 
Hence A" FAB, FOB are congruent [Th 7] and equal in area 
Similarly ABCD=ABOD, and AFED=AFOD 
, by addition, A BFD=half the area of the hexagon 

(it) Since sum of a® AOB, BOG, COD—IBO®, AOD is a st line 
Also ABOF is n ihombus and AO bisects BF at rt A" 

[Ex 4, p 59] 

Let AO, BF meet in K 
Tlien BK=jBF=ia, OK=iOA=-J6 

But BK2+OK2=OB2 [y/i 29], or, (1^=62, 

whence 
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4. This can only be done iipproMinately Proceed as in Prob 30 , 
making z.AOB=51 P (? e 51^*, to the nearest half degree) 

Then AOBA=A(supp‘ of 51^‘’)=64f® 
AABC=2z.OBA=128f 


Page 201 

1. Diaw any st line AB=2 0" On AB descube an equilateral 
AAOB With centic O, i.ulius OA, desoiibe a O, and in 
it set off choids BC, CD, DE, EF, FA each equal to AB 
Then ABCDEF is the rcq** hexagon, and the O is its cii- 
cuinsciibcd O From O draw OP peip to AB Then OP 
IS the ladius of the in-O, foi the ciicumcentie and in- 
centrc of a regular polj^gon coincide [/VoS 31] 

Diameter of circum-circle=2OA=4 0' 

Also OP2=OA=-AP2[77i 29] = 2^-l^, whence OP=\/3 in 

. diametci of in-oiicle=2\/3=3 40". 


2 In the Fig of Prob 30, let the tangents at A and B cut at P 
Join OP, bisecting AB at rt angles at X [Ex 7 p 177] 

It may be shewn that z.APX=60'’, and A PAX =30“; 
and hence that PX=^AP, similaily AP=^PO 

PO=4PX, and OX=3PX 
Now area of AOAB=^ AB OX=^ ABx3PX 
And fig OAPB=i AB OP=i ABx4PX 
AOAB=|fig OAPB 

, by addition, the in-hexagon=| of circum-hexagon 

In the numerical example, OA=AB=10 cm , and AX=5 cm 
Also OX=n/OA‘‘ - AX-'= V75 = 5 s/z cm 
Now area of in-hexagon=6AOAB=3 AB OX 

= lQ0»/3sq cm 
=259 8 sq cm 
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3 B + C+A=2A+2A+A=180% 

5A=180'‘, A=36° 

BC subtends an angle of 36° .vt tbc circumference, and 
one of 72° at the centie But tlie angle subtended at the 
centie by tbe side of an inscnbcd regular pentagon is 

?^=72° BC 18 tbe side of a regulai pentagon in- 
5 

scribed in the ciide 

4 (i) Proceed as in Ex 1 

From O draw OP peip to AB Then OB=ABs=2BP 
And 0 P 2 = 0B2«BP2==:4BP--BP2=3BP2 

OP=\^3 BP=2v^3 cm 

area of hexagon 3 AB OP==24N^3sq cm 

= 41 57 sq cm 

(ii) Let AB be the given lino of 4 cm Bisect AB at rt angles 
h} PQ, cutting AB at X 

From XP cut off XC equal to XA From CP cut off CO equal 
to CA With centie O, radius OA, draw a O , and step off 
chords each equal to AB round the O®® 

Join OA, OB, AC, and piove that /_ACX=45*, hence fio™ 
ACOA, shew that Z-COA=22i® central /.AOB~45“ ^ 
By measurement, OX =4 8 cm , approx 
Now area of octagon =; 8 A AOB = 4 AB OX 

=16x48 sq cm 
=76 8 sq cm , appro\ 

Page 202 


Circumference 

Tliiimctcr 

\a1uc of IT 

160 cm 

8 8" 

13 5" 

5 1 cm 

2 8" 

43" 

3137 

3143 

3140 


, 9420 

mean value == — = — 
o 
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75 4 

2 Circumference of cyhndei ="^=3 i 

3 77 

7r=Y^=3 141, appiox 
977 

3 Circumfeience of wheel =^1^=2 4425 yds , 

24425x36 

7r= oo =3 141, approx 


Page 205 

1 (1) Circuniference=27rr=9x7r=9x^=28 3 cm 
(2) Circnmfei ence = 27rr = 200 X7r= (200x3 1416) cm 

=628 3 cm 

2 (1) Area=7rr^=7rx(2 3)®=(3 1416x5 29) sq in 

= 16 62sq in 

(2) Aiea=7ir“=7rx(106)-=(11236x31416)sq in 

=352 99sq m 

3 The radius of the circle will he half the side of the square, 

that IS, 1 8 cm 

circumference =27r? =7rx36 = - 7 " x36=ll 31 cm 
Tlie area=irr®=7rx(l 8)®=”^x3 24=10 18 sq cm 

4. Let a he the side of the square , and r the radius of the O 
Then since the diagonal of the square is a diametei of the 
cucle, we have (2rp=a^+a^ , whence a^=2^^ 

Now area of square=a 2 = 2?2 Area of ciicle=5rr2 
the difference=(7r— 2)r®=l 1416x49=56 sq cm 

5 Req^ area=7r x (r^^^r 2 ^)=Tr x -r 2 )(r, +r2)=7r x 14x10 

=3 1416 X 14=43 98 sq in 

6 Let O he the common centre, P a pt on the outer circle, and 

PT the tangent fiom P to the inner cucle 
Tlien area of nng=7r x (OP- — OT2)=7r x PT^ \Th 29 ] 

=area of a cucle whose radius is PT 
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7 The diagonals of the lectanglo must bo diainetci^ of the ciicle, 

since they subtend light A* at the ciicunifcrence Hence, 
if r bo the mdius of the circle, (2r)-~G-+8“=100 , whence 
1 =5 cm 

difteience bet^^een the are is of ciiclo and rect 
=s(7rj^“48) sq cm 

:=(25 X 3 1410-48) «q cm =30 5 sq cm 

8 Area of ciiclo=7r x 25 sq in 

side of square=5 x Vs 14150=6 x 1 77" =8 85" =8 9", 

to neatest tenth of an inch 

9 Let r be the radius of the laigcr O in inches, and therefore 

(r- 1) that of the smallci 

Then area of the ung=:r{ r®-(r— 1)- } sq in =22 sq in 
Y(2r — 1)=22, ^^honccr=4 
the radii aio 40*^ and 30' lespectnelj 

10 As in E\ 2, p 198, the radius of the ciicum-circle is double 

that of the in circle Denote them b} 2r, r lespcctivel} 

Then difference between tlie uicas of the two 0» 

=:ir 4rS-^ r==3aT- 

Now if ABC be the A, O the common centre of the two 0% 
and OD the perp fiom O to BC, w e ha^ o OB-— OD-= BD- , 

or 4r--r2=4, whence 3t^^4 

. dilf between the two areas =47r sq in 

= 12 57 sq in 

11 Distance between the two centies==V(l 5)-+(0 8)< [7% 20 ] 

=ir 

=sum of the two rcadii 
the O" touch externally \Th 48 ] 

12 As in Ex 11, distance between the centres=2 0'', which is also 

the sum and difference of the two pairs of ladii 

the 1*‘ and 2"* 0“ touch externally ^ 
and the 1*^ and 3"* O* touch internally 
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Page 206. 

1. Let AB, CD be the two pai’ liilcs cut by PQ 

Bisect the a,»APQ, CQP by lines A\liicb meet at O Draw 
OX, OY, OZ perp to AB, CD, PQ 
Then the A*XPO, ZPO aio idcntic<illy equal [77t 17] 

OX— OZ Similaily OZ=OY And since the iC." at X, Y, Z 
aie it. angles, a O described from centre O with radius 
OX touches the gi\ en lines at X, Y, Z 
A second O is obtained by bisecting the l* BPQ, DQP 
Again since OX, OY aie perp to p.ii' lines, they may bo show’n 
to be in the same st line 

Hence the diam of each O is the perp distance betw een the 
given par** , the O* aie equal 

2 Let ABC, DEF be the tw'o A* having BC=EF, and the L BAC 
=^EDF Let O, O' bo the centics of thou ciicum-cucles 
Join OB, OC, O'E, O'F. 

Then /.BOC=2'.BAC=2/.EDF=z.EO'F. \Th 38] 

the tsotcelrs A*BOC, EO'F have thou veitical Z.* equal , 
their leniaimng angles aio equal [7'A 16]; and BC=EF, 
the A* arc congiuont \Th 17], and the ladu OB, O'E 
aic equal 


Join BS, CS 

Then since SA=SB, Z.SAB=Z.SBA 

And since SA=SC, Z.SAC=Z.SCA 

But since I is in AS, Z. SAB— Z. SAC 

Z.SBA=Z.SCA 

Hence the A* BAS, CAS may bo shewn to be congi iicnt 

\Th 17] 

AB=AC 


4. Let ABC be the A, it -angled at C, and let the inscribed O 
touch the sides BC, CA, AB at D, E, F , and lot I be its 
centre 

Join ID, IE Tlicn clearly the fig 1C is a squaio 

Hence the diani of inscribed 0 = DC+CE 

And since BCA is a rt angle, the diam of the circum O = BA 

[77i 41 ] 

= BF-1-AF=BD+AE[TA 47 Cor'] 

, the sum of the dmms =DC-|-CE-f-BD-fAE=BC-f-AC, 
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5 D IS fco be opp to A, E to B, and F to C 
In the AAFE, AF=AE [Th 47, Coi ] 

iuAFE=AAEF=90°-^ \Th 16] 

ButAAFE=AEDF [27t 49] z.EDF=90°-| 

6 Join Bl, Blj, also Cl, Cl^ 

Then Bl, Bh are respectively the internal and external 
bisectois of the Z.ABC, 

the Z-IBIj IS a rt angle [Ex G, p 13] 

Simildily the L ICI^ is a rt angle 

the four points I, B, Ij, C aie concyclio \Th 41 ] 

7 Take the Figure of p 194 

Then since AF=AE {Tk 47, Cor], the diff of AC and AB=the 
diif of EC and FB, that is the diff of CD and DB 

8 [In the Figure taken AB is greatei than AC ] 

Since the Z.A8B is twice the z. ACB , [Th 38 ] 

Z-SAB=90‘’-C, [Th 16] 
Z.SAI=Z-IAB-Z.SAB 
^-lA-CGO’^-C) 

=jA-(iA+iB+iC)+C 

=iC-iB 

Again, as above, Z-SAB=90‘*-C, 
and L DAB^GO® - B , 

Z.DAS=Z.DAB-Z-SAB 

=C~B=2zi.SAI 

9 Let P, Q, R, S be the centres of the O* about the A® in the 

order named 

Then clearly SR bisects DO at rt angles [Proh 25] 

Similarly PQ bisects OB at rt angles 

SR is pai' to PQ Thus also SP is par' to RQ , 

SPQR is a par™ 
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10 Join BO, OC 

Since iLBAO=LCAO, aic BO=ai*c OC [Th 42], 
chord BO = chord OC [Th 45] 

Again the e'^t £.BIO=LlAB+iLlBA=-^A+^B 

Also the LlBO=LOBC-hLlBC=LOAC-i--IBC [Th 39] 

MA+iB 

. L bio=l ibo, 6i ==6 b=oc 

. O IS the centre of the O about BIC 

11 Let AB lie the given base Dra\\ PQ pai’* to AB at a distance 

from it equal to the given altitude 
Descnl>e 0*from centres A and B v-itli radius equal to the 
gi\cn ndui« of ciicuiu O , let the^c G* intei’sect at O, on 
the <5anic side of AB as From centre O with radius 
OA decciilie a O cutting PO at C oi C' Then either of 
the Zi'ABC, ABC' satisfies the lequired conditions 

12 AB, BC, CA pass tlu-ough F, D, E respectively. [Th. 48 ] 

At Fj E, D draw the common tangents FP, EQ, DR to tlie 
pairs of O* which touch at tho'ie points 

Then if these 3 lines aie not concunent, let FP, EQ, meet lu 
O, and from O draw OK perp to BC 
Tlien <5ince AO^-OB^^AP-FB^ [Ex. 2, p 123] 

and A02-OC2^AE2- EC- , 

we have, by subtraction, 

0C=-0B2=:EC2-FB2, 

^CD--DB- [Th 47, Cor’] 
ButOC2-OB2=CK2-KB2[^r 2, p 123] 
CD2-DB2=CK--KB2 
(CD 4- DB)(CD - DB)=r (CK + KB)(CK - KB) 

But CD+DB=CK-i-KB; 

CD-«DB=CK--KB, 

, by addition, 2CD=2CK , whence D and K coincide 
Thus the three tangents meet in O 

OD=OF, and OF=OE [Th 47, t7or] , 

• a O with centre O and radius CD passes through D, E, F 
and touches the sides of the A ABC tit those points , for 
L*0FB, ODC, OEA aiti rt A*. 

the ODEF is the in-O of A ABC and the circum-O 
of ADEF 
KSK 


U 
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Page 209 

1 Let the perns from A and B on BC and AC meet those sides 

at D and E and intersect in 0 and let AD meet the circnm 
ciicle in G Join BG 
Then in the A"OEA, ODB, 

because aOEA=aODB, each being a rt angle , 
and aEOA=aDOB, [Th 3] 
remaining L E AO = remaining L DBO [7% 16 ] 

But aCAG=aCBG, [Th 39] 

A DBO = A DBG 

Hence the A* DBO, DBG are congiuent [7% 17 ] 

DO = DG 

2 In the Fig of p 208, produce ED to X 

It has been shewn that a EDC= a FDB [p 208 11 Cor ] 
ButAEDC=ABDX[7% 3], aFDB=aBDX 
That IB, the ext a FDX is bisected by BD and so on for the 
other A® of the pedal A 

Tlie latter part of the pioposition may be solved in a similai 
manner 

3 With the Fig of p 208, since the A® AFO, AEO are rt angles 

(/lyp ), the four points A, F, O, E are concyclic 
the A® FAE, FOE togethoi =two rt angles [TL 40] 

That is, the A® BAG, BOC togethei = two rt angles [Th 3] 

4 With the Fig of p 208, consider the A OBC 

Here BF is the perp from B on the opp side CO pioduced 
and CE is the perp from C on the opp side BO produced 
Now BF and CE intersect in A , and AO pioduced is perp to 
BC [p 207, 1 ] Hence A is the ortliocentie of the A OBC 

5 Consider the O® circumscribed about the A® ABC, OBC , and 

let X be any point on the O®® of the O BOC, on the side 
of BC remote from O 

Then the a® BOC, BXC are supplementary [Th 40], 
and the a* BOC, BAC are supplementary [Ex 3] , 
aBXC==aBAC 

Hence the segments BAC, BXC stand on the same base, and 
contain equal angles, the circles of which these segments 
aie parts are equal [Ex 2, p 206] 
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6 Con'^ulei tlic A FAB BD pcip to the side AF \Th 41], 

and AE is pcip to BF foi tlio siiiio leason 

G, tlicir point of intei=!CCtion, is tlio oi tliocciitre of the 

AAFB 

FG (])ioduci‘d, if nccc'^'s.iry) is peip to AB [p 207, 1 ] 

7 Ilei'c '.BCK=z.BAK, III same segment 

=:u»mp^ of ^AKB [Th 11] 

=coiiip‘of iACB[7% 3‘)] 

=^.OBC[77< IGj 
Similnrlj L KBC=l, BCO , 

BO IS pai' to KC, and BK pai’ to OC \Th 13] 

8. Witli the figure of the last c\piciso, since BOCK is a pai’", 
the diagonals bisect one anothoi [771 21, Co? in ] 
That IS, KO pis-.cs thiongh the middle point of BO 
ITcnco the st line joining O to the middle point of BC, 
jiasscs through K 

9 Troin Rv F, «e sec tint the fit lino joining the oithoccntre 
to the middle point of the base passes thiough an extremity 
of tlie di.iin'^ di’aMii fiom A 

it APQ is a it angle [Th tl] , and since AP is also peip to 
BC, PQispaiHoBC[7V/ 13] 

10 Let SX be the pei p drum fiom S the centio of the cncum-O 

on BC Then by Ex 8, AS and OX meet the O" at the 
Kime point Q. And SX, pas,mng through the middle point 
of AQ, IS par’ to AO , SX is half of AO [Jiw 1, 3 , p G4] 

11 Let S be the centio of the O ciicumsciibed about the A ABC, 

ind A', B', C' the centres of the O* about the A* OBC, 
OCA, OAB 

Then it followK fiom E\ O that BSCA' is a rhombus, and 
SA' and BC bisect one another iit 1 1 angles Also SB' 
and AC 

Hence, bj Ex 10, AO=A'S Similarly OB=SB' 

Again SA' and AO aie paH, foi both aio peip to BC 
Similailj SB' and BO aie pai' , it AOB » /l A'SB' 

A'B'=AB [77< 4] Similarlj B'C'-=BC and C'A'=CA 
It maj be noticed that in the A* ABC, A'B'C' the oithoccntie 
of e,ich IS the ciieumcciitio of the othei 
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12 Let A be tbe vertex, O the ortbocentre, and S the centre of 
the circuni-O 

From centre S vith ladius SA describe a O , this is the circum- 
ciicle of the required A 
Join AO and pioduce it to meet the at G 
Bisect OG at D, and dravr the chord BC peip to AG Join 
AB, AC Then ABC shall be the lequiied A Proof 
follows from Ex 1 


Page 211 

1 Let BC be the gnen base, and BAC any A of the system, 

having the ^ ei tical L BAC const int in magnitude, but not 
fixed in position Let the bisectois of the exteiior angles 
at B ana C intersect at h 

Then z.ljBC=|(180*-B)=90*-| 

Similarly, z.liCB=90®-^ 

But in AI|BC, 

ili+AliBC+/LliCB = 180'’ \Th 16] 

B C A 

Hence — 90°—^= constant 

since the base BC is fixed, the locus of Ij is the arc of a 
segment of a ciiclc \Th 39, Convers^ 

Note. Tlie locus of I m IV p 210 and the locus of Iji are 
conjugate arcs of the same O 

2 Let the bisectors meet at X 

Then iLPAB, QBA together=tuo rt angles [Th 14] 

Z-XAB, XBA togethei ==one rt angle \lTyp'] 

Z.AXB IS a rt angle [7% 16] 

And since AB is fixed, the locus of X is a ciicle on AB as 
diameter [Ex 1, p 165] 

3 Let A be the fixed point, C the centie of the O, and APQ any 

chord through A, meeting the O'® at P, Q Let X he the 
middle point of PQ. #Then CX is perp to PQ [Th 31] 
That is, the 4.AXC is a rt angle, and since AC is a fixed base, 
the point X lies on the O'® of a O on AC as diam 

[Ex l,p 165] 
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(i) If A IS external, the locus js that part of the O on AC 
^^hlch IS inteicepted within the given O. 

(ii) If A IS on the O^®, the locus is a complete O described 
on the ladius AC as diam, and having internal contact 
w’lth the gi\ en O 

(ill) If A IS internal, the locus is a complete O falling within 
the given O 

4 Let A be the gnen point, and B the common centre of the 

concentric O*. Let P be the point of contact of a tangent 
from A to any one of these O* Tlien APB is a it angle 

[7% 4b] 

And since A and B are fixed points, the locus is a ciicle on 
AB as diani [Ai 1, p 165 j 

5 Let A, B be the fixed points on the O®®, PQ the aic of 

constant length but \dnable position Let AP, BQ intei- 
sect at X. To find the locus of X [In the taken 
AP, BQ intersect when produced outside the O ] Join PB 
Then /:APB=LAXB+i- PBX [T/i 16], 

oi lX =lAPB-4.PBQ. 

But these are constant angles, being subtended bj the con- 
stant axes AB and PQ [77/ 3D] , the ^X is constant 
the locus IS the arc of a segment desci ibed on AB f T/i 39, 
Com ] 

6 Let PA, QB intersect at X Join PB [In the fig taken PQ 

and AB do not intersect wnthin the ciicle, and X is also 
external] 

Then L X is the difF of PBQ, XPB [77/ 16]. 

But /.PBQ is constant, being ait angle [77/ 41] 

Also Z-XPB IS constant, being subtended b^ the fixed aic AB 
the Z-X IS constant , and since the points A, B aie fixed, 
the locus of X IS the aic of a segment [77/ 39, Conv~\ 
AYhen X is internal, the /.X is supplemental y to the value 
found abo\e, and the con 3 ugate segment of the locus is 
obtained 

7 It follows that AP=AC, Z-APC=z. AGP 
But L BAC=sum of z* APC, AGP [77/ 16] 

L BAG IS double of z. APG 

Oi, L BPG IS half of L BAG, and is therefore constant 

Then, since BG is faxed, the locus of P is the arc of a segment 
on BC [77/ 39, Conv] 
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8 The intersection of the diagonals is X, the middle point of 

BC \Th 21, Cor in] Join X to D, the middle point of AB 

Then DX is pai^ to AC [Ex 2, p 64] 

Z-DXB=/:ACB[7% 14] 

But ^ ACB IS constant [Th 39] 

L DXB IS constcant, and D, B aie fixed points 
the locus of X IS the ai c of a O 

9 Let A be the point of intersection of the ruleis 
Then PXQA is a lectangle 

AX = PCi, Mhich IS constant, and the point A is fixed 
Hence the locus of X is the quadiaiit of a circle desciibed 
from the centie A ivith radius PQ 

10 [Take the figuie in A\hich PA and PB must both be pioduced 
to meet 9ie second O" ] Ijet AY, BX intersect at R 
Then the locus of R is required 
Now AARB=sum of RBY, RYB [Th 16] 

=sum of at P, X, Y [Th 16] , 
and these are all constant, being subtended by fixed aics 
^ ARB IS constant , and since the points A and B aic fixed, 
the locus 18 pait of a cncle If PA or PB cuts the O®® 
Mithout being produced, the z. ARB = the supplement of 
the sum of the l? P, X, Y Hence the lest of the circle 
is obtained 


11 Let PH and KQ mteisect at X Eequiied the locus of X 

ITiom the APXQ it will be seen by Theor 16 that the Z.X 
=sthe difi of the HPA, AQK , both of uhich aie 
constant, since they stand on the fixed aics HA, AK 
And since H, K aie fixed points, the locus of X is pait of a O 
If P and Q are on the same side of A, the lalue of the aX is 
supplemental y to that found aboic, and the rest of the 
O 18 obtained 


Page 212 

1 Take the Figure of the text, and join PB 

'riien since the ^*PFB, PDB aic rt angles, the pts P, F, B, D 
are concychc. 
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L PDF=z. PBF, in tlie segment PFBD 
=A PCA, in the segment PCBA 
E, D, C, P aie coney die. \Tk 39 Converse^ 
aPEC=aPDC, in the same segment, 

=ait angle 

2 With the same Figuie, because E, P, F, A are concyclic , 

aEPA=aEFA, in the same segment 
Similaily L EPC=supp^ of L EDC=a EDB 

, by addition, AAPC=sum of EFB, EDB 

=supp*^ of aABC \Th 16] 

P lies on the 0“ of the O ciicuniscribed about the 
A ABC [Th 40 Converse] 

3 Draw PD, PD', PE, PF peip lespectively to the four lines 

BC, B'C', ACC', ABB' 

Then since P is on the ciicuni ciicle of the A ABC, the 
points E, F, D are collineai [V p 212] 

And since P is on the cncum-circle of the A AB'C', 
the points E, F, D' tare collinear 
Hence D and D' both he on the st line thiough E and F 

4 Let ABC be the A, P the given point on the ciicumsciibed O 
Let PF, PD be the peips on AB, BC so that FD pioduced is 

the pedal of P DiaAv AH perp to BC, and pioduce it to 
meet the 0“ at G Take HO equal to HG Then 0 is 
the oithocentie [jCv 1, p 209] 

Let OP meet the pedal of P at X Then shall OX=XP 
Draw PB, PC Let PG, produced if necessary, meet the pedal 
at K, and BC (oi BC pioduced) at L Join OL 
[The pi oof given below is foi an acute-angled triangle P is 
taken in the arc BG F falls within AB, and PG meets 
BC pioduced] 

Then L PDK=a PBF \_Ex 5, p ]63]=suppt of a ACP \Th 40] 
=supp* of A AGP [Th 39]=A DPG [Th 14] 

So that A KDL= A KLD, since A PDL is rt angled [Th 16] 

PK = KD=KL 

But by Theor 4, the A* HLG, HLO are congruent 

aOLH=aDLK==aKDL, XK, OL are par* But K is 
the middle point of PL , X is the middle point of OP 

[Ex 1, p 64] 
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Page 213 

(i) AE=AF, and BD=BF, and CD==CE [Th 47, Cbr], 

AE + BD + DC =5, 

01 AE+a=5, AE=5“a 

Similaily BD=s — &, and CD=: 5 — c 

(ii) AEi=AFi \Tk 47, Cbr] 

And AEj + AFj =AC+CEi+AB+BFi 

=AC+CDi+AB+BDi 

=AC+BC+AB=2s, 

AEi=AFi=5 

(xn) CDi=CEj=AEi“AC=s -6 [by (n)], 

BDi=BFi=AFi — AB=s— c 

(i\ ) CD “ BDi , foi eacli =s - c [by (i) and (m)], 

BD=CDi, for each=s-& 

(^) EEi=AEj — AE=s— (s— a)=a 

Similarly FFj— a 

(vi) A ABC = the A BIC-t- AC1A+ A AIB 

= Vr(a+ 6 +c) 

=rs 

Again, A ABC= A ABIi + A ACIj — A BCI, 

= }^i(c+&“a) 

=?i(s-a) 

(mi) See the Fig to p 213, and suppose the A at C to be a 
it angle Then the hg IDCE is a equate, and 
r=ID=CE=fi — c [^y (0] 

Again, if the A at C is a it angle, the fig I^DiCEi is a squaic, 
so that ri=liDi=s=CEi=s — 

Page 214 

(i) The points A, I, li, .ire colhnc.ir, foi I and Ij both ho on the 
bisector of the vert L BAG [Proh 27, Note 2 ] 

Similailj 1 , t 2 and I, I 3 are on the bisectors of the a** ABC, ACB 
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(n) Foi Al; .n«l Alg hcijiu the Ih^ccIoi^ of onp ^clt L* 
[Pfnb 27j .110 111 the Kiino it line, .‘'o foi the two 
otliei cniiipi 

(in) Hu* iCAI,=i.BAI-, hemt; ImUci of opp \eit i.% .ind 
:.CAt = '.BAI [fWrf j 

l|IA H pcip l<> I 1- , Miiut.ilh I, IB ih pcip to lil|, and 
UC to 1,1.. 

1 1 *. the orthoconti'c of the '_i Ijl.lj and ABC is the pcd.il A 
of the A 1,1^3 

llcncc the A'BI.C, Cl A, Al-B .no cquianguhi 

[n Cor 11 , p 208] 

(n) The thoid of conlnct of the tinsjiMits to nif-nihcd O from 
A is }Kip to Al lAV 1, p 177], .ind is thticfoio p.ii' to 
1,1. isufoi the oilier Mde- IJeiicothu A*aiee{pii.uigiil.ii 

(\) .and (it) f<illow ftont the fact tlut I is the oithoccntre of 
the A l|ljh [A'» ' 1, p 200] 


Page 215 

1 (t) DO,. = BDj - BD =11 - (s - b) = b , [(i), (ii), p 213] 

D,Dj~CD3~ CD, 

(ii) Siriitlaih DD 3 !=D,Dj=r 
(ill) DjD3=BD;+BD3=:,1 + (/I-0)-=:/» hC 

(ii) DD, =BD -BD, = (it-/*)-(<-.)-' 

2 Follows directly from II p 20*> .ind Ex 2, p 209 

3 T.ikc the hgut e of p 21 1 

{sitne Bl, Bl, mo if spedneh the intcuial and cxtern.'il bisectois 
of the ,L ABC , i. IBI, is a 1 1 .ingle 

So .also the i_ICl, is .i it .ingle the poinli I, B, h, C .no 
eoiK\clic 

i.BI,l.-rZ.BCI.^AC. aiidi.CI,l=z.CBI=fB [T/i 39] 

IJence hj .addition the z.BljC=AB+5C 

— comp* of ^A [77i 16] 

That IS, the 4 BI,C ik eonKtinl .ind the b,isc BC is fixed , the 

locus IS the me of .i segment 
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4. Given the base BC and the \ crt angle, the \ ertcx A mnst he 

on the arc of a cci tain segment desci ibcd on BC as base 
That IS, the three points A, B, C he, foi all positions of A, 
on a fixed ciicle, fox if an arc of a circle is fixed, the 
%\liolo ciiclo IS fixed \Th 32] the cciiti'e is fixed 

5. Take the figure of p 214 Bequiied the locus of U 
Since the A'lClo, lAlo aie it angles, 

the points I, C, lo, A are concyclic 
Lll2C=^IAC=iA [Th 39] 

Hence the locus of Is is the aic of a segment on BC as base, 
capable of containing an angle equal to ^A 

6 On the base BC dcsciibe a segment containing one 3 1 anqle-\- ^ 

the ffiien angle X , then the centi*e of the inscribed O is on 
this arc [IV , p 210] 

At D, the gi\ cn T^mt m BC, dinw a line perp to BC cutting 
the arc at 1 ^icn I must be the centre of the insciibcd C, 
and ID is its radius 

Prom centie I, with radius ID, diaw the inscribed O, to which 
diTiw tangents from B and C If these tangentb produced 
meet at A, then ABC is the required tiiangle 

Pio\e by a method converse to IV , p 210 that the 
L BAC=the given angle X 

7 On BC the given base describe a segment containing one rt 

angle — h tlic given angle {Ev 3], then the centic of the 
esciibeJ O must be on this arc From this point piocced 
as in the last Example 

8 Now I and Ij he on the bisector of the l BAC 
Let Allj cut the circum-O at P Join PB 

Then L PBI = A PBC+A CBI =z. PAC+ A CBI [Th 39 ] 
—^A+'^B 

Also ext L PIB=/L IAB+a IBA 2 =iA+^B 
aPBI=APIB, PI = PB 
And L hBI is a rt angle 

aPBIi=z.PIiB[ 7% 16] PB^Pli 
Hence P is the middle point of 11^ 
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9 Take the Figiii-o of p 214 

Since the LCI 3 aic it anglc'^ [(i), p 21 1 ], 

a O on Ijis IS thani pa<!se‘? thiough B and C 
liOt the cucimi-O cut InJa at Q (and let Q be m AI-) Join QB 
Then iLQl 5 B=All 3 B+^ll 3 A=J.IAB+AlBA [77i 39] 

==M+AB 

And il 3 QB=iLC [E\ S, p 1G3], 

, fioin o I 3 QB, the L l3B(a=5A+lB \Th 16 ] 

Ql 3 =QB Siniilail^ Ql 2 =QB 
Q IS the centi e of the O tin ough I,, C, B, I 3 
[Noti- Oh«ci\c that the point'? P and Q, 111 E\\ B, 9 arc the 
extieinitic? of the diani of the tiicuni-O petp to BC] 

10. In the A formed b% joining the thice points A, B, C in'sciibe 
a circle and let the jiointb of contact be D, E, F (D being 
opp to A, &c ) 

Then AE=AF, BD = BF, and CE=CD [7% 47, Cor] 

Hence O’ desiiibed fioiii the centi es A, B, C, Mitli ladii 
AF, BD, CE \\ill cleailj Siitisfj the guen condition'? 
Tlieie inll bo fovr ‘jolntions in all , foi solutions iiia^ 
aNo be obtained fioiii the thiee c^tribcd O" 

11 12 It has been pioicd 111 (\), p 214, that if I, Ij, U, I, aic 

the ccnties of the iii'sciibed and esciibed circles* of the 
A ABC, each of these foui jioints is the oithoccntic of 
the tiiangle foiined by the otliei thiee, and that the 
oiiginal A ABC is the pedal tiianglc 
Hence gneti any thiee of the points I, Ij, to, I 3 , mc ha\c only 
to (IniM the pedal tiianglc of the tiiangic so foinicd 

13 Let AX, AY dctciininc the gi\en icit ^ Maik ofl AEj, AFj 
each equal to half the gi\eii pciiineter and dcsciibo a 
cii cle to touch AX, AY .it Ej and Fi This is an csci ibcd O 
of the I cqtiii cd ti langic 

As in E\ 6 , p 180 desciibe .a O, uith radiu** cqu.!! to the 
guen radius, to touch AX, AY Tins is the in-ciiclc 
Then if cithci of the ti’ansverse coinnion tangents of these 
two O* be drawn, inecting AX, AY 111 B and C, the A ABC 
will satisfy the requiied conditions 

14. Draw the nisei ibed O as 111 the last Example, and from 
the given veitcx as ccntic, with the gnen altitude as 
radius, describe a ciicle Then draw eitliei of the diiect 
common tangents to the two O" 
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Tnr 4 KiNL-roiNrs ciucrK i*A(.r 2ih 


15 Take the figuie of p 211 

Since Bl and Bl| arc the internal and external bi‘?cctoi'<; of 
the i.ABO, the ^IBI| is <i it angle 

Siinilarli, the '.ICIi is a it angle lfi is the dianictei of 
the O about IBIjC lint the O" of the O ibout the 
A ABC bisects II, [Ii/X 8, p 215] that is, the centre of 
the O about BIG lies on tlie O" of the O about ABC 


Page 2ia 

1 Take the figme of p 218 

If the base and %eit z. me gi%en, then tbe ciicuin O is fixed 
in position and nngnitudc [7% dO], liente the indins of 
the nine points O (being li.ilf tliat of the circum-O) is 
gnen that IS XN is roiisUnt Ihit X is a fixed pointy 
the locus of N is a O, of ninth X is the centre 

2 Foi b^ Ex 4, p 200, eich of the A* ABC, A06, BOC, COA 

ha\c the same jicdal tiiangle, and therefoio the same nine 
points O, fox the nine-points O cncuniscnbes the pedal 
ti 1 ingle 

3 Foi 1)> E\ (\), p 211, the A ABC is the pedal Itianglc of 

each of the foni tiiaiiglc:» formed bj joining tliicc of the 
points I, l„ I3 

4 Foi, in the figuie of p 218, both O and S ate fixed N, the 

middle point of SO is fixed 

And since the circiim O is gi\cn, the i-adius of the nine- 
points O is gnen [(11), p 217] lienee the nine-points O 
IS fully detci mined 

5 Take the figuie of p 20S 

Let BC be the fixed base of the A ABC, liaMng its \ert Z.BAO 
constant in magnitude 'JTien the 011x511111-0 is fixed in 
position and magnitude [Ex 4, p 215] Hence the O ^ 
about the pedal A DEF is fixed in magnitude, for its mdius 
IS half that of the cucum-O [p 217] 

Now the L FOE at the O*® is constant, for it is the supp* of 
tw ice the % ert z. A [II , p 208, Cor ] the chord FE is of 
constant length [Th 42, 45] 
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6 Take the ITig of p 214 

2To\v the base BC is given, and the vert L BAG is constant, 
the circunx-O is fixed in magnitude and position 

But ABC IS the pedal A of the A l^lgls [(v), p 214], 

the ciicum-O of the A ABC is the nine-points O of l^lgla 

Hence if Ali, and lols cut the O about ABC at X and Y, these 
aie the middle points icspectively of IN, and Uh 

[VIII, p 216] 

But since XAY is a it L [Ex 6, p 13], XY is a diara , and 
its middle point N isthecentieof the O about ABC, and is 
a fixed point 

But X IS a fixed point (the middle point of the aic BC, since 
L BAX=/-CAX), Y IS a fixed point 

Diaxv YS perp to Ijl 3 meeting IN pioduced at S 

Then S is the centre of the O about l^lola, foi this centre must 
lie both m YS and IN pioduced [p 217] 

AndSN = NI also YN— XN (proved), and /.SNY=vert opp 
aXNI, 

SY=IX [Th 4]=J llj (proved above) 

But 11} is a diam of the O about the A BIC , and this is a 
fixed O, for the base and vert A are constiint [IV, 
p 210] Hence SY is constant , and as Y has been shewn 
to be a fixed point, the locus of S is a O about Y as centre 
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Page 228 

1. Smco a2+ft2=:2l2+l72=730 sq cm , and c-=102=]00 sq cm , 
the delicit=630 sq cm 

But, by Thcor 55, tins doGcit mcasuies twice the lect con- 
tained by BC and the piojcction of AC on BC 

. i or» b30 G30 

projection of AC on ®®=2BC~T2~~^‘’ 

2 Since the aC 13 acute, AB-=BC" + CA* — 2 CA CE [7% 55] 

ButAB-=AC2 BC2=2CA CE 

3 Draw AD porp to BC With ccntio A, and nidius AC, cut BC, 

or BC produced, at E Join AE Then in both cases 
aAEC=aACE=GO° aEAC=G0'’ [Th IG] 
Hence the A ACE is equilateral, and it can be shown that 
CD = DE, fioiii the congruent A* ADC, ADE [Th 18] 
CD=^CE = ACA 

(i) Here AB2=BC=-1-CA2-2BC CD [TO 55] 

=BC-+CA--BC CA, from the above 
or c-=a"-{-lr — ah 

(n) Hero AB2=BC2+CA2-{-2BC CD, [TO 54] 

= BC-+CA=+BC CA, 

01 6-=a®+&"+a6 

Page 229 

Take the Fig of Thcoi 5G 

Tlienfromthe AAXB, AB2=BX2+AX2-f2BX XD [TO 54] 
And from the A AXC, AC==XC=-l-AX2-2CX XD [TO 55] 
by subtiaction, romeinbeiing that BX=XC, we have 
AB2-AC==2BX XD-J-2CX XD 
=2XD(BX+CX) 

=2XD BC 

Page 230 

1 AB*=AB AX-^AB XB, [TO 50, Cbri] 

but AB AX=AX-’-^AX XB , [TO 50, (7or ii] 

and AB XB=XB2+AX XB , [TO 50, Cbr ii] 

AB-=AX2-J-XB-+2AX XB 
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2 AY YB=XY2-AX2. [Th 53, <?o) ] 

Al*!© AY YB=8AX= [ITi/p] 

XY2«9AX= , ^\llonco XY=3AX 
AY=4AX=2AE 


3. 


4 


If the guen hne*^ ai*© \mcq\i.il, thc> can l>e placed as AX, XB in 
the Fig of Tlicoi 52 Conipletiugthe iNg \\o<»cetlmtsum 
of sqq on AX, XB evcectls the sum of the iccts BG, DG 
bi the fig AC and tint thib excess uin neiei lauish since 
tfio linos ai e by hj pothesis uiiGqn.t] AKo each of the iccts 
BG and DG is' contained by the two gncii lines Hence 
the them cm follows 

If the gi\en lines aic equal, it is easil> seen that the aiini of 
the squat es is rqual to the sum of the two lects 
From the foimula ((t~b)-=a~+lr-2ab wc liaie, by tmiis- 
position, a‘+b-=iab+(a -h)- Now when or and b aio 
unequal, (o-i)- IS necess-uil} positive, and «*+?>®>2a6 
TVlicn «=ft, (flr-6)-«0, and «2+6-=2«6 
Thus a*+i* is never less than 2ab 


Substituting as icquticd, wc obtain 
Tins c in lie enunciated thus 



Anj lectanglc is equal to the excess of the squaic on half the 
sum of Its length and bte.uUh oiei the squat e on half the 
dificrcnce of its length and bicadth. 


6 (i) Wc base AY YB=AX2-XY2 [W/ 53, Cor] 

Since AX is of consent length, AX®-XY" diminishes as XY 
incic.Lsc.s, that is, as Y moves away fiom X 

(ii) Let AY=a units and YB=i units Then AB=o+6 
ITtneo AX=^~, and XY=AY-AX=^!^ 

w 2 

As Y nioics along AB the \<ilues of o, b change, but their sum 
18 constant Now fioiii the giien foinnila, lemcmbeiing 

that 18 constant, wo see that ab diminishes as iLzJi 

increases that is, AY YB diminishca as XY increases, or 
ns Y moves away fiom X. 


6 (ii) AY2+YB2=AB'-+2AY YB [7% 52] 

=*4AX2+2(XY + AX)(XY - AX) 
*-4AX-*+2(XY^-AX^) \q'h 53] 

•=2AX'!+2XY- 

K S (t T 
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7 Take X the middle point of AB Tlicn, hy Ex C (i), 

AY2+YB2=2AX2+2XY2 

As Y rao%es from A to X, the \alijc of XY decreases fioni AX 
to zeio, and AY-+YB- decreases fiom 4AX2 to 2AX2 

As Y mo’ies fioiii X to B, the \alue of XY inciCfises fioni zero 
to XB, ^vhlch IS equal to AX Tlence AY^+YB- increases 
from 2AX- to 4AX- 

8 Let ABC be a A rt angled at B, and let BD bo draA\n perp 

to AC 

Then AC2=AD^+DC2+2AD DC [TA 61] 

But AC2-ABHBC2 [TA 29] 

=AD2+BD2+DC2+BD- [tA 29] 

AD2+DC2+2BD2=AD2+DC2+2AD DC, 
or BD2=AD DC 

9 Let ABC be an isosceles A, Imang its \oitex at A, and let 

AY bo drawn to anj pt Y in BC, oi BC pioduced 
Draw AP perp to BC Tlien, bv Theor 17, BP^PC 
Tlius BY, YC are tlic sum and diffeience of PY and PC 
(i) When Y is an internal point 


We ha\ e 

PC2-PY2=BY 

YC 

\Th 

53] 


(AP-+PC2)-(AP=+PY 

2)=BY YC, 


AC2-AY- = BY 

YC 

[Th 

29] 

Hence 

AC2=AY=+BY 

YC 


(ii) Wlicn Y 

is in BC pioduced 




In this case 

PY2-PC==BY 

YC 

[Th 

53] 

Proceeding i 

ns in (i) w e obtain 



AY2-AC2=BY 

YC 




AC2=AY‘! 

-BY YC 




Page 231 

1 From the A APB, AP2+BP2=2A0“+20P2 [TO 66] 

Heie AO ^4 cm , OP =5 cm , whence AF*+PB-=82 sq cm 

2 Substituting the lengths of AB, AC, BX m the i*elation 

AB-+AC2=2BX2+2XA2 [TA 56 ] 

w'e find that AX=8 5cm, AX=XB==XC 
Hence z.XBA==i.XAB, and Z.XCA=Z-XAC, 

LBAC=iLABC+Z.ACB 

£,BACisart angle [TA 16] 
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S Let P be tbe rettex and O the middle point of the base , 
then by Theor o6 122=2(0^^-1-20) \Th 36] 

* 20P-=72 whence 0P=6 cm. 

P lies on a circle of radius 6 cm -whose centre is at the 
mid-pt of the base 

4. Let ABCD be the jiai® , and let the diags meet at O 
Then O is the middle point of AC and BD 
Then from ABC AB2+BC-=2A0=-i-20B2 [77.56] 

Also, fi-oni A CDA, CD^-}- DA- = 20C--F 200= 

B\ addition reniembeiing that AO=OC and OB=OD 
AB2 4- BC2 - CD^ -r DA^= 4A02 -1- 40B- 

=AC2-i-BD2 [Er 1 p 225] 

By the above since the sum of the squares on the 4 sides 
=36 sq. in . the sum of the squaies on the diagonals 
=36 sq in 

. sq on longer diagonal = 27 sq in , length of that 
d.iagonal i& 5 20". 

5 Let ABCD be the quad and P Q, R, S the middle points of 

the sides AB BC, CD. DA 

Then PQRS i« a par“ [£'i 7, p 64 ] 

and AC=2PQ, also BD=2SP [^r 3, p 64] 

AC2-1- BD==4PQr-?-4SP- 

= 2 { PQ2 -1- SR2 -f SF QR-} 

=2{PR^4-SQ,-} [Ex 4] 

6 (i) Let ABCD be the rect. and O the given pomt mthin it 

Let the diagonals meet at P Then AC=BD [77. 4], 
and the dngs. bisect one anothei ^P=BP 
Tlienfi-om AAOC OA--‘-OC-=2[AP2-fOP2], [77 56] 

and from ABCD OB--}-OD==2[BP2-^OP2] * 

. OA--^OC= = OB=-l-OD- 

(ii) Since 0A2-i-0C-=20P--f2AF«. .ind OA2-l-OC==21:[^ 

. 20Fe-^2AP-=21i so that 20P==2l|-2AP- 
Kow- AC2=AB-"-f BC==3G-f6 25=42 25 

.«nd AC-=4AP- 2AP==21 125 

But 20P2=21 25-2AP-=21 25-21 125=0 125 

OP==O-0025, hence OP =025' 
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7 


8 


9 


Let ABCD be the quad’, and X, Y the middle points of BD, 
AC Join YB, YX, YD 

Tlien from tbe A ABC, ABH BC2=2AY2+2BY2 , [77< 56 ] 

also fioni the A ADC, AD2 + DC2=2AY2+2DY2 
AB2+ BC2+AD2+ DC2=4AY2+2(BY2+ DY®) 

=AC2+4(DX2+XY2) \Th 56] 

=AC2+BDH4XY2 

We have AB2=AC2+BC2-2AC CE [Th 55] 

Also AC2=AB2+BC2-2AB BF 

By addition AB2+AC2=AB2+AC2+2BC2-2AB BF-2AC CE, 

whence AB BF+AC CE = BC2 


Let AX, BY, CZ be the medians of the A ABC 

Then AB-!+AC‘’=2AX2+2BX2, \Th 56] 

and AB2+BC2=2BY2+2CY2, 

also BC2+AC2=2CZ2+2AZ2 

By addition 

2AB2 + 2BC2 + 2AC2 = 2 (AX® + BY® + CZ®) + 2BX® + 2CY® + 2AZ® , 
4AB®+4BC®+4AC®=4(AX®+BY®+CZ®)+4BX®+4CY®+4AZ® 
=4(AX®+ BY=+CZ®) + BC®+AC®+ AB® 
Hence 3 [AB® + BC® + AC®] = 4 [AX-’ + BY® + CZ®] 


10 Let AX, BY, CZ be the medians, intersecting at O 

Tlien 0A=20X, 0B=20Y, OC=20Z[III p 97,Coj ], 

and from the ABOC, OB®+OC®=2BX®+20X® 

Again fioni ACOA, 0C®+0A®=2CY2+20Y®, 
also from AAOB, 0A® + 0B®=2AZ2+20Z® 
by addition 

20A®+ 20B®+ 20C®==2BX® + 2CY®+ 2AZ2 + 20X®+20Y®+ 20Z2, 
and doubling these equals, v e have 

40A®+40B®+40C®=4BX®+4CY®+4AZ2+40X®+40Y®+40Z® 

=BC®+CA2+AB2+OA®+OB2+OC® 

Hence 3[OA®+OB® + OC®]=BC®+CA®+AB® 

11 Tlieoiem 56 is tiue however close the veitev C is to the base 

AB on either side of it We conclude that it is theiefoi'e 
also tiue in the intei mediate position Mhen C actually lies 
at Y on AB 

Thus the line AB bisected at X and dmded at Y may bo 
regal ded as a AAYB nith its base AB bisected at X 
Hence AY®+YB®=2AX®+2XY® 
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12. Draw AD pen) to BC , and of the A“AXB, AXC let aAXB be 
that which is obtuse 

mAB2=wiBX2+mXA2+2mBX XD, \Th 54] 

and 72AC2=«CX2+7iXA2-2nCX XD [Th 55] 

By addition, renierabeiing that toBX=«CX, we have 
«iAB2+nAC2=OTBX2+mXC2+(»i+?i) AX^ 


Page 235 


3 


Since the chords AB, CD inteisect at X , 


XD 


AX XB=CX XD 
AX XB 18x12 
OX “ 27 


= 08 " 


4 (i) XT2=XA XB 

=06x24=1 44 
XT=^/^44=12" 

(ii) Here XB=^^=^^^=12 5 cm 
XA 4 5 


[Th 57] 
[Th 58] 


5. If the circle is completed and MX is produced to meet the 0“ 
again in N, then MX=XN [Th 31 ] 

AX XB=MX XN[7% 57]=MX2 

Hence (i) XB=^^'=^=1 6", 

whence AB=AX+XB=41" 

And (ii) since XB=AB-AX=7 4-4 9=2 5 cm, 

MX2=AX XB=4 9x2 5 = 12 25 sq cm 
whence MX=Vl2 25=3 5 cm 


6. (i) Let 0 be the centre of the O, then, as in Theor 57, we 
have PX XQ=r2-OX2, 

OX2=r2-PX XQ=16-12=4sq cm 

OX=2 cm , and the locus of X is a coucentiic circle of 
radius 2 cm 

(ii) X being outside the O, we have as m Theor 58 
PX XQ=OX2-^2 

OX2==PX XQ+r2=20+16=36sq cm 

OX =6 cm, and the locus of X is a concentric circle of 
radius 6 cm 
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Page 236 

1 The cucle desciibed on AB as diamotci will pass through C 

[El 1, p 165] AD DB=CD-[7iV 5, p 235] 

2 Let PXQ be the coiunion choid 

Then AX XB = PX XQ, fiom the O APBQ, [Th 57] 

=^CX XD, from the O CPDQ 

3 Let XP, XQ bo the tuo tangents dn^n from X to the O, and 

let XA6 be a secant thiongli X y 

then XP-=XA XB=XQ- [TA 5S] 

XP^XQ. 

4L Lot AB be the common chortl , X a point in AB pioduccd, and 
XP, XQ the tangents fiom X to the two O’ 

Then XP-=XA XB[7% 68]=XQ- 

XP=XQ 

5 Let AB pi'oduLed cut PQ in X 

Then XP-=XA XB [TA 58]=XQ2 

xp=xa 


6 If the circle thiousrh A, B, C does not also pass thi-ough D, 

suppose It to cut CD again at E 
Then CX XD=AX XB 

= CX XE [n 57] 

XD=XE 

Hence E coincides ^nth D, ind the points A, B, C, D ai*e 
coucj cIkx 

7 Because the i.* AQB, APB ai e 1 1 angles, 

A, B, Q, P me conv>tht [Th 30 Conveiso] 
AO OP:=BO OQ [TA *>7] 

8* Because the ^CDB is a it angle, the O on CB as diametei 

passes thiou"h D , and J. ACB being a xt angle, the side AC 
must touch tins O at C 

AD AB=AC2 [TA 58] 


Let CA be the diameter of the hr^t O cutting the second in E, 
and DA the di iinetei of the *aecond cutting the fai^st in F 
Tlion the ^*CFA, DEA are rt £.*, [TA 41 ] 

C, F, E, D iVQ conti clic. 

CA AE=:^DA AF [7% 57] 
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10 Lot PK, PT bo llic tvio tangents ^^^cn b\ 1C\ 7, p 177 tbo 

aPQK is a rU i. "the O on PK ns (bnmctci passes 
tbiougb cj. Also, suite *.OKP h a it A, tlio i-arlnis OK 
must toudi tbis O at K OP OQ=OK-: [?'/< 58]=r2 

11 Let CD out AB at X Join BQ. 

Tlicn suite the w’PXB, PQB me it tbo pts P, Q, B, X mo 
fouc^ the. 

AP Aa=:AX AB [Th fiS] 

=a consUnt 

12 Dmu AX 1)01 p to CD to nicot it .it X lait R bo a pt in AX 

stub tli.it AX AR = tbe gi\en toiistant Tlien R is a fixed 
point 

Lilt, since AP AC1«- AX AR, it c*iti be sliew ii, .is in Bx 0, that 
P, X R. Q .lie toiK.>tbe llciuc AACiR=i.PXR [77» 

|i 10.1]— .1 It i, , fioiii wbith it follows that tbo lociih of Q 
i« tbo O on AR lus cliauictei 


Page 237. 

1 I/Jt PO be tbe gneii iboid, R its iiiid-pl , .mil RN tbe peip .it 
R to PQ, niftting tbe aix: in N .iiid p.issing tbiougb tbe 
lentie O Then if NR lie pHidiucd to meet tbe O" again 
111 M, wo baxe NM — 2r, mm RM=2/ ~h 

Also NR RIVI = PR RQ; [77i .07] 

tb.it IS, h 

Subslitiiting t=12, and A— 8, wo obtain i =13 

2. (i) Put /< = 18, r=2'» in tbe foiriiula of 15\ 1 
Then r-'= 18x32 ; wlicncor=24 
ITenec the spin, nic.isiiifd 2c, is 48 feet 

(ii) Putting /i = ]0, » =2"i in tbo foinnila, wo obt.iin c=20 
Thus tbe now’ span is 40 ft , anti tbe i eduction is 8 fL 


3 Substituting tbe gnen x.ilues x\o obtain /t(34-A)=64 
Ilcme A-— 31/<+G4 =0, whence A-=2 or 32 
Tims the height of tbe me is eitbei 2 tin. oi .32 cm , tbo first 
icsult lefeiimg to the iiiuioi and tbe second result to tbo 
major of the two .ms cut oft bj tbe olioid 
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4 Lefc X bo tho cxtoinnl pfc, O tlio contic of the gnen O, XAB 
tlio dmin tluoiigh X, and XT tho tangent fiom X to tho O 

Then by Th 37, XA is tho shortest distance fiom X to tho O 
XA=c/, XB=</+2;, XT=t 
But XA XB=Xr-, [7% 58] 

that IS, d(d+ 2r) = fi 

B} substituting rf=12, /5=24in the abo^o formula, obtain 
7 « 1 8 Tims the dianietei =36' 

6, (i) Consider a section of the eaith through tlic top of tho cliff, 
P, and tho contio of the e,irth O The section amU bo 
cucular, and if PT bo the tingont from P, then T will boa 
point on tho honron Let PO cut tho cucle in A and B 

Now PT =22i miles , and PA=330 ft mi 

AlbO,byTheoi 58, PT^^PA PB , 

PT2 45 45 

PB=^~ X ^ X 16=8100 mi 

. PA 2 2 

AB=8100m! -330 ft 

=8100 nil , apjnoKiinatclj 

(ii) In tho Fig of (i) w e lm\ 0 now PA=66ft =|^nii, AB=8100 
mi 

PT'^^PA PB [TA 58] 

^^( 91 ^+^) ™ 

= 10125 sq mi (approx) 
urhenco PT^lOun approx 

6. Lot APB be the gn on aic and P its nnd-pt Fioin P draw PN 
peip toAB then, by Thcoi's 45, 18, PN bisects AB, and 
will theiefoio when piodutcd pass through the centro of 
the O Let PN meet the O" again at D 

Then 62=,Ap2=,pN2+AN2 [TA 29] 

= PN2+PN ND [tA 57] 

=(PN + ND)PN = PD PN=2r/i 

7 Prom P draw" PK peip to AB and meeting it at K 

Then because the iL"PKB, PCB arc it i*, P, K, B, C are 
concycUc \TA 40 Comcrse\ 

[TA 58] 


AK AB=AP AO 
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fJinnluK BK BA=BP.BD 
Now AB-’=(AK + KB)AB 

=-AK AB + BK BA 
=AP.AC-t-BP BD 

8 TjoI AE DP meet .It P on the 1 1 no of Centro‘S f/7i 8, p 187], and 

lot the hue of centre., meet BC at 0 Then O ].« the inid- 
pt ofBC(IlI 1 > IJl) 

lU E\ 7, p 187, AE--DF .ind In H\ "j, p 2‘IG, G and H aio 
the nnd-pt.- of AE, DF* thus EG=FH md PG=PH 
[Tit 17, Cor] 

lienee 'Ci PGH is iso..< elcs, and PO which i'« peip to the b i^c 
GH bisects it [77/ 18] , 

O IS the niid-iit of GH 

. GH2-BC*=IG0-- IBO- [ZTr 1, p 228] 

=- }(GO‘-OBO=4(GO + OB)(GO-OB) 

==4GC GB [77/ .*)3] 

=4GA= 

=AE- 

GH-=BC-+AE- 

9 Let O be the ctntie of the O, .ind PT the t ingont fioni P 

Tlien PM==OF— OIV12=Pr- + OT--OM= [77/ 20] 

= PC PD+OA--OM2 [77/ 58] 

= PC PD + AM. MB [77/ 53] 


Page 239 

1, 2 ^'\ppl.\ Piob 32 

3 A toinoniont letbanglo is one whose lcngth = 2'i' ,ind whose 

bie.idth = l .*»" Jiich side of the hqti.itc must be 7'» iji , 
or 1 04" 

4 1/ot ABC be tlie (qinlatcral A, AD the poip fioin A on BC 
Thiongh A, C draw AK, CK pai’ to BC, AD lespcttnch 
Then ADCK is llic loq** ictt Now piocccd .is in l‘iob 32 


5 Apjilj Piobs 17 .Slid 32 
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6 See Fig and Constiuction of I , p 244 Take AB=9 cm and 

DE=4 cm 

Heie AX+XB=AB=^9, and AX XB = DE2=16, 

if then '\\e denote the lengths of AX, XB by x and y, we 
have the tn o equations t+y=9, xy=16 
Now, by measuienient, AX=6 6 cm , XB=2 4 cm 
Hence ^=:6 6, y=24isa solution of the given equations 

7 In the Fig on p 244 Uke AB=4 0' and DE = 1 S'' 

Then by lueasiuement, AX ^3 52" and XB=0 48" But 01" 
lepiesents 1 unit 

if AX = t, XB=y we have t=35 2, y=48 

8 Draw AB = 7 2 cm , at B set up BF perp to AB and=5 0 cm , 

join AF, and draw FE at it U to AF meeting AB pioduced 
III E Then by Theoi 41 the seiuicucle on AE passes 
thiough F , as in Pi ob 32 

rect AB BE = BF2=25sq cm 
By measuienient BE— 3 5 cm 

9 See Fig and Consti of II, p 245 Take AB=8 cm , BF=6 cm 

Now^ AX“XB=AB— 8 cm 

and AX XB = BF2=36sq cm 

the no of cm in AX, XB, viz 112 and 3 2, give the solution 
of the equations a. -y=8, Ty=36 

10 Dmw a line AB 10 cm in length On AB describe a senii- 
ciicle At B set up BK perp to AB and 2 5 cm m length 
Thiough K diaw KP par’ to AB to meet the O®® at P 
Join AP, PB Fiom P draw PX peip to AB 
Tlien AP2+PB2=AB2 \Th 41 and 29]= 100 , 

and AP PB = 2 A APB (since ^APB=90")=PX AB=25 
the values of ^ and t/aie given by the numbeis of cm in 
AP, PB, which aie found by measurement to be 9 6 and 
2 6 respectively 


Page 241 

1 Use the Construction of Piob 33 

Denote the length of the gieatei segment by % inches, and 
that of the less hy (4 - v) inches 

4(4-r)=r2, oi r-+4:r=16 

From this w^e get t = — 2db2\/5, and foi inteinal division x 
must be positive, hence the leq** value is 2^5-2, or 2 47 
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Foi Consti uction, sec the Note and Fjg of 241 
Let the segment measmed fiom A contain x inches, and let 
that ineasuicd from B contain 2 — ^ inches 
Then foi medial section, 2(2— t)=r® 

From this quadratic, ^=-l±\/5, oi 124 and -3 24 
Foi external division the segment AX' is taken in the sense 
opposite to AB , this fact is lopiesented by the negative 
sign Hence AX'= -3 24" neaily 

B> Them 29, AC 2 =AB 2 +BC 2 =a 2 +^=^‘ 


Hence (i) AX =AD=AC-CB=^^-| , (Fig p 240) 


(ii) AX'=AD=AC+CB=^' + 5 (Fig p 241) 

Jt A 

The fact that AX' is to be measiiied in the opposite direction 
to AB IS expiesscd by aflixiiig a negative sign (p 132) 
Thus the direction and magnitude of AX' are both gii en 


by the statement AX'= - 


4 Let AB be divided in medial section at X 
Fiom AX cut off AX'=BX 

Then'neha^e AB BX=AXS and AX'=BX 
Now AB BX=(AX+XB)XB=(AX+AX')AX'=AX.AX'+AX'2, 
And AX2=(AX'+X'X)AX=AX AX'+AX XX', 

AX AX'+AX'2=AX AX'+AX XX', 

hence AX'2=AX XX' 

That is, AX is dmded in medial section at X' 


Page 243 

1 Let A be the veitical angle Tlien each of the base angles 

is2A A+2A+2A=180'’ IG] , whence A =36° 

2 Let BAD be a rt angle On AB by Prob 34, construct an 

isosceles A BAG having each of the 4 * at B, C double 
the t_A 

Bisect 4. BAG by AK 

Then /.BAG =36°, by Ex 1 

4.BAK=18°=onc-lifth of a rt 4. 
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3 The A AXC is such u A 

AsinPiob 34, Z-ABC=2z. BAG, and /-BCX=^BAC 
Now 4 .AXC=/lABC+^BCX, [TA 16] 

= 3z.BAC 

Also ^®XAC, XCA aie equal [Proh 34] 

A AXC 18 isosceles and its vertical angle is tliiee times 
either angle at the base 

To constiiict the A, take any centre A, and with any radius 
AB desciibe a O Divide AB at X so that 

AB BX=AX2 IProb 33] 

With centie X, and i«idius XA, cut the fii-st O in C 
Then AXC is the i eq** A 


4 LetAB=a Then BC=XA=a - 33 A'bfe] 

BC^Vs-l 

AB 2 


5 (i) Because BC touches the O ACF , ^ACB=Z-AFC 

But ^ABC=^ACB, and z.ACF=-^AFC, [T/i 5] 

whence, by Theor 16, the L BAC=Z-CAF 

BC=CF [TA 42 and 45 ] 

(ii) Tlie A “BAG, XAC ha\e equal bases BC, XC and equal 
veitical angles BAG, XAC 

their circum-ciicles aie equal [E% 2, p 206] 

(ill) By (i) the /.“BAG, CAF aie equal , and by Ex 1 each 
must be 36“, or one-tenth of 360“ 

Hence, by Prob 30, BC, CF are sides of a regular decagon 
inscribed m the O BCD 

(iv) By (i) and Ex 1, each of the Z-*ACX, XAC, CAF is 36® 
each of the arcs AX, XC, CF subtends 36® at the O" of 
OAXC 

each of the arcs AX, XC, CF subtends 72“ at the centre of 
OAXC 

But 72“ IS one-fifth of 360“ 

, as in Prob 30, AX, XC, CF are sides of a regular pentagon 
inscribed in the O AXC 
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6. Take S' the mid-pt of the aic XC Join AS', S'C 

Then because the me XS'=€iic S'C , AS' bisects the Z.BAC 
But <!lXAS'=/.XCS' [Th 39] , anti c. BAC=^XCB [Ptob 34] , 
CS' bisects the L XCB 

Now since the A' BAG, BOX .ii c both isosceles, the bisectors 
of then '\crticnl angles will also bisect their bases at 
rt L* [Th 4 ] 

AS' and CS' u ill, if pi odneed, bisect BC and BX at rt 
S' IS the cucmn-centic of the ACBX 

7 By the last example S' is the intersection of the biscctois of 

the U BAG, BCX 

Also I IS the intei'scction of AS' and CX, for these bisect the 
i." BAG, ACB 1 csjiectivelj 

Again I' IS the intersection of Bl and CS', the bisectors of the 
a»XBC, XCB 

Fiom the AIAB, the ext ^S'ir=4.IAB+iLlBA 

= 3ofiLBAC [Pio6 34] 

Also fi 0111 the Al'BC, the cM l s’'ri=^ I'BC+z. I'CB 

=z.BAC+iz.BAC 
= « of z. BAG 

Z.S'II'=Z.S'I'I , that IS, SI^S'I' 

8 Tjet AB be dn ided in medial section at X, so thiit AB BX = AX* 

Then (AX+XB)(AX-XB)=AX2-XB* [Th 53] 

=AB BX-XB* [//y^] 

=(AB-BX)BX 

=AX XB 

9. Since (AB-BX)*=AX*, 

AB*+BX2=AX=+2AB BX [77i 52] 

=AX*+2AX*=3AX® [//yy] 


Page 245. 

1. Since the sum of the roots is 1 0 and their product is 16, the 
holution will bo gnen by dividing a lino of 10 cm into 
two segments such that the i cctanglo contained by them 
IS 10 sq cm. Apply T p 244 
Examples 2, 3 aie done similarly 
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4 Divide a line 5 cni long externally, 6o that the rectangle 

contained hy the segments is 30 sq cm Apply II p 245 

5 Tlie solution is similar to that of Ex 4 

6 Proceed as in I p 244, t iking AB=10 cm , and cm 

See Prob 32 


Page 246 

1 Let A be the pt (0, 4) and B the pt (0 9) 
Tlien, by Tlieor 5S, OP2=OA 08 = 4x9=36 
OP=6 


2 Let A be the pt (9, G; From A d^l^" AB perp to OY and 
meeting it at B Tlien OB is the tangent fioin O to the 
circle Hence rcct contained by tlie «-egments of any 
choitl through 0 = 0B-=3G 

Again let P be the pt (9, 12), and CPAD the diameter 
through P 

Then the reel CP PD is required \Th 57 ] 

Now CP=CA-AP=3, and PD = PA+AD = 15 
CP PD =45 


3 Let A, B, C be the pts in the gi\ cn order, and let OY cut the 
O again <it D 

OC OD=OA OB \Th 58] 

0D=5^'* = 16 

ALso, if OT l)e the tanirent from O to the O, 

0“P=0A OB = I44, i\henceOT=12 


4. Let A, B, C be the pts in the gi\en oidcr A circle can be 
drawn through A, B, C by Prob 25 

Also OA-=100=5x20=OB OC , and OA touche*' the O 
at A \Th 59 ] 

Let P be the centre of the O, and from P draw PK perp 
to BC 

K IS the mid-pt of BC \Th 31 ] Hence BK=7 5 
PA=OK=OB-rBK=12{ 

coords of P are (10, 12^), ind ladius of 0 = PA=12l 



t Hi 
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8 Let A be tlio point (0, 8), M and W tbe pts (0, IS), (0, -13) 

ie«?pecti\e)^ 

Then tlio ccntio of the icq** O imifit ho on one of the t%\o 
lines dinnii tliioiigh (VI, IVI' pai* to OX 
It must also he on a O, centie A, ni(hifs = lS 
The intei'«jection of tlie^o t^\o loci gne tno iiositions of the 
centre, P .mil Q, each l}ing on the piunllel thiough M 
Since the common chord of two G" is pcip to the line of 
centiGs, the second pt of intellection, B, of the two ciitlcs 
al *!0 lies on OY 

Let the O whose ccntic is P touch OX at C 

OA OB=OC-=PIV!~AP2-AIV12=132-52=M4 

OB=^==18, whence AB = OB- OA= 10 
o 

9 Draw two st lines each parallel to OX and at a distance 15 

fioin It on cithci side With ccntic O, and nuhus 15+15 
I c 30, dcsciibe a O This cuts encli of tlie two lines in 
tw o pts An} one of these four pts is a pO'^s|hlc jiosition 
of the centie of the icquiied O [Pi oof b} Ijoci (n) uid 
(\ ), p 188 ] Uence theic aie fom possible cu'clcs 
Let A be that centie which lies in the quadrant, and AM 
Its peip on OX. Then OA=30 and AM = 10 

OM2=OA-- AMS whence OM = 15sn=25 98 oi 2G, nearly 
Thus tbe coords of A aic (2G, 1*)) 

10 Diaw an} circle through A and B Take an} con\enient 

f ioint Q on this O, and dinw a O thiough C, D, Q 
Proh 25] liCt R bo the 2"** pt of intersection of the 
two 0% and let QR pitiduccd meet the :r.a \is in P 
Then PA PB = PQ PR, [Th 58] 

= PC PD 

LctOP=T7 PA=r-a, PB=a?-6, PC=c— a:, PD=rf — t 
(7 -fl)(ar-i)=(c-r)(rf-r) , 
w hence t = {ah - cd)l{a + 5 - c - c?) 

The numeiical example is done similail} 
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3 Let A8 be the gi\en line, and X the pt of internal division 
Since AX XB=5 7, if AX is diMded into 5 equal ptiils, then 
XB must contain 7 such equal parts 

AB contains 5+7, oi 12, such equal paits 
Hence AX=:^ of AB=4 of 9 6'=40', 

and XB=:^ of AB=^ of 0 G"=5 6" 

4. Let AB be the gi%en line, and Y the pt of external division 

Since AY YB=11 8, if AY is divided into 11 equal paits, 
then YB iniist contain 8 such equal paits 

- AB contains 11 -8, oi 3, such equal parts 

Hence AY=^ of AB = “ of 4 5 cm =16 5 cm , 

3 3 

and YB= ^ of AB= | of 4 5 cm =12 0 cm 
3 o 

S As in Exx 3 and 4 , 

’For internal division, AX=r4-5 of AB=5 of 6 4 cm = 40cm 

5+3 8 

5 5 

For earfemaZ division, AY== — 5 of AB=s of 64 cm =16 0 cm 

6—3 2 

These values v\ ill bo found to satisfy the giv'cn formula 

K so K 
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6 Let AB bo tlio given line, and X tbe pt of tntemal division 

Since AX XB—m 7i, if AX is divided into m equal parts, then 
XB must contain n such equal paits 

AB contains m^n such equal parts 
Hence AX=:— of AB=-*^— a inches 

m + H 771 + 71 

XB=-^ofAB=-^ o inches 
771 + 71 771+71 

7 Let AB be the gn en lino, and Y tho pt of external division 

Since AY YB=77i 72, if AY is divided into 771 equal paits, then 
YB must contain 71 such equal paits 

AB contains 777-71 such equal paits 
Hence AY=-^^ of AB=- ■ — a inches 

777 - 71 771 - 71 

YB=~ ^^ of AB= — ^ a inches 

771 — 71 771 — 71 

8 By hypothesis, and 

ay c s 

by multiplication, 7 whence a c=a? ar 

h c y z 

9 Since 

6 y ax 

hence ^ + 1=?' + 1, or 

a X ^ a X 

a+6 a=X‘\-y 7 ? 

10 By hypothesis, £=^- 

h c 

d tt h a a 

b c~~b h 

■“P 


Now 
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11 . 


00 


AX CY 


(i) AX XB=CY YD. 01, 




AX 


CY 


XB 


^+1 = ^ + 1 , 01 , 


AX+XB CY+YD 


XB 


YD 


AB CD 


tliatjs, 

’ XB YD 

AX XB=CY YD 

^-5? 


or — = 


^_cp 

AX CY 


12. Bj lij’pothesis, 


ad^hc 

a ad he c 

i-u-a‘71' 

a 6=c d 


i^ypl 


2 (i) We have 


(ii) AVolia'to 


Page 258. 

AY YC=AX XB; 
AY AC=AX AB, 
AY 2 4=21 3 6, 

AY 2 1 
’ 24"36 

9 1 

AY=^ of 2 4 = 14" 
o o 

BX BA=CY CA 
BX.20=0G 15, 

BX=?^ of 2 0"=0’8'' 
1 5 


[77/ 60] 
[77t GO, Cor"] 


\Th GO, Cbr] 


(ni) AY YC=AX XB=8 3 

8 8 

AY =gq:;3 of AC=yy of 8 8 cm =6*4 cm \Ev 6, p. 253 ] 
and YC= q - ~ of AC=^ of 8 8 cjii =2 4 cm 
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3. (.)Bj-Th.oreO,Cr, 

79 ft 

AY=^ of AC=2 of 3 5 cm =5 6 cm 
45 5 

(ii) By Tlieor 60, Y divides AC externally in ratio 11 4 , 

AY= AC=^ of 4 9 cm =7 7 cm [Ex 7, p 253 ] 

and JY ~4 AC= ^ of 4 9 cm =2 8 cm 

4 Let the three par^ lines cut the transversals in A, B, C and 

D, E, F respectively Let AB BC=m ti, then if AB be 
divided into m equal parts, BC may be divided into n 
such equal parts 

Through the pts of division in AB, BC let par^ be drawn to 
AD, then these par^® divide DE, EF into parts which are 
all equal [Tk 22 ] 

Also of these equal parts DE contains m and EF contains n , 
hence DE EF=m 7J=AB BC 

5 Let P, Q be the mid-pts of the oblique sides AD, BC of the 

trap®* ABCD 

Through P draw PX par' to AB to meet BC in X 
Then by the previous Ex , BX=XC, z s X coincides with Q. 
PQ is par^ to AB 

6 Because EF, EG are par^ to bases BA, BD , 

OF FA:=CE EB, [7%. 60] 

and CG GD=:=CE EB 

OF FA=CG GD 

, from the A CAD, FG is par' to AD 

7 Draw CK par' to DF cutting AB in K 

Then BD DC=BF FK [Th 60] 

But 4-AFE=:^ AEF , AF=AE 

And AF FK=AE EC, [Th 60] 

FK=EC 

BD DC=BF CE 


Hence 
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Page 259 

2. B7 Thcnr 61, X ind Y divide the base internallv and e^t- 
ternally in the ratio of BA AC, i<? 72*5 4, or 4 3 

- BX=-r4^. BC==of .3 5 cm =2*0 cm ; \Er 6, p 253 ] 

4-^0 j 

and BY ==7-^. BC=4 of 3 5cm =14*0 cm [£!r 7, p 2o3] 


3 (i) Let BC be the given st line On BC describe a triangle 

ABC, Inv ing BA double of CA [Proh fc]. 

Bisect the L. BAC by AX meeting BC at X 

Then BX XC=BA:AC=2 1 

BX=2XC 

Bisect BX in Y. Tlien BY=YX=XC 

(ii) Let BC lie the given st line. On BC descnlie a A ABC 
having BA, CA equal to anv convenient lengths which are 
in the ratio 3 2 

Bisect the ABAC internallv and c\tcrnallv bv AX. AY, meeting 
BC in X and Y Then, bj Theor. 01, *X and Y are the 
required points. 


4- Because DE bisects aADB , 

BE EA=BD.DA. [7X G1 ] 

Because DF bi«ects A ADC , 

CF FA=CD*DA. 

But BD=:CD BE EA=CF FA. 

EF is par* to BC. [Th 60 ] 

5 l>t the bisectors of A and C meet at X in BD 

Tnen DA BA=DX XB=DC BC [77i 61] 

, ftitcrpntch/, DA . DC=BA BC 

Let Y divide AC in this last ratio Tlien DY, BY arc the 
bisectors of — ' D and B, whith therefore meet in AC 



14 : 4 : PROPORTIONAL DIVISION PAGES 259, 262 

6. (i) In the A ABC let Bl, Cl, the bisectors of B and C, intersect 
in I Join Al And produce Ai to cut BC in D 

Then from A ABD, BA BD==AI ID [3% 61 ] 

Also from A ACD, CA CD=AI ID 
BA BD=CA CD, 
or, BA CA=BD DC 

AD bisects the Z.A \Th 61, Conv^ 

(ii) Let Bl], Cl], the bisectoi's of the ext L? B and C, intersect 
in I] Join Al] cutting BC in D 

Then from A ABD, AB BD=Ali IjD [TL61] 

Alsofiom AACD, AC CD=Ali IjD [7% 61 ] 

AB BD=AC CD, or, AB AC=BD DC 

AD bisects int L A [Th 61 ] 

7 By Theor 61 we have AB AC=BX XC 

, componendo, AB+AC AC=BX+XC XC==BC XC, 

, alternately, AB+AC BC— AC CX 
But since Cl bisects the ^ACX, we have AC CX==AI IX , 

AI IX=AB+AC BC 


8 See Ex 4, p 325 

9 Let BC be the given base Divide BC internally and ex- 

teraally at P and Q in the ratio of the remaining sides 
\Prdb 37] On PQ desciibe 'a semicircle, and on BC 
describe a segment containing an L equal to the given 
vertical angle [Pro5 24] The intersection of the segment 
and the semicircle is the req^ vertex (See Ex 8) 


Page 262 

In 

1 By Tlieor 14, the A*AXY, ABC are equiangular then 
coiresponding sides are pioportional [Th 62 ] 

AY AC=AX AB, or AY 2 0=16 23, 

AY 1 ^ fy 

AY=i|of2 0"=12" 

(ii) and (ill) are done similarly 
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2 (i) By Theor 14, tlio A»AXY, ABC aie equiangular, and 

have their coiiespoudmg sides proportional \Th 62] 

XY BC=AX AB, 
or, XY 36*14 24, 

whence XY=^ of 3 6''=2 1" 

24 

(ii) IS done similarly. 

3 Here BR BC*QR AC , -whence BR=2 5''; [7% 62] 

and BQ.BA*QR AC, vhenco BQ*3o" 

4. By Theor 60, kQ . . AC=:AP AB, whence AQ=2 8 cm , 
and QC==AC-AQ=4 2 cm 

By Tlieor. 62, PCi BC=AP AB, whence PCl=3 2 cm 


6 Here 
And 


AB=AX+XB*12| ft 
BC_^_^ 12|_3 
XY~AY“AX“ 8^ §■ 

BC*| of XY*| of 3i ft =5 ft , 
and AC*| of AY=| of 6i ft =9l ft 


7 By Tlieor 29, AB2*32+(l|)2=10|’)j , w'henco AB*3i'' 

Now BQ BC*BP BA=PQ AC, 

or BQ 3 =BP 3| * A U=2 5 

BQ=g of 3"=! 2", and BP=§ of 3]"=1 3" 

Also AP*AB-BP=193'’ 

8 By Theor 62, PQ BC=AP AB 

By Theor 60, AP AB*AX AD 

PQ BC=AX AD=5 8 
PQ*(g X 9) cm =5g cm 

9 Since CP PE=BP PD, « 

ED 18 par' to BC \Th 60 ] 

A* EPD, CPB are equiangular to one another [77i 14 ] 
ED BC=EP CP«2 b[Th 62], whence ED =0 8 cm 
Again the AED, ABC are equiangulai to one another , 

AD AC = ED BC , whence AD = 1 4 cm 
And DC=AC— AD=2 1 cm 
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Page 263 

1. In the A ABC let P, Q be the mid-pts of the sides AB, AC 
ThenAP PB=AQ QC , PQispar>toBC [2Vi 60] 
the A'APQ, ABC aie equiangulai , hence 
PQ BC=AP AB = 1 2 
PQ IS half of BC 

2 The A" AOB, COD are equiangular to one another , 

OA OC=OB OD=AB CD=2 1 
0A=20C, and 0B=20D 

3 Let PA, QB, RC meet in O Then A'OBA, OQP are equi- 

angular to one another 

AB PG=OB OQ. [T/i 62] 

Similarly, BC QR = OB OQ, 

AB PQ=BC QR 

4. The A* FDC, DEA aie each equiangular to A FEB \Th 14] 
From the A“ DEA, FEB, DA FB=AE BE [7% 61 ] 

alternately, DA AE = FB BE 

Similarly FC CD = FB BE 

DA AE=FB BE = FC CD 

5 Join BD Then DE = EA, and BG=GA, 

GE IS pai’ to BD [TVi 60], and A* AGE, ABD are equi- 
angular to one another 

AG AB=GE BD, 

but AG IS half of AB, GE is half of BD 
Similarly H F is half ofBD, GE=HF 

6 Because A" ABF, CEF are equiangular to one anothci, 

EF BF=EC BA 

And because A*ABG, EDG are equiangular, 

EG AG=:ED AB 
But CE=ED 

EF BF=EG AG 
GF is par’ to AB 


[Th 60] 
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7. In the A'CAB, BAD, i. ACB=rt L [T"^. 41 ]=aABD {Th 46 ] , 
the A A IS common, third z.* ABC ADB are equal [7% 16] 
the il* are cquiangulai to one another 

. AC AB=AB ad [77» 62] 

rect AC, AD=AB2 [Th m p 250] 

aa constant 


8 In the A»AXC, DXB, 

the 4. A=the i. D, in the same segment , 

the ^C=the i.B, in the same segment , 

andi.AXC=ADXB; [7Vi 3] 

. the A* are equiangular to one another , 

AX DX=XC XB, [7%. 62] 

rect AX XB=rect DX XC [in p 250] 
• 

9 In the A*AXT, TXB, 

aXTA= 4.TBX, in the alt segment , 
and the L at X is common to both , 
the third U are equal [Th 10], and the A* aie equiangulai , 
XA XT=XT XB; [Th 62] 

. rect XA XB=XT2 [in p 250] 

Page 267. 

1 Let PQ any line par’ to BC, cut AB, AC in P, Q and the 

median AD in X 

f 

Then A* AXP, ADB are equiangular to one another , 

PX BD*=AX AD 

Also A* AXQ, ADC are equiangulai to one another , 

XQ DC=AX AD, 

PX BD=XQ DC,andBD=DC, PX=Xa 

2 (i) Let AD, A'D' be the peips from A, A' on BC, B'C'. 
Then^ABD=z.A'B'D'[Zr;/^], and 4ADB=/.A'D'B', being rt z.* 

A* ABD, A'B'D' are equiangular to one another , [Th 16 ] 
- AD A'D'=AB A'B's=ratio of a pairof correspondmgsides 
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(ii) Let 0, O' be the two circum-centres 

Then z.B0C=2iLBAC [Th 38] 

=2iLB'A'C' 

=lB' 0'G [Th 38] 

And the A® BOC, B'O'C' are both isosceles , 

the 1.-0BC, OdB, O'B'C', O'C'B' are all equal [Tk 16 ] 


A® OBC, O'B'C' are equiangular to one another , 

R R'=OB 0'B'=BC B'C' 

= ratio of a pair of corresponding sides 

(ill) Let I, r be the two in-centres 

Then L IBC=i L ASO=^L A'B'C'=Z. I'B'C' 

Similarly l\CB=lVCB\ 

the A® ICBj I'C'B' aie equiangular to one another , [Th 16 ] 
Draw IK, I'K' perp to BC, B'C' 

by(i), IK rK'=BC B'C' 

That IS T /=BC B'C' 

3 Let D, E, F be the inid-pts of the sides BC, CA, AB 
Then, by 1 p 263, FE is par^ to BC, and =iBC 
Similaily FD=iAC, an(LDE=iAB 

^EDF=^A, z.DEF=^B, and z.DFE=z.C , [7%.63] 

A® DEF, ABC are similar to one another 
ratio of circum-radii= ratio of corresponding sides [Ex 2] 
= EF BC=1 2 

4 Join AD, BC Then in the A® AXD, CXB, we have 

^AXD=Z-CXB, and XA XC=XD XB, 
by Theor 64, the A® are similar 

4.XBC=2lXDA, 01, z.ABC=z.ADC 

A, D, B, C are concyclic [Th 39 Conver&e‘\ 

6 JomAPjAQ In A® ABP, ACQwehavez.ABP=Z.ACQ[77i 14], 
and AB AC=BP CQ, the A® are similar [Th 64] 
^BAP=z.CAQ , A, P, Q ale colhnear 
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6. See Theor. 

(i) If c<J. then «'<£'- since 

bo 

.. C<B. and C<B'j bnt B=B ; 

C. C' are eacJi < B'- 
C. C are both ace??. 

.*. C. O' cannot be sapplemenfaiy. and must .. be eqiial to one 
another : hence the £.* are similar. 

In (ii). as in ^). the £.* are similar. 

In (iii) the C O' mav be eiiher equal or supplementary as 
in Figs. 1 and 3 ox Theor. 65. 

7. Because Z.* RPQ. RAB are equiangnlar to one anotherj 

.*. PQ, : AB=PR : AR [7a. 62.] 

And because Zi*SPQ, SDC are equiangular to one another, 

.-. PQ:DC=PS:DS. 

BntAB=DD: .'. PR:AR=PS-DS. 

*. SR is pair to AD- [77: 60 ] 

8. Because _*ABD, AEG are in same segment, thej; are equal 

And i.BAD^'. EAC '. Z.* ABD, AEG are eauiangular. 

TTa. 16.] 

■ AB : AE=AD : AG [77. 62.] 

.-. AB-AG=AE.AD 

Page 269. 

L Inthe Z.»PQA. PAB 

the z PQA=30'=z PAB ; and the z P is common ; 

.'. the third z* are equal [77. 16], and the Zi* are equiangularr 
.'. PQ:PA=PA-PB; [77.62.] 

PA5=PQ P3 [nLp.2.59.] 

=32xa=3i* 

2. By Theor. 29, BG=^.^AS--i-AG^=s^4=— 3==5'0’'. 

Also BA==BD EG [77. 65 Cor. <u)T. 
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3 (i) Area of rt A ABC=iAB AC [7% 25] 

Also AABC=i BC AD \Th 25] 

AB AC=BC AD 

(ii) The A® BCA, ACD are similar ; \TL 66 ] 

BC AC=BA AD \Th 62] 

BC AD=AB AC. 

4 By Theor 29, BC=25cm 


ByTheoi 66, BC' BC=BA2, BC'=:16cm ,aiid C'C=9cm 
By Theor 66, AC'2=BC' C'C whence AC'==12cm 
By Theor 62, C'A' CA=C'B CB , whence C'A'=9 6cm 

5 (i) See Ex 9, p 177 

(ii) The radius CP is perp to tangent QR ^ 

RP P(a=CP2 [Th 66, Cor 1 ] 

or, PR PQ=r2 

6. (i) See Ex 9, p 187 

(ii) Since PAQ is a rt the PAY, QAX are both rt U , 

PY, QX are diameters 

Now L PYA=comp* of z. APY —L QPA , [Th 46 ] 

and the rt /l YPQ=rt L PQX , 

A* YPQ, PQX are similar , [Th 62 ] 

YP PQ=PQ QX, 

PQ2=YP QX==2r 2/=4r/ 

?• Let C be the centre of O on which P hes Join CP 
Then since L PAQ is a rt L [Ex 6], 

the Z.SAQ==comp^ of Z-CAP=comp* of z.CPA=Z-APS , 
and z. at S IS common to the two A^SAP, SC^ 
the third z." are equal [Th 16], and the A" are equiangular , 
SP SA=SA SO, te SP SQ=:SA2 

8 Because AD touches O ACB at A, L BAD=Z- ACB , [Th 49 ] 

and because AC touches O ADB at A, z. BAC=Z. BDA 

A* BCA, BAD are equiangular to one another , [Th 16 ] 
BC BA=BA BD [Th 62] 



TRIGONOMETRICAL RATIOS PAGE 271 


151 


Page 271 

1 Bj Theor 29, c=17 

2 Let a=35, 5=12 , then by Theor 29, c=\/l2-+35-*=37 
B is the smallest angle 


3 Let ABC be a A, rt at C 

Then BC2+CA2=AB= 

(0 §e+“_i 

AB=*AB* ’ 
or sin^A + cos-A = 1 . 

or tan®A+l=se(!2A. 

4. By Theor 29, BC=V'(1 5)=+(3 6)2=\^ii52r=3 9 cm 


{TJu 29] 


and 


CD=-\/(8 5)2 - (3 6)2=-n/ 12 1 X 49 =7 7 cm 


. AC 3 6 12 

““ABO-gg-Jg-Jg. 

, . AB 1 5 5 

tanACB-^p-gg-jg, 

CD 77 77. 
cos CDA= j:^= 5 ^ =— ; 
DA 8 a 8a 

. DC 77 77 - 

‘““°=Ca"36"56 


5 In the Fig on p 270, 

AABC=eomp* of A=90'’— A , 

A(\ 

. sin(90'’— A)= sinABC=^=cosA, 
tan(90'’-A)=tanABC=^=cotA. 


6 The ratio of the opposite side to the hypotenuse is 6 10 

Construct a rt z/ A, having hypotenuse— 10 cm and one 
side=C cm The angle opposite this latter side is the 
req^ angle 
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7 (i) Draw’ AC==10 cm , CB perp to AC and=7 cm 

Then BAG is the req’* u 

(ii) Construct a rt A whose hypotenuse = 1C cm, and 
having one side =9 cm , the angle included by these sides 
IS the req** L [See Prob 10 ] 

(ill) Construct a rt A? A, vith hypotenuse=IO cm , and one 
Bide=7 1 cm The angle opp this side is the req^ A 


8 Draw AC=5 cm , CB perp to AC and =8 cm , then 

ByTheor 29, AB*=64+25, whence AB=V89 

AC 5 5x9 434 

cBAO-^.^Tg— 55 ^ 0 63 


(i) Draw a rt -a^ isosceles A ABC, C being the rt A 
Then by Theor 16, A BAC=a ABC=45“ 

Let ACt=^a units, CB=a, and AB=aN^ [Ex 11^ p 123 ] 
..o A BC a 1 ..o AC a 1 

AB a^2 V2 AB aV2 V2 

(ii) Draw an equilateral A ABC 

Bisect A ABC by BD meeting AC in D Tlien, by Tlieor 4, 
AD=DC, and ABDA=rt A 

Let AB=2a units, AD=a, and BD=:a/s^ [Ex 14, p 124] 
/lAO oAr> BD asfz Vs 

smeo =smBAD=^=^=^; 

and cos30®=cosABD=^=5^^=^ 

BA 2a 2 


10 Draw AD^IO cm , DE perp to AD and=8 1 cm 

Join AE, and cut oif AB along AE^IO cm Draw BC perp 
to AD 
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By measnrement, AC=7 8 cm , BC=6 3 cm , and aA=39° 

. . BC 63 
• sinA=^=jQ=063, 

, . AC 78 

and cosA=-*o=-r 7 r =0 /8 
AB 10 


11, Draw AD =10 cm DE perp to AD and =7 cm Join AE 
Along AD mark off AC=2 8 cm , and through C draw CB 
par* to DE and meeting AE in B 

Then tanA-^=§5=^=07 

By measurement, c=AB=3 4 cm., A=35®. 


Page 273 

2* If two A* ABO, A'B'C' are equiangular, we hare 

sin A==8 id A', sin B=&in B', sm C—sin O' 

But a &^sinA smB, and o' 6'=sinA' smB'; 
. a 

or a . b\ 

=c c\ similarly 

4* (1) Let ABCD lie the par®. 

Then area=2 A ADBs=AB ADsinDAB 

(2) Let BAD be the given ^ of the rhombus 
Then by the abo% e, arca=rAB . AD sin DAB 


lEx 3] 
=AB2 smDAB 


Let BD be the diameter through B , DC 
Then z.BDC=Z.BAC in the same segment 

Also ^ BCD is a rt z. 

* . BC a 

sm A=:8in BDC=s 7 rs=— 

BD 2R 

" be 


[T/i 39] 
[T/t 41] 
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Page 278 

3 (i) In Prob 35 make DG=10^ GE=1 6", DH=125", the 

length of HF gives the req^ value of r 

(ii) Here 6 3 42 4 2 a? 

Take the third proportional to 6 3 cm and 4 2 cm [Pro6 36 ] 
(ill) Here 16 a: :c 25 , 

take the mean proportional between 1 6" and 2 5" \Pr6b 38 ] 

4. In Cor to Prob 37, make AB=7 2 cm , and take AP=2 cm , 
PCl=3 cm , QR=4 cm 

5 The third part=f x 5 of the first=^ of the first 

the three paits are m the i-atio of 1 3 i 6 4 3 
Now proceed as in Prob 37 Cor 

6 If a? be the other side of the rect we have 

15xj?=22, or 15 2=2 v 

Hence find the third proportional to 1 5 and 2 0 [Prob 36 ] 

7 Find mean proportionals between 

(i) 3 0" and 1 0" (u) 5 0 cm and 2 0 cm 

(in) 2 0" and 1 4" [See p 277 ] 

8. (i) If ^=~ 2^^^ * 36=24 X, 

hence find the 4*^ proportional to 2 8", 3 fi'', 2 4" [Prob 36 ] 

/v 684 684 228 40x57 
^ 213=213= TT^-T-I 

Then a?=the fourth proportional to 7 1 cm , 4*0 cm , 5 7 cm 
(ill) Find the fourth pioportional to 1 51'^, 2 71", 1 26" 
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9. (i) Dratran acute lKBM, making BK=4 8" Along BM cut off 

BP, PQ, QR=3, 4, 5 units respectively 

Join RK, and thiough P, Q draw par’* to RK meeting BK in 
C and D 

"Witli centres B, C and radii DK, CD respectively, desciibe 
aics cutting at A Then ABC is the requiied A 

3 

By calculation, 4 8"= 12", ami similaily for 

6andc 4+4+& 


(ii) Hcie c=56, 

a b <?=§ 1 J=2 24 3 
Now proceed as in (i) 


(ill) By Theor 16, A=30=, B=60", C=90'’ 

Draw any A RBQ ha-ving B=60‘’, Ci=90°, R=30'’ 

Produce BR to K so that BK=perimetei of A BRQ 

Along BK mark off BP=118 cm , join KQ, and through P 
drav PC par’ to KQ meeting BQ in C Through C diaw 
CA pai^ to QR to meet BK m A Then ABC is tno req"* A 

By parallels, the A’ ABC, RBQ are equiangular , 

BA BR=AC RQ=CB QB=BA+AC+CB BR+RQ+QB 

\Th V p 251 ] 

perimeter of A ABC penmetei of ARBQ=BC BQ, 

= BP BK 

But the perimeter of A RBQ=BK 

perimeter of A ABC=BP=n 8 cm 


Or by calculation thus 
As in E\ 14, p 124, 

a b c a+&+c 


1 


a= 7 = of 11 8 cm 

3+V3 


1 Vs 2 1+V3+2 
(3-V3)118 


cm =- 


[771 V , p 251 ] 
118x1268 


6 


cm 


=2 5 cm , nearly 
L 


KSG 
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(iv) Draw PAs=f) 0" AQ perp to PA and =3 0", ]om PQ. 

Along PQ mdik off PR=40' , thioiigli R draw RB par' to PA 
and meeting AQ in B Thiongh B diaw BC par* to PQ 

Then, by parallels, the A" ABC, AQP are equiangular, 

AC AB=AP AQ=5 3 
By calculation, let c=3^ , 

by Theor 29, (5^)2+(3^)2=5l6 , 

4 Wm.1166 

\/34 1 ‘ 17 

6=3 4", c=2 1", nearly 


Page 279 

1 (i) Hero = , and a =200 metres 

o U O D O 4 

6==^ of 200 m , and of 200 m 

(ii) PQ BC=AP AB=40 64 

4 0 

length of fence of 200 m =125 ra 

2 Draw any angle POQ Cut off OQ 10 cm in length to 

represent 100 yds on a scale of 10 yds to 1 cm Along 
OP mark off OA=8 cm and OB=7 cm to represent the 
distances i cached by A and B at the end of any interval 
Join AQ and thiongh B dtaw BK par' to AQ to meet OQ 
m K Then since OQ OK=OA OB=8 7, the distance 
by which A beats B is measured by KQ Mhich is found to 
be 1 26 cm Hence A ins by (1 25 x 10) yds , or 12 5 yds 

3 On drawing a plan it is seen that BAG is a rt z. , 

BC=\^(0 Sy+(l 5)2== 1 r 

But 1'" represents 25 mi , distance bet\^een B and C 
=(1 7x25) mi =42i mi 

Let X ft be the height of the lamp-post Tlien by similar A®, 
X 6=40 8, whence dr=30 
Let y ft be the length of the boy’s shadow , 

20+y y=30 5=6 1 6y=20-f^, and2^=4 


4 
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5. If X ft be the height of lamp-post, v?e have by similar A“ 
a 6=20 5 , whence r=24 

Let y ft be the length of man’s shadow m his 2“'* position 
7+^ y—'iA 6=4 1 
4y=7-fy, ory=2j 


6 Let AB represent the breadth of the canal, C in AB produced 
the stand-point of the man, CE, BD the heights of the 
man’s eye and of the i od respectively Let AB = a ft Then 
by the details of the question, EDA is a st line Hence the 
ABD, ACE are similar 

AB AC=BD CE, 

or X a-J-20=4j 5§=3 4 

4r=3(a?-f20) , 

whence ^=60 


7. Let AB, CD, EF represent the heights of the tower, staff, and 
man lespectively. A, C, E being on the ground Through 
F draw a horirontal FKL cutting CD m K and AB in L 
Then A* FKD, FLB are similar 

LB KD = LF KF, 
or LB 6^=30 3 

LB =663 ffc 

Now height of tower =AL -FLB =72 ft 


8 For the ground plan let A i epi esent the foot of the light-house, 
C, D the man’s two stand-points, P and Q the extremities 
of the shadow in the two positions 

Then AACD=rt A, CP=24ft, DQ,=30 ft 
Let AB, a vertical at A, represent the light-house, x ft high, 
and CE, DF the man’s height in his two positions Then 
CE, DF both lepresent 6 ft, and BEP, BFQ aie st lines 
From similar A“ BAP, ECP, we have AP CP=AB CE , 
or, AP 24=3? 6, whence AP=4r, and AC=4^— 24 
Similaily from A* BAQ, FDQ, AQ=63?, and AD=63?-30 
From the rt A ACD, we have AD^ssAC^-FCD® , 

or, (5t-30)2=(4®-24)2-F3002, since CD =300 ft 
25(i;-6)2=16(3?-6y+90000 , 
whence 3?=106 
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Page 284 

1 (i) In the Fi" of Theor 68 see that if A'B' AB=3 4, 

we have ^so SA' SA=3 4 Hence the following con- 
struction 

Take any pt S as centre of similarity, and join SA, SB, SC, SD 
Divide SA internally at A' so that SA' SA=3 4 
Tlirough A' di*aw A'B' par' to AB to meet SB in B' 

Tliiough B' draw B'C' par' to BC to meet SC in C' 

Thiough C' draw C'D' pai' to CD to meet SD m D' 

Join A'D' Then A'B'C'D' is the req^ quad' 

From the similai A“ SAB, SA'B', SA' SA=SB' SB 
Similarly SB' SB=SC' SC, and SC' SC=SD' SD 

SA' SA=SD' SD , whence A'D' is pai' to AD [Th 60 ] 

Hence A'B'C'D' has each of its sides par' to the corresponding 
side of ABCD, and is equiangular to it 

Also A'B' AB=SA' SA=3 4 

(ii) Divide SA externally at A' so that SA' SA=5 4, and 
proceed as in (i) 


2 On AB construct the sqnaie ABCD Join O (the centre of the 

semi-O) to C, D by lines cutting the O" in c, d Thiough 
c, d draw ch. da pai' to CB and meeting AB in h and a 
Join cd 

Then Oc=Orf, and OC=OD , whence cd is pat' to CD Thus 
ahed is a rectangle 

Also by similar A", ch CB=Oc 00=cd CD 
And CB=CD , cb^cd Hence abed is a square 
It IS easy to prove Oa=^Ob Ob=^a 

But 0c^=05^+&C“ , whence 4>*^=5a® 

4 

3 Let OA, OB be the bounding radii of the sector On AB, and 

on the side of it remote from O, desciibe the sq ABCD 
Join OC, OD cutting the arc in c and d Join cd Then 
it can easily bo shewn that cd is pai' to CD Fiom c and 
d draw c6, da pai' to CB, DA Join ah 
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in Ex 1, it may be •shewn that ab !•« pu'* to AB 
Also by similar A*, ab AB—Oa OA=a^ AD, 

. , altcrnatchf^ flft*arfs=AB AD, 

but AB=AD , abs=ad, ami abed is a square. 

By measurement, tissl 24", whence a r=0o2 1 

4. Let OA, OB be the bounding radii of the sector 

On the chord AB describe a root ABCD liai mg AD— 2AB 
Complete the construction as in E\ 3 and proN o ab par’ to cd 
Tlicn ab AB=0« OA=arf AD 

, allcrnaleC f, ab ad— AB AD=sl 2 
Tlius attrd IS a rect ha\nng ad =2ol> 

By dc^ciibing on AB a rect such that AD=5AB, we can in- 
scribe in the sector another rect a'Uc'd having a <r=4n'6' 

By measurement, arfs=3lcm, <i7/=2 8cm 

ad rt6'=31 28 

5 On the side of BC remote from A dc*>cribo the square BCDF. 
Join AD, AF cutting BC in d and/ 

Through d, f draw de and fb pai’ to DC, FB to meet AC, AB 
in c and b Join be. 

A? in Ex 1, he is pai' to BC, hence htdf is a rect 
Also by similar A’, he BC=Ac AC=sc(/.CD, 
aUcrnatcIy, 6c : cif = BC * CD , 

butBC— CD, 6c=cf/, and 6c</ is a square 

6 (i) On the side of BO remote from A describe an equilateral 

ADBC 

Join AD cutting BC in d From d draw db and de pat’ to 
DB, DC and meeting AB, AC in b and c Join 

Then by similar A*, A6.AB=A<f AD=Ao AC 
Thus be is par’ to BC 

Hence Arfic has each of its sides par* to the corresponding 
side of A DBC, and is equiangular to it 

That IS, dba is an equilateral A 
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(ii) Diaw RQ par^ to the given line to meet AB, AC in R and Q 
On QR describe the equilateral A PQR 

Join AP, producing it if necessary to cut BC in p From p 
draw pg, par^ to PQ, PR, and meeting AC, AB in q and r 

Then, as in Ex 6 (i), the l^pqi is equilateral 


Draw any line RQ cutting AB, AC in R and Qi. 

On the side of QR i emote from A describe a A PQR equi- 
angular to the A DEF 

Join AP, pioducing it if necessaiy to cut BC in jt? Tlirough 
p draw pqy p par’ to PQ, PR and meeting AC, AB in q 
and r 

Then, as in Ex 6, the /^pqr is equiangular to the A PQR, 
and also to the A DEF 

Hence, by Theor 64, the A^Jjr is similai to the A DEF 

Since RQ may be drawn in any direction, the number of 
solutions IS infinite 


8 On the same side of DE as AB describe the square, DEMK 

Piodiice CD, FE to meet in O, and let OK, OM cut BC, AF 
in P and Gi. 

Join PQ, and draw PS, QR par^ to KD, ME and meeting 
CD, EF in S and R Join RS Then PQRS is the req** 
squaie 

It IS easy to shew that A® OED, OFC are isosceles 

Hence from the congruent A"ODK, OEM, we have OK=OM, 
and also L DOK=^ EOM 

by Theor 17 the A"OCP, OFQ are congruent^ and OP=OQ. 

Hence PQ is pai^ to KM 

Next, as in Ex 1, prove DE pai^ to SR Then PQRS is a par”, 
and IS 1 cctangiilai by consti uction 

Albo by similar A®, PQ KM = OP OK=PS KD 

Alternately, PQ PS=KM KD 

But KM=KD, PQ=PS, and the figure is a square 
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Page 287. 

1. Tlicoi 70, A 12] in =5 4" 03" 

of 12] sq in =10\ sq in 

U « 


2 Eeq'* base 4 2 cm =17 21 

lxii>e=^J of 4 2 tm =2 975cni 

=-3'0cra , to the uc<iiC3t nini 

3 A 50 1204 sq inett'c«!=20 7 m 10 2 in 

A=f 85 of 50 1204 «!q inoti'Cs, 

=64^427 sq ineties, to ncaicst sq mm 

4 Rcq'Mmse 0 0”= 3 5 2 1 [l'h.lQ,Cor] 

lme = ->i of GG'=11U' 

5 Let Aj, Aj denote the mens of the two tii.inglcs, a their 

common b<ise «x4 2, and A_,=fax3 71 

A., A, =371 42, 

Aj+Ab Ai = 7 91 42, \Componcndo ] 

. 7 91 .. 113 

Aj+Ao=— r^-of Ai=-^ of 18 acres 

=33 9 acies 


Page 289 

1 (i) Let A„ Aj denote the areas of the tw o A*, a their common 

base, then altitudes Aj =hi xpi, and A2=4a x p* 

Pi ^Pi 
A, jta X p« p^ 

(ii) Place the two A* ABC, DBG on samo base BC Tlirough C 
draw CK |jei p to BC, and through A, D draw’ parallels to 
BC meeting 6 k in P and Q .Tom PB, QB 

Tlien AABC=APBC, and ADBC=AQBC [Th 2G] 
A ABC ADBC=APBC AQBC, 

=basc PC ba«e QC, 

(for the A" PBC, QBC have same altitude BC) 

=alt of A ABC alt of A DBG 
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2 (i) Here ABXY=ACXY [Th 26] 

A AXY A BXY = A AXY A CXY [Ax (ii), p 249 ] 
But A AXY A BXY = AX XB, [Th lO] 

and A AXY ACXY=AY YC [Th 70] 

AX XB=AY YC 

(ii) A BXY = A CXY Add to each A AXY 

AABY=AAXC 

AABY AAXY=AAXC A AXY 
But AABY AAXY=AB AX, [Th 70] 

and AAXC A AXY = AC AY, [Th 70] 

AB AX=AC AY 


3 In the quad' ABCD let the diag* AC, BD intersect m E 

Then A ABE AEBC=AE EC [27i 70] 

= AADE AEDC 


4 


Let the A* ABC, DEF be on equal bases BC, EF, and between 
the same par** AD and BF 

Let a par' to BF cut AB, AC in X, Y, and DE, DF in P, Q. 


Then 

and 

But 

But BC=EF 


XY BC=AY AC, [Th 62] 

PQ EF=DP DE 

AY AC=DP DE [Ate4, p 258] 

XY BC = PQ EF 

XY=PQ AAXY=ADPQ. [Th 26] 


5 By Theor 71, 


AABC_ AB BC 
A DEF DE EF 

27x35 6 
21xl8~2 


6 Here 
And 

\ 


A ABC ADEF=AB BC DE EF [Th 71] 
AABC=ADEF, AB BC=DE EF 
6 6x6 3=7 2xEF, whence EF=4 9 cm 
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7. 


BrTheor.Tl-Cor, 


hence hr hTjwthests 


■* par=EFGH' 
3 


EF FG 
4 8x13 5 . 
lOSxFG’ 


3xl0-SxFG=4x4-8xl3 5 ; 
•whence FGs'S’O cm- 

But the area of par“ ABCD = BC x p ; 
and area of |ar“ EFGH = FG xp'. 

135xp_3. 

‘ S-Oxp' 4’ 
p 3x81) _4 
*• p'~A-x.\Z^~^ 


ITL 24, ChrJ 


8. See Es. 3 p 273 

/1ABC=4AB BCsmB, and A DEF=iDE. EFsm E. 
Bat lBs^ E. and / sin B=sin E. 

Thus A ABC J^ AB BC<anB _ AB BC 
ADEF~iDE.EFsinE DE.DF 
or. AABC. ADEF=AB.BC:DE.EF. 


9 If the lE IS not equal to the lB, at the pt. E dra'w EK 
making an l. FEK=l B. and cutting a par* to EF through 
D m K. Join KF. 

Then A KEF= A DEF ITL 26]= A ABC. 

Also AKEF. AABC=KE.EF'AB.BC; [7%. 7L] 

KE.EF=AB.BC 

But DE. EF=AB. BC. V^IfP Th, IIL p 250.] 

* KE=DE,and ' lEKD=£.ED!C 
Produce FE to Q; .. ii.KEF=iDEQ. [Th 14.] 

But i.* DEF. DEQ are supplementary ; 

*. A.* DEF, KEF are supplementary ; 

. L* DEF, ABC are supplementary. \Covtt ] 


10 . 




AAPC AP. 
AABC AB’ 


Theor 71 follows hv imagining one A to be su'perposed to 
the other with the equal angles coinciding, and then 
applying the above result. 
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Page 291 

1 A* AXY, ABC are cquidiigulai \Th 14], and similar [Th 62] 

AAXY AABC=AX2 aB^ [Tli 72] 

=1= 32=1 9 

2 Eeq^'A 45 sii ft =(2^)2 

=4 9 

A= j of 45 sq ft =20 sq ft 

3 Here AX AB = 5 8, 

and AAXY AABC=AX2 AB^ \Th 72] 

=25 64 

AAXY=J^ of AABC=5f of 25 6 sq cm =10 sq cm 

4 Areas of the A* are m ratio 392 200, % c. 49 25, or V 5^ 

anj pair of corresponding sides are as 7 5 \Th 72 ] 

5 Here AABC AXYZ=32 605=64 121=82 112 

and AABC AXY2=AB2 XY2, \TIt 72] 

AB XY=8 11, 

AB=^f of XY=/f of 7 7"=5 O' 

6 Here AX2 AB2=AAXY AABC=9 16, [Tli 72] 

AX AB=3 4 

Hence divide AB at X in ratio of 3 1 

7 The A*BAD, ACD are similar \Th 66], and BA, AC are corre- 

sponding sides , ABAC AACD=BA2 AC2 [77e 72] 

8 The A^AOB, COD are similar [Th 14 and 62], and AB, CD 

are corresponding sides , 

AAOB ACOD=AB2 CD2=22 12=4 1 

9 Inversely, fig XBCY - AAXY=5 4, 

, componendo, fig XBCY+AAXY AAXY=5+4 4, 
or, AABC AAXY=9 4 

AB2 'AX2=9 4, [Th 72.] 

or, AB AX=3 2 

, dividend©, AB- AX AX=3-2 2, le BX AX=1 2, 
or, AX XB=2 1 
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10. Let ABC, A'B'C' be similai A" [See Ex 2, p 267 ] 

(i) Let AK, A'K' be con esponding altitudes 

AB A'B'=AK A'K', fiom sinnlai A«ABK, A'B'K' 

But A ABC AA'B'C'=AB2 a'B'2 \Th 72] 

=AK2 A'K'2 

(n) Let AD, A'D' be conesponding medians 
Then AB A'B'= BD B'D' , and 

A'ABD, A'B'D' aio siniilai \Th 64], .ind AD, A'D' are corie- 
sponding sides , AB A'B'=AD A'D' 

But A ABC AA'B'C'=AB2 A'B'® 

. =AD2 A'D'2 

(ill) Let IX, I'X' be conesponding in-radii perp to BC, B'C' 
alien IX l'X'=IB I'B', fiom similar AMBX, I'B'X' , 

= BC B'C', fiom similar A»IBC, I'B'C' 

But A ABC A A'B'C' = BC^ B'C'^, 

= IX® l'X'2 

(iv) Let S, S' be the lespective circum-centres 
Then SB S'B'=BC B'C' , from similar A»SBC, S'B'C' 

But A ABC AA'B'C'=BC2 B'C'® 

=SB® S'B'® 


1 Here 


Page 294 

AX®_ AAXY 4 /2Y 
AB® A ABC 9~\3/^ 

AX must be two-thirds of AB 


{fh 72] 


2 Each side of the reqiiii ed A must be sfz times the corresponding 

Bide of the given A [NB n^=1732 ] 

3 Similar A* have the same ratio as the squares of their corre- 

sponding altitudes {Et 10, p 291) 

ratio of altltudes=^/^3^ \/i6 81=3 7 41 
req^ altitude=ff of lOJ ft =9] ft 
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4 Here \Th 70] 

4 iiere A BAY BA 8’ '• •' 

and 4|^=^=|, [2% 70] 


, by multiplication, 


ABAC AC 8’ 
ABXY 16 


A ABC 64’ 


6 Here 


A BXY=J J of A ABC= of 16 eq cm =3 75 sq cm 
XY2 AAXY 1 


n/5 


BC^ A ABC 5’ 

• ^ 

BC s/5 6 


[TA 72] 


XY =“^ of 10 cm =s2 X 2 236 cm =4 5 cm (to nearest nim ) 

6 Aiea of req* pentagon aiea of given pentagon=(3 OV (2 6)^ 

[T/i 73] 

. 302-43 _ .o 

req” area^^^g "4“ 

7 Since ratio of areas is 1 9, the ratio of corresponding sides is 

1 3 [2% 73] 

length of second iectangle=:^ of 10 8 metres ^ 3 6 metres 
breadth of second rectangle of 3 6 metres :=! 5 metres 


8 


(1) Here 1 inch represents 66 yards , 

1 square in (66)2 square yards , 

100 sq m (66)2 ^ j^qq gq 


66x66x100 

4840 


acres=90 acres 


(11) The shapes of the field and its plan may be regarded as 
similar polygons Hence their areas are as the squares of 
corresponding sides, a mtio which is unaffected by the 
precise shape of the polygons 

9 Areaof plan=4x 20 X (24+26) sq m=500sq in \Th 28] 
Here 252 sq in represent 1 sq mile 

area of field sq miles=^ of 640 acres=512 acres 
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10 As in Ex 2,}) 111, the aiea of pkn=84 sq cm 
84 sq cm leprc^ent 18900 sq metres 
1 sq cm 225 sq mcti cs 

1cm • n^ 225, (PI 15, mctics 




Page 295 

(i) Ey Tlieoi GG, the A* BCA, BAD aie similat ; 

BC BA=BA BD, 
BA2=BC BD 
BC2 BC2 BC 


Hence 


or. 


BA- BC BD BD 
BC2 BA==BC BD 


(ii) Similarly fiom A* BCA, ACD, BC- CA-=BC CD, 

or AB2+AC2=BC2 


2 ByTlicor 72, AX^ AB!=AAXY A ABC 

— l O 

AX AB=1 

Bisect AB .it D, and on AB draw a semi-circle 
Draw Dc? perp to AB to cut the O*® at d 
Fiom centic A with i<adiiis kd cut AB at X 
Tlien, as in Note, p 270, 

AX IS a mean proportional hetii een AD, AB 
So that AX®=AD AB=^AB-’ 

AX2 1 . AX 1 

AB‘!~2’ AB“:;;i 

Now thiough X draw XY par* to the base BC 

3. Use Tlieoi 70, oi Ex 7, p 209 with Tlieoi 73, Cor 
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4 The L BAD=sA ACB in the alternate segment, 

and aCAB=a ADB in the alternate segment , 

2lABC=^aABD [Th 16] 

AABC 4ABD=AB BC AB BD [Th 71] 

= BC BD 

Or Theoi 72 might be used, the A*CBA, ABD being similai 

5, The A® DBF, ABO are sirnilai, DB and AB being corresponding 
sides [II , Cor ii p 208 ] 

AABC ADBF=AB2 DB* 

AABC- A DBF ADBF=AB*-DB* [dividendo\, 
01 , quad^AFOC ADBF=AD* DB* [Th 29] 

6 By lepeated applications of Ex 1, p 263, in the fomth 
AXYZ the Ride Y2 iihich corresponds to BC is found to 
be equal to one-eighth of BC 

Now AXYZ AABC=Y2^ BC2[!Z%72]=1 64 


7 Let ABCDEF be the regular hexagon, P, Q the mid-pts of 
DC and DE respectn ely 

Now by the usual method of constructing a regular hexagon, 
EB:=2a and l. ECB==00" [Th 41 ] 

CE*= BE* - BC2=4a2-a2=3a* 

Again by Ex 1, p 263, PQ=^CE , PQ*==|a2 

The inscribed hexagon can be easily proved regular, and 
similar to original hexagon 

area of second hexagon area of first hexagon 
^PQ* DE2=3 4 
Similarly, area of t^iird hexagon 

=- area of second hexagon 
4 ® 



area of first hexagon 


area oi fifth hexagon = aiea of first hexagon 
hexagon //J/a hexagon 6=4^ 3^=256 81 
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8 Let AB, FG be coi responding sides of tbe similar cyclic 
polygons ABODE, FGHKL 

Let AM, FN be the diameters of the circiiiu-O® thiough A, F 
respectively Join AC, BM, and FH, GN 

i.AMB=^ ACB m same segment=z. FHG , \Th 67 ] 

= A FNG m same segment 

Also aABM=aFGN, being it 4-" 

A*ABM, FGN aie similai, and AB FG=AM FN 
But polygon ABODE polygon FGHKL=AB® FG-, [?% TS] 

=AM2 FN8 


Page 297. 


1, For (i) and (ii) see Corollaries of Theor 66 
Then BC==BC BD + BC DC 

= BA2+AC® 

2 The fig 'Q fig P=AC2 BC^ 

= AADC A ABC 

But fig P=AABC, fig Q=AADC 
Sinulaily fig R=AADB 


[Th 50] 

[T/t 73] 
[n 66,72] 


3 


Tliefig Q fig R=AC2 AB^ [77i 73]=25 64 
Also fig Q+fig R=fig P [77i 74]=8 9sq cm 


25 


fig Q~ 2 5 ^fi 4 of 8 9 sq cm =2 5 sq cm 


64 


and fig R=25^4 ^ ^ ^ 


4 Since the a'BGC, YGZ art equal, 

ABGC AYGZ=BG GC YG GZ [7% 71] 
But BG=2YG, and GC==2GZ [p 97] 
ABGC AYGZ=4GY GZ YG GZ=4 1 


5 Here A ABC AADE=AB AC AD AE, [Th 71] 

AB AC=AD AE (foi AABC=AADE), [ffyp] 
or, 3 6x3 6=1 8 x AE , whence AE=7 2" 
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6 111 tbe Fig taken, AP lies betw een AB and AQ. J oin PQ, BQ. 

(i) Since i." ABY, AQB aie rt U , 

alsotlieiLAPQ==-LABQ[7% 39]=conip^ of ..BAQ [Tk 16] 

=«AYB, [7% 16] 

and L PAQ is coinniou to the A* PAQ, YAX 
tbe A” aie equiangulai, and similar 

(ii) ^QYX+Z-QPX=^APQ+^QPX=2it /.■ 

P, Q, Y, X ai*e conc 3 ’clic. \Tli 40, Conxeise'^ 

7 Let CA be produced to K, and let tbe bisector of L. KAB meet 

tbe base in D and tbe O" in E [In tbe fig considered 
E, D he on opposite sides of A ] Join BE 

Then i. BAE=^ EAK [ffyp ] 

=iLCAD [77/ 3] 

Also 4.AEB=i.ACD , [Ex 5, p 163] 

A'AEB, ACD are similar , 

AB AD=AE AC 

rect AB, AC=rect AE, AD [Th HI, p 250] 

8 See Definition, p 277 

HereAB XB=AX- Let AX = r cm , and XB=(10— ;c) cm 
10(10-:r)=a“, or ;c2a-10r- 100=0 
Fiom this ir= i5\^— 5 

=6 18 , rejecting tbe negative value for internal section 

greater segment = Gil cm , to nearest mm 

9 Let ABC be given A Along AB, AC mark off AD, AE respec- 

ti\ely, making AD=AE=tbe mean proportional between 
AB, AC [Proh 3S] Join DE 

Then AB AD=AE AC, ICoiistr} 

AB AC=AD AE 

But A ABC AADE=AB AC AD AE , [Th 71] 

AABC=AADE 

And since AD^^^AE tbe A ADE is isosceles 


EXERCISKij PAGES 207, 299 l7l 

10. Let ABC be the given A Along BC measure off BD=given 
base 

At B dnavv BQ peip to BC anti equal to the altitude of the 
given A .Tom DQ Tliiougli C diavv CP pai* to OQ and 
meeting BQ, oi BQ pioduced, m P .Tom PD, QC 

Then BP BQ,= BC BD, and BP BD = BQ BC , 

A PBD = AQBC[77/ 71] = A ABC 

Through P dmw PR pai* to BD to meet the pern bisector 
of BD m R Then A RBD is isosceles [/Voo 14] and 
equal to A PBD [7V< 20] , that is, equal to A ABC 


Page 299 

1 See E\ 2, p 29’> 

2 The A* APQ, AXY, ABC .aio all similar [77< 14 and 02 ] 

AAPQ A AXY AABC=AP- AX* AB* [77i 72] 
But A APQ=- \ A ABC, and A AXY = ^ A ABC , 

AAPQ A AXY AABC=1 2 3, 

AP AX AB=1 Vs 

Tlio genci-al oonstinction nuw be illufiti.itecl hy dividini; Iho* 
iiinnglc into t/trer equal paits 

DimcIc AB into fftree equal p.uts ,it p and r , and on AB dm\v 
a scnn-circle 

At p and r dniw pei p* to AB to cut tlio at // and a' 

From ccntie A with ladii Ap\ Aj* cut AB at P and X 
Thiougli P and X diaw PQ, XY ])ai* to BC 
Tlien as in Note, p 27G, 

AP iR a mca7i ])ropoi tional betw cen Ap and AB , 

AX is amrem pi opoi tional between Ax and AB 

Soth,it AP*=A;j AB=i AB*, AP=-J-.AB, 

and AX==Ai' AB==.AB-’, AX=^1 AB , 

or, AP AX AB=] s/f n's 

By dividing AB into n equal p.iits and piocccdmg .is above, 
par.allols m.iv bo drawn dividing the A into « equal areas 
Iv •? G M 
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3, Appl} Prob 40 

4 The A* BAD, BCD aio congiucnt (7% 7), 

area of gi\on quad*=2 A BAD=AB AD =48 sq cm 
now quad*=J3j ?> the oiiginal quad* 

Now apply Piob 40 

5 Suppose the gi\cn O dnidcd as icquued, and let am radius 

OA cut the two inner ciiclcs in B and C icspcctucl^ 

Now the aicas of the thiee O* <ite in ratio 12 3 

OC- OB- OA-=l 2 3 (foi the aicas of O* are propor- 
tional to the squat cs of then ladii) 

Co7i8(7 notion Tiiscct OA, and setoff OP=^OA, and 0Q=10A 

On OA diaw a seiiii-ciicic , and, as in Note, p 276, find OB the 
mean piopoi lion il bolween OA and OP , and 00 the mean 
pioportional between OA and OQ Thus the positions of 
B and C aie dotci mined 

The pi oof follows as in E\ 2 


Page 301 


1 The L!' OPA, AOQ aio both rt u 

AP AQ=AO-[7% CG, ror]=a constant 
HoreAO=3 4''^ AP AQ=115G8q in 


2 The ^TQP is a it z. 
The Z-CTP IS a it z. 


(i) CQ CP=CT2=100 

(ii) PQ PC=PT2 

=CP-^CT2 
=( 242 + 102)- 102 
=576 


[Ev 7, 2) 177 ] 
[77i 4G] 


[77i GG, Corl 


{Ex 1, p 133] 


(ill) TQ CP=2APTC=CT TP 


r=2TCi=2 X — =^=18 4G 
2G 13 


foi PT =24 fiom (ii), and Cp2=242+102=262 
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3 Let A, B be the two centres , P and Q the common pts 

Let PQ cut AB in X , then PX=X(i and aPXA=90'’ 

[III p 143] 

(i) Denote the length of AX by a BX=1 7 — a 

Also AP2-AX2=PX2=BP2-BX2 \Th 29] 

(2 6)® — a® = (2 5)2 — (1 7 - a)® whence a = 1 0 
OX=OA+AX=l 3 

And PX®=(2 6)2-(1 0)2=5 76, PX=2 4 

P IS the pt (1 3, 2 4) , 

Q, the image of P in OX, is (1 3, - 2 4) 

(ii) PQ=2PX=4 8 

(in) Let T be the pt (1 3, 3 4) , TM, TN the tangents from T 
to the two elides Since T lies on QP pioduced 

TM2=TP TCi=TN2 [Th 58] 

Also TP=TX-PX=3 4-2 4=10, 

TQ=TX + XQ=3 4+2 4=5 8 

TM=TN=-s/5 8=2 41 


Page 305. 

1 Draw AD peip to base BC 

Tlien BA AX=rect contained by AD and diam of O BAX 

[Th 77] 

And CA AX=rect contained by AD and diam of OCAX 
But BA=CA 

diam of OBAX=diam of OCAX 

2. The A*ABD, ACD aie identically equal [JVj 18] BD=CD 
Also A, B, D, C are concyclic [Conveise of Th 40] 

BC AD=AB CD+AC BD [Th 78] 

= twice AB BD 
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3. Let diagonals AC, BD intersect at rt U in E 

Then sum of lect® of opp sides = AC BD \Th 78 ] 

=AC(DE + EB)=AC DE+AC EB 
=2AADC+2A ABC 
= twice area of ABCD 

4 Let BD bisect AC m E Diaw AX, CY perp to BD 

Then AB AD=rect cpntamed by AX and diam of O [Th 77 ] 
Also BC CD=rect contained by CY and diain of O 
But AX=CY, fiom the congruent A*EAX, ECY , 

AB AD = BC CD 

-^5 Draw AD perp to BC and let X be any pt in BC 

Then AB AX=rect contained by AD and diam of O ABX 
Hence AD AX—AB diam of OABX {Ex 12, p 253] 
Similarly AD AX=AC diam of OACX 

AB duim of OABX=AC diam of OACX , 
or, AB AO=diam of OABX diam of OACX 

“A 6 Let BC be the given base On BC describe a segment of a O 
containing an l equal to given L Let X, Y be the sides 
of given rectangle To tlie diameter, X and Y, find a 
fourth pioportional DA Place DA in segment perp to 
BC Then BAC is the required A {Th 77 ] 

7 Let ABC, DEF be the two equal A®, and let AM, DN be perp® 
fiom the vertices A, D upon the bases BC, EF Let PQ be 
the diameter of the O circumscribing the A* ABC, DEF 

Then rect BA, AC=PQ A^l 

And rect ED, DF=PQ DN 

rect BA, AC rect ED, DF=AM DN 
But ABAC=iBC AM, and ADEF=-JEF DN 

BC AM==EF DN, AM DN = EF BC [E^12,p 253] 
rect BA, AC lect ED, DF=EF BC 
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8 Here PB CA+PC AB=PA BC \Th 78] 

ButBC=CA=AB (PB+PC) AB = PA AB 

PB+PC=PA. 

9 Eecau'se ^ABD=z.CBD , arc AD=.irc CD, 

chord AD=chord DC And because A, C aiefivcd, 

D IS a fixcd^point, and AD is*constant 
But AB CD + BC AD=AC.BD, [Th 78] 

or, (AB+BC) AD=AC BD [Th 50] 

AB+BC BD=AC AD = constant [E> 12, p 253] 

10 To find A nso either the method of p 111 oi the forimila 
pioNed in E\ 7 (iii) of that page 


1 (i) The 

Similarly 

(n) Similarly 
Hence 


Page 306. 

z.ACD=Az.ACB 

=z.APB 

i.ADCt=/LAQB 

/.CAD^^PBQ 

z.CBD=/.PBQ 

z.CBP=^DBQ 

/.BPC=Z.BQD 


[Th 7] 
[Th 38] 

[Th, IG ] 


2 Let O be the contic of the O, and Y the middle point of CD 
Join XY, OC, OY. 

Tlien OY is perp to AB [Th 31 and Hyp'] 

Now XC=+XD2=2{CY2+XY-^ [7% 56] 

= 2{CY2+OY*+OX^} [77i 29] 

=2{OC2+OX2} 

=2{OA2+OX*} 

= XA2+XB* 


[Ex 6, p 230 ] 
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3 Let ABCD be the quad* Let AB, DC meet at P, and BC, AD 

at Q. Let tbe bisectois of the U at P and Q meet at O 
Join PQ. 

Then z.OPQ=;^(iLCPG+/-APQ), 

and L OQP = ^ CQP + L AQP), 

/.POCl=^(z-PCQ+z.PAQ) \Th 16] 

BCD+a BAD) \Th 3 ] 

=one rt angle [Th 40] 

4 Let PAB be the given \ ertical angle, AB the given side, and K 

the given altitude 

Fiom centre A, \\ith radius K, desciibe a O , and from B 
draw BDC to touch the O at D, and meet AP at C 

Tlien ABC is the required triangle 

For AD IS perp to BC [ Th 46], and is equal to K 


5 On AC describe a semicircle AQC At B make Z.ABQ=45® 

Dmw QP pern to AC Then PB=PQ. But PQ is a mean 
proportional oetween PA and PC [Prob 3S] Pis the 
required point 

6 Bypai^, BF FA = BD DC=AE EC 

And ABFD AAFE = BF FA [Th 70] 

And AAFE ACDE=AE EC 

ABFD AAFE=AAFE ACDE 


7 


Join PY, QX pn the fig taken PX and QY are on opposite 
sides of PQ.J 

ThenZ.QPX = /.PQY[7% 14]=^PXY [Th 39] 

Also iLQPY=/.QXY [Tk 39 ] 


B\ addition, z.XPY=^PXQ 

But c PXQ is constant, since PQ is fixed 

Z.XPY is constant , avc XY is constant [Tk 42 ] 

chord XY is of constant length [Tk 45 ] 

XY touches a fixed concentric circle [Tk 34 ] 
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8 Join AQ, and produce it to meet A'P* at X Join A'Q,'. 

Then, by hyp and Theoi 41, the figs XP, XQ' are rects 
AX=P’P, and A'X=Q'a 

Now AA'2=AX2+A'X2 \TIi 29] 

= P'P2+Cl'Q2 


9 The diameters of the O* about ABE, ACE are in the ratio of 
AB to AC [Ex 5, p 305] But, because AE bisects l. BAC, 

AB AC=BE EC. [Th 61] 

10 Because DE is par' to the tangent at A, it makes with AB, 
AC angles respectively equal to ACB, ABC [Th 49] , 

or Z.ADE=aACB and /.AED= aABC. 

A* ABC, AED are equiangular , 

AB AE=AC AD; 

rect AB, AD=rect AC, AE- 


11 


Let C, D be two given pts on AB On AD, BC as diameters 
descnbe semicircles cutting in P Draw PX perp to AB 

Then AX XD=PX2[2% 66, (7or]=CX XB 


XB XD 


[Ex 12, p 253] 


X IS the required pt 


12 Let D, E, F be the feet of the perps 

Bisect a.*DEF, EFD, FDE, by lines meeting at O [II p 96 ] 

Draw lines through D, E, F perp to CD, OE, OF. 

Then any one of the four A*ABC, OBC, OCA, OAB thus 
formed will satisfy the given conditions [See II , p 203 ] 


13 Let ABCD be the quadrilateral whose sides AB, BC, CD, DA 
touch the insci ibed O at X, Y, Z, W 

Let AB, DC, produced, meet at P , and AD, BC, produced, 
meet at Q Bisect the z." at P and Q by PO, QO Join PQ. 

Then PO is perp to XZ, and QO to YW ^ [Ex 7, p 177 ] 
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Now, as in E\ 3, p 306, it may be show n that 
L POCi=i(z. BCD+z. BAD) 

=oneit angle [TA 40] 

PO *incl QO arc at i iglit angles to each othei 
XZ and YW aieat light angles to each othei 

14 Let OA, OB be the two given st lines, C and D the centres of 

the given O*, and P then point of contact Tlicn P is the 
middle point of CD [ZTyp and T/i 48] Also it is clear 
that C and D ^\llI ino'io on st lines par' lespectnelv to 
OA, OB, and at a disUncc fiom them equal to the mdius 
of the gi\ on O* 

If these lines intersect at X, the locus of P is a O whose 
ceiitie 16 X, and whose ladms is equal to the radius of 
eithei ofthegnen O* Foi XP=PC=PD[77i 41] 

15 For let O bo tlio centic of the given O Join OC 

Then l ED0==l BAC-Z.OCE [T/i 39 ] 

Hence OC is a tangent to the O DEC \Th 49 Converse^ 
And since OC is a radius of the given O, the two O” cut 
oithogonally 


16. Lot ABCD be the quadiilateral Let the bisectora of the 
i.®A, B meet at X , of the B, C at Y, of the 2L*C, D at Z, 
and of the D, A at W 

Then iLAXB=180'’-(M+AB) [Th 16] 

Also L CZD = 180” - (iC +iD) 

L AXB + L. CZD = 360” - (A+ B + C + D) = 180” 

L YXW YZW = tw o rt angles , 

the points X, W, Z, Y are concyclic. 


17 


Because 

AB 

AC=AC 

AD, 


AB AB- 

AC==AC 

AC -AD 

that IS, 

AB 

BC=AC 

CD, 


AB 

AC=BC 

CD 

Again 

AB 

AE=AE 

AD 


Wypi 


in A* ABE, AED, the sides about the common L at A aio 
pioportional these A» aie similar \Th 64] 


BE ED=AB AE=AB AC=BC CD 
• CE bisects iL BED 
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18 With the given diameter EB describe a O EABC Make 
^BEC— given \citic«il - Di\idc BC m gnen ratio at D 
Bisect arc BC m F Pioduce FD to A ABC is the 
requiicd Foi l? BAC, BEC in same segment aie equal, 
and since 

arc BF=arc CF, Z-BAF^Z-CAF 
BA AC==BD DC=gi\en ratio 


19 Through Q dra\\ a st line pai^ to the given st line This is 
the requued locus [Proof by Thcor 60 ] 


20 Let C be the centre of the given O In OC take D, so that 
OD OC=gi%cn ratio Then A^OPC, OQD aie similar, 
and DQ CP=gi\en ratio But CP is constant, and D is 
fixed , locus of Q IS a O, having centie D and radius DCi- 


21. Let CD be the perp and let CD meet the first O at G, and 
the second O at O and O" 

Since the O® are equal, the distances fiom D of the two 
points on the one O are ieppecti\cly equal to the dis- 
tances of the two points on the other 

Let 0 be the point coi responding to G 

Then O is the oithocentie [Er 1, p 209], for DO=DG 

If C IS within the second O, then O' is the oithocentre 

Otherwise Tlie z. AGB is the supplement of the z. ACB \TIi 40] 
And since the segments AGB, AOB ai e equal [Hyp and 77^ 44 ] 
'-AGB=Z-AOB, Z.AOB is supp^ of aACB 

orthocentre is on arc AOB [III p 210] But the ortho- 
ccntie is on pci^ CD oithocentre is at O 


22 Call the O® (i), (ii), (iii) Let (i) and (iii) intersect again 
at 8, (ii) and (in) at C, (i) and (ii) at D 

Tlien as m the second nioof of the last exercise it may be 
show n by means of tlie O' (i) and (ni) that the oi thocentre 
of the A ABC lies on the arc ADB Similarly, by means 
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of tlie O* (ii) and (ui) tlic oithocentre of the A ABC lies 
on the arc ADC 

the oithocentre is at D 

Hence of the fom points A, B, C, D each is the orthocentre of 
the ti itiugle foz med hy joining the othei thi ee [Ev 4, p 209] 

23 Let A ho the gnen point, and O the centie of the given O 

Join AO, and bisect it at X With centre X «iud ladius 
equal to one-half of the radius of the given O, describe a 
O cutting the convex O®* at Y 

Join AY and produce it to meet the concave O®® again at B 

Tlion AY=YB , foi X is the middle point of the side AO, and 
XY IS half the base OB [See Ej 2 and 3, p 64 , and Tk 65] 

Impossible ^\hen the minimum distance from A to the O®® is 
greatei than the diaiuctei 

24 Let AB be the gnen base, H the given altitude, and K the 

ladius of the ciicum O 

Draw PQ par^ to AB and at a distance fiom it equal to H 
Then the veitev of lequned A lies on PQ 

Let O* with centies A, B and ladii equal to K intersect at S, 
on the same side of AB as PQ 

From centie S, vitli radius K, inteisect PQ at C oi C' Then 
eithei of the A® ABC, ABC' satisfies the conditions 

25 Let ABO be a tiiangle of the system on the hxed base AB. 

Produce AC to' D, makmg CD equal to CB 

Then AD is of constant magnitude Join BD cutting the 
bisectoi of the A BCD at P Then CP bisects BD at it 
angles Eequn ed the locub of P 

Bisect AB at O Join OP Then OP—^AD [Er 3, p 64] 

That IS, OP IS constant , and since O is a fixed point, the locus 
of P is a ciicle, vhose centie is at O, and Mliose radius is 
half AD 

26 It has been pioved m YTI p 214, that if I, h, h, I3 are the 

centies or the inscribed and csciibed ciicles of "the A ABC, 
each of these four points is the oithocontie of the triangle 
foimcd by the othei three, and that the oiigiual A ABC 
is the pedal triangle 

Hence given any three of the points I, |j, l^, I3, we ha^o only 
to draw the pedal tiitingle of the tiiangre so foimed 
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27 T>r3xr CD p^rp to BC tf* meet the c'rcurn-0 at D .Toin AD. 
80 

Ta.n BD r. d:~'n., an'l AD I 5 perp to BA. [ j?7i 41 } 

Bat CO pp'-auc-cl L. ?'~o jK:rj> to A3 [/77>] AD and CO 
art par And Lv ccrstmction AO and DC are pat* * 
. AO=DC ■ [77.21} 

B .t, ^incc BCD x* a rt. _. BD-= BC-~CD*. [Th 29 ] 

o.. cr-=BC--AO- 

28. B^-canse C I'.'ects arc AS chord AC=ch<3nl BC 

Bat AD EC-DB AC=AB DC [77.78] 

AC-fAD-i-DB)=AB DC 
.. AD-DB DC=AB AC [£>. 12. p 2i3] 

29. l>t BD. CE cat tr O E..*ca'i=c BO 00= CO OE. 

, DE 13 p’r- to BC. an J BOC DOE are similar : 

BC DE=BO 0D=4 I 
Ext BA EA=:BC E0=4 1 

BA-EA EA=4-l.i, [IV p 2o0.] 

cr BE EA=3 1 

30 l>t P. Q be tvo Psed f*s. AB aav st hnc. bctveen them. 
Dra"* PM QN cn AB. ard* kt PQ cut MN xn O. 

Th^ri 0 ?: 00 =P*V QN=cr»nstant 

MN a!v av 5 thre • the fisc-d pt O. vhich divide^ 

PQ int<-.maiK in the constant ratio 

3L Mate _CAD=_ ABC. Th^n iL* BDA. ADC are «nmlar. 

' 8 D:DA=DA-DC 

DA L' a mean ptxtportional l)et’“e<'n BD and DC 

32. Tlie ojui’i*" n tancrci r at O irake? v-ith OA an x. enual to 
_OQPasdtoIOSA[77.-:Ol ‘ _OQP=.iOBA PQ 
is par to A3. *. LF^C=alt — QCB=_C?Q in cUernate 

segntnt. .. chord CQ=chorrI CP * OC bisects -BOA- 

[77.44. 43] 

OP.OQ=OA-OS=AC BC [274.61.] 
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33 Taking the Figure in which D is wifchm the O and on the 
side of O remote from AB , join OA, OC Then the 
Z-CEO=90'‘-^B=90 ®-^lCOA at centre=AOCD 

A*ODCj OCE are equiangular 
OD OC=OC OE 
OD OE=OC2 

34. Join AD, BD Then the ^BDY^aBAD [J% 49]^iiBDX 
DB bisects l YDX mtemall j Again, DA is perp to DB, 
DA bisects a YDX externallj. 

XB BY=XD DY=XA AY [7%. 61 ] 

BX AX = BY AY 


35 Let P, Q be the given pts. Divide PQ, internallj and ex- 
ternally, at A and B in the given latio [Proh 37] On AB 
as diameter describe a O Then the Stances of P and 
Q from any pt on this circle are in the ^ven ratio 
[Er 8 p 259] The pt or pts , if any, where this O cuts 
the gxi cn O are the pts required. 


36 Let the bisector of the vert ^ be a part of PQ, a line of 
unlimited len^h. Bisect AB, the gii en base, at rt angles, 
a line whi5i cuts PQ at X 

Detrcnbe a 0 about AXB, and let it cut PQ again at C Then 
the A ABC will be that required. 

For chord AX=chord BX [7%. 4] 

arcAX=arcBX [7K 44] 

aACX=.^BCX [7% 43] 


37 Let O, O he the centres Then, because BE and C'O' are 
both at rt 4* to ABCT, 

AB BC'=rAE EO' [7% 60] 

AB 2BC'=AE EA' 

A'B 2BO=A'E EA. 

AB 2BC==2B'C AB 
AB A'B BC' B'C 


Similarly 
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38. Let P 1)0 tlio given pt and 0 tlio centie of the given O 

On OP dosLi ibo a segment of a O containing an .ingle of 4.')“ 
[Proh 24] Let tins cut tlie given O m Q Join PQ 

cutting tlio O" .sgain in R 

nieii - £.ORQ=i.OQR=45'’ 

/lQOR= 90’’ [77i IG] 

39. With figuio of p 207, let S bo the ccntio of circuni O, and 

let SA meet’ EF at X 

Then /.AFX=z.ACB [II Cor n, p 208 ] 

And z.ASB= twice aACB, [Th 38] 

L SAB = 90" - ACB [Th 5, 16 ] 

Hence from A AFX, the ^ AXF is a it angle [Th IG ] 

40 Since the CEP, CDP .ai c rt angles, the O about the A PED 

pi'jses thiotigh C, and is tlc'-uibcd on PC as diam Hence 
it IS leqmi-cd to find the locus of X, the mitldlo point of CP 

Take S the ceiiti o of the O .ind join SX 

Tlien Binco the aCXS is a it angle [Th 31], and the points 
C, S aio fixed, the locus of X is a O on CS as di.ini 

41 Taketlic figuicof p 212 Dinw the diam AX, .ind join AP, PX 
Then the fom points P, D, E, C .aic concyclic 

Z.EDB=/lEPC [Ex. 5, p 163 ] 

=90*-z.PCE 

=00"-aPXA [Th 39] 

=aPAX [Th 41 ] 

42. On the given b.iso AB desci ibc .i segment containing the given 
.ingle, .ind another segment containing half the given 
angle M.ilte the Z.ABK half the gneu difl of the base 
angles and diaw' BD peip to BK to cut the laigci seg- 
ment at D Join AD, cutting the smaller segment at C 
and BK at Q Then ABC is the A leqiiircd 

Foi ^ACB=z.CDB + /.CBD, .md ACDB=iAACB, 
aCBD=^z.ACB aCDB=aCBD, CD=CB 
AndKBDis.ait .angle Hence CCi=CB [Th 41] 

BK is Jieip to the bisectoi of the vertical /.ACB 
/.ABK-idiir of /.'CBA, CAB [E% 2, p 138] 
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43 Let ACD AEF and BEC, BFD be the two p-iirs of lines Let the 
O* about the A* ACE, BEF meet at P Then shall the O* 
about the A*AFD BCD pass through P Join PF, PE, PA 

Then 2 lBFP=^BEP {Th 39] 

=^PAC [ffto, pl63] 

Hence PAD, PFD together=two rt angles 

the points A. D, F P concvclic that is the O about 
the A ADF passes thiough P 

The proposition niav also be pro\ed bv the piopeities of 
Simson's Line [See T and j£i 3, p 212] 


44. From the last exercise it is seen tint the C* about the four 
A* pass through a common point P Hence it ma> be 
seen {Ex 3 p 212) that the four A* have a common 
pedal for the point P 

Also {Er 4 p 212) this pedal bisects each of the lines joining 
P to the four orthocenti'es 

Hence, bj the method of Ex. 9, p 94, the ortbocentres are 
collinear 


45 For suppose any two con^^ecutii e sides AB BC of an in«cnlied 
pohgon are unequal Let P be the middle point of the 
arc AC 

Tlien AP, PC are together gi'eiter than AB BC [See Er 19, 
p 318], and A APC is gi eater than A ABC for it has 
a greater altitude 

Hence there is an inscribed polygon which has a greater 
penmetei and a great ei ai ea than the gi\ en polygon 

an inscribed polygon cannot ha\e the maximum perimeter 
or maximum area unless eNery pair of consecutive sides 
are equal , that is, unless it is regular 


46 Let E be the middle pt of AB Then, since diagonals of a 
par*® bisect one another E is middle pt of CD 

Draw DO, par* to EP, meeting CP in O Then A* DOC, EPC 
are similar OC=t\vice PC, and CD = twice PE , hence 

O IS a fixed point, and OD is of constant length the 
locus of D IS a O, having the fixed pt O as centre 
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47 Let ABC Iw tlic isosceles A Dniii AD perp to the base BC 
At A Tiiakc the I* DAE, DAF cscli 30°, E and F being m 
BC Then AEF is an equilateiiil A Fioni AE, AF cut 
off AG, AH each equal to the mean piopoitional between 
AE and BC Tlien b^ siniilai A*AGH, AEF, 

A AEF AAGH=AE2 AG-^AE^ AE BC [Tli 72 j 

=AE BC 
= EF BC 
= AAEF ABC 

the equilateral A AGH =gi\en A ABC 

48. Let MAN bo the given loit Along AM, AN take AP, AQ 
each equal to iialf the given stun of the sides containing 
the A ei t z. / 

Let ABC bo one A of the system Then cleaily PB=CCl 

At P and Q draw PX, QX peip to AM and AN Then X is a 
fixed point, and it ina> be shown [77< 18] that PX=QX 
Ucnce the A*BPX, CQX aie identically equal \Th 4] 

the L PXB= the L QXC to each add the L PXC ; 
then the z.BXC=tlie Z.PXQ. 

But since the z." at P and Q ai o it angles, the l* PXQ, PAQ 
aie siippleiuentaiy , the BXC, BAC aio supple- 
incnt.iiy 

X is on the O about the A ABC Thus the O passes 
thiough two hxed ])oints A and X Hente the locus of the 
centre is the st line bisecting AX at it angles 

49 Let D, E, F be the Acrticcs of the cquilatcial A* Tlien the 

A" BAE, FAC arc identic<illv equal BE = FC But the 

A*ZAB, YAC me sttnilat , 

AZ AY=AB AC 
AZ AF=:AY AC 

But z.ZAY=z.FAC A" ZAY, FAC are similar 
ZY FC=AY AC 
Similarly XY BE=AY AC 

Hence XY=YZ=ZX 

50 Let XY 1)0 the given st line, and P, Q the given pts [In the 

fig considcicd P is outside the given O ] Join PCi and 
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in it take a pt F so that rect PF, PQ=the rectangle con- 
tained by the segments of any choid of the circle tiirough 
P \Pioh S’)] Let QP and YX be produced to meet at Z 
Let K be the length of a chord of the O 'which subtends 
at the O'® an angle equal to the Z-QZY , through F draw 
a line FBD cutting oft a choid BD equal to K [by using 
Theoi 34 and Ex 2, p 177] Draw PBA meeting O in 
B, A, and join AQ meeting the O in C Then ABC is the 
requited A 

Because rect PF, PQ=rect PB, PA , 

PF PA=PB PQ, [Ex 12, p 253] 

A* PFB, PAQ are similar [Th 64 ] 

aPFB=^PAC 

« BDC (or the supplement of BDC ,) 
DC is par' to PQ. 

And because L DCB=^ QZY , 

BC is par* to XY 

51 Let P, Q, R be the given pts Join PQ and determine a pt F 

in it as in Ex 50 

In the circle inscribe a A DBC so that DB and BC pass through 
F and R respectively, while DC is par^ to PQ [Ei 50] 

Produce PB to meet the O** in A , join QA meeting the 0"in 
O', and join DC' 

Then z.BAQ=a FDC' in the same segment 
Also, as in Ex 50, the A® PFB, PAQ are similar , 
iLPAQ=^PFB=alt A FDD 
aFDC==z.FDC' 

Hence C' coincides with C, and the A ABC fulfils the 
reqmred conditions 

52 Take the case in 'which the points are in the following order 

O, A, B, X, Y 

Take OE a mean piop^ bet'ween OA and OY and descnbe a O 
with O as centie and OE as radius Take P on the O" of 
this O , describe a O i ound PAY and also round PBX 
Tlien OP touches each of these O®, since 

OP2=OA OY=OB OX 
aOPB=z.PXB 


[ 7 %. 49 ] 
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But i.OPB=sum of i? OPA, APB, 

and z.PXB=suin of 4.»XPY, PYA [7% 16] 

sum of a.»OPA, APB=sum of z.* XPY, PYA , 
but Z.OPA=z.PYA \Th 49] 

Z-APB=Z.XPY 


S3 Let OA, OB be tbe two given lines Produce AO to A', and in 
OA' and OB take points H and K, so that OK OH=the 
given ratio 

Draw OC par’ to HK 00 is the reqmied locus 

For, draw KQ peip to OB to meet OC in Q, and QR perp to 
OA Also, from an} pt P in OC, diaw PM perp to OA 
and PN peip to OB 

Then PM PN=QR QK 

But A®OHQ, OKQ on same base OQ and between same par** 
fire equal 

rect QR, OH=iect QK, OK 
QR QK=OK OH 
PM PN =given ratio 


54 Let ABC be the tnangle , S, I the centies, and R, r the radii 
of the circunihciibed and inscnbed circles 

(i) To prove S|2= R2 - 2Rr 

Join Al, and produce it to meet the O'® of the circum-O at X 
Join XS, and pioduce it to meet the O'* again at Y Join 
XC, and draw IE perp to AC Join YC 
Tlien in the A® lAE, XYC, 

z.lAE=/.XYC[r/i 39], andiLlEA=i.XCY[7% 41], 

hence the A®IAE, XYC aie equiangular, [Th 16] 
IE XC=IA XY, [Tk 62] 

IE XY=XC lA 

But IE=r , XY=2R , and XC=XI, \_Er 16, p 206 ] 

2Ri=XI lA 

Join SI, and produce it both ways to meet the O'* at P, Q. 
Hence XI IA=P1 IQ [2V< 57] 

=(PS+SI)(SQ-S1) 

= R2-S|2, 

hence SP=:R2-2Rr 

X 


K S G 
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(ii) Similarly, if I,, I 2 , I 3 are the centres and rj, rn, the radii 
of the escribed O*, it intay bo shevrn that 

Sli2=R2+2Rri, SI,2=R2+2Rr,, 
and Sl 32 =R 2 + 2 Rr 3 

p 

(ill) To prove IN = 5 ^ -r (Feiiei bach’s Theorem ) 

A 

We here give an outline of Feuerbach’s proof, one step of 
which aepends on ti igonometncal woilv 

Let S, I, and N be the centres of the ciicumsciibed, inscribed, 
and mnc-point 0“ of the A ABC, and 0 its oithocentie 
Let AO meet BC at D, and the of the circumscribed 
O at G Join SI, 10, and SO , and lot SO produced both 
ways meet the O" at P and Q. 

Then N ls the middle point of SO [p 211 ] 

And since IN is a median of the ASIO, 

S12+I0==21N2+2SN2, 

or SP+10-=2IN2+iS0- ( 1 ) 

But SI2=R2-2Rr, andSO==R2-PO OQ [TK 63] 

^R2-A0 OG 

Also it may bo pio\ed by tiigonoinetiy from the A I AO that 
I02=2/'2-A0 OD 

^2i^-^AO OG \Bx l,p 209] 

Substituting these results in ( 1 ), we have 

2(R2-.2R0+4r2-AO OG=4IN2 + R2-AO OG, 
or, R--4Rr+4;^=4IN2 

tc, (R-2r)2=(2IN)^ 

2-r=IN 

Eemembering that the ladius of the nine-points O is half the 
radius of the circumcircle we see that the nine-points O 
touches the inscribed O 

(iv) Similarly we may prove that Nlj=5+rj, and similar 

formulae for NU, NI 3 , whence the nine-pts O touches the 
3 escribed O® 
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Page 313 

1 Let the gncn cjrelc cut the axis of y in B, B' Enough 
the gi\cn pt A (20, 0) dniM FAF' iiai’ to OY .loin AB, 
AB' cutting the O" in E E' icapcctnely Piocluco OE, 
OE' to meet AF in F ami F' 

Then the O' who«e ociitios arc F F' and ladn FA, F'A 
i CNpeclii el\ will each Mtivfi the conditions 

Foi ^FAE=:LOBE[7y/ ll]=^OEB[77i 5]=i.AEF, 

FE=rFA 

ljetAF=tf', then OF=OE+EF=10 +t 

But OF--OA5+AF- , (10+.i)-=20Ha:=, whence r=ir> 

Kidius of the O = lf» 

From E draw ED perp to OX 

llioiiOD OA=ED FA=OE OF \Th G2] 

ButOF^OE + EF=2.-i, OE OF=2 . 

heme OD=8, ED=0 
coords of E ate (8, 6) 


2. Let A he the giicn pt (G, 8) Draw AP the tangent at A 
cutting OY 111 P With centie P, and ladius PA, desciihc 
a G cutting OY on K, K' (K heing outside the O) Fioiii 
K, K' dt.iw pcip* to OY meeting OA in C, C' Then 
the O' whose cciities aie C and O', and ladii OK, C'K' 
1 cspcctn cl)’, Kitiflfy the leqiiiied conditions 

For the it-L'* A* CKP, CAP are congiuont [Th 18], and 
CK=CA 

Now if AM be the peip fioiii A on OY, we have, by Tlieoi G2, 
00 CK=OA AM = 10 G 
, fhvidemlo, OC OC-CK=10 10-G=C 2 

lienee, renieuibei ing that 00 — CK=OC--CA=OA=10, 
w c get 00 — 25, and OA = 1 5 

OK=\/00'' - OK-^^ 1 .5-'= 20 

radiusof thelargei Oisiri.and itspt of contietis(0,20) 
Snnilai 1\ Hiiiallei O is 3]J. (0, fi) 
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3 Analysis Let BOC be the given quadrant, A being the 
mid -pt of the arc BC Then by symmetry the req*^ O 
will touch the arc at A Let M be its pt or contact with 
OC Draw AT touching the quadiant at A and cutting 
OC produced at T Then TM =TA. 

Constntotion Draw AT touching the arc at its mid ^pt A and 
cutting one of the bounding ladii OC at T With centre 
T and radius TA cut this nidius at M Fiom M draw 
MP peip to OC and meeting OA m P Join PT 
Tlien the A“TMP, TAP are congruent [Th 18] Hence 
PIVI = PA, and by Tlieoi 18, PIVI=peip from P on OB 
a O \^hose centre is P and ladius PWl is the req** O 

Let radius =rinches, then OM = PM=r, and OP=2-r 

But OP2=OM2 + MP-, (2-r)-=r2+r-, whence r2+4r-4=0 

Soh mg the equation w e get r = - 2 ± 2 n^ , whence, reject- 
ing the negative root, the radius=(2\^2-2) ms =0 83", 
netiilj 


4 Let A be the pt (2, 2) Join OA, and draw AT perp to OA to 
meet OY in T From TO and TY cut oil TP and TQ 
respectively, each equal to TA Let the perns from P and 
Q to OY meet OA, oi OA pi oduced, in C and C' 

Tlien, from the congiuent A®TPC, TAC, we have CP=CA, 
also C'Q=C'A 

Hence the 0“ whose centres are C and C', and radii CA and 
C'A respectively, will satisfy the leq*^ conditions 

Now OA=\^+2^=2>^, OP=CP=r , and OC=2\^2~r 

But OC2=OP+CP2 , (2N/2-r)2=r2+r2 , 

whence 9-2 ^ 4r*j2 -8=0 


5 Let the pts in the given order be A, B, C and D Let AB and 
CD intersect in P Then it is easy to prove that OP 
bisects the ^APD, and that the figure is symmetrical 
about OP From O draw ON peim to CD, and bisect the 
z. PON by OQ meeting PD in Q From Q diaw QK par' to 
ON and meeting OP in K Tlien l KQ0 = 4- NOQ \Th 14 ] 
=lKOQ [Con5i*‘] KQ=KO By symmetiy, oi by 
congruent A® [Th IV], KQ is the peip fioni K on AB 
the O whose centre is K, ind radius= KO, is the leq** O 
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6 Let ABC be the given equilpteral L. ; and AD BE, CF the three 
median^, meeting at O Them b\ Theoi. 7, AD bisects 
_ BAC and is perp. to BC 

Bi^t ^OFB by FP meeting OB at P Then since P lies on 
the bisectors of each of the /J OFB, FBD FOD, a circle can 
be described with centre P to touch each of the sides of 
the quad* BFOD. [Prob. 20] 

Along OA, OC cat off OQ, OR each equal to OP. 

Then from P. Q- and R as centres it follows by symnietrj* that 
equal circles can be each touching two sides of the 

-L ABC and the othei two circles. 

I>et M be tlie foot of the perp from P on AB. 

Then FM=PM=r; and BM=PM tanBPM=irtau60\ 

Xow FB=iAB=0; anaFB=FM-BM; r(l -^tan60’)=£ 

Also tan ; * r= — ^^=055T, 


7 I-ot OA, OB OC l>e three radii each inclined at 120"* to the 
others. Join AB. 


Then it may be proved that AB is perp. to CO produced. 

Bisect i-OAB bj AO meeting CO produced m D and through 
D draw DP’ pat* to AB, to meet OA m P. Then ^ODP is 
a rL^. 


And ^ PDA=.« DAB [7X. 14]=i.PAD ; whence PA=PD. 

Hence a 0, centre P and radiu*^ PA, will touch the given O 
and al«^ CO produced at D 

Along OB OC mark off OQ, OR each ef|ual to OP 

It IS now easy to shew that R, Q, R are the centra of the 
req^ 0*. 

OP=PD cceecPOD=rco?ec60' ; and OAs=OP-FPA 


■ 2=rcosec60’-i-r , 
or r(l-f ct»ec60*)=2 

3 2^/3 


2sow cosec60°=-^; .* r=— — ==2\^C2— 

2— <3 ^ 


=0i)3’, nearly. 
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Pa^e 317 

1 Take one of the given sides as base, and from an extremity of 

this base, with the othei side as radius, describe a O 

Then the veitex of the A must be on this O Now, the base 
being given, the A is greatest when tlie altitude is greatest 
this may iCcadily be shewn to be vhen the second side is 
drawn at it angles to the first \Tk 10] 

2 If the base AB and aiea of a A ABC aic given, the vertex C 

must move on a st line PQ pai* to the base AB \Th 27] 

And since AB is fixed, the peiimetei is least when the sum of 
AC, BC IS least This is the c<lsc when 

the z.PCA = the aQCB \Ex 3, p 316] 

But aPCA=aCAB, and aQCB*=aCBA \Th 14] 

z.CAB=:aCBA, AC = BC \Th 6] 

If AB=2 0", and aiea=3 12 sq in , 

i. 1 . li. j. js area of A 312 
the altitude— 312 

^ base 1 0 

since the A is isosceles, 

AC2=12+(3 12)2=10 7344 sq in 

V hence AC = \/l0 7344 = 3 276" 

peimietei (when minimum) = 8 55" approx 

3 Since the base BC and the vertical angle aie given, the vertex 

A must move on the segment of a O described on BC to 
contain an angle of 60“ \Th 39 Cbnv] 

Also since the base is given, the A is greatest when the 
altitude IS greatest, which is when A lies on AX the 
perpendicular bisector of BC 

For take any other pt P on the aic and draw PM peip to 
BC meeting the diameter par^ to BC at N The centre 
O lies on AX 

Then OP > PN \Th 10] , OA > PN 

AX>PM, for OX=:NM 

Since AB=AC \Tk 4], and aBAC-^ 60% the A must be equi- 
lateral 

BA=BC=10cin Hence, by Theoi 29, AX=5\/3cm 
area=jBC AX— 25\^3sq cni=a43 30sq cm 
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4 Bisect AB at C, and from C draw CM, CN perp to OX, OY 
lespectively Then CM is par* to OB, and by Theor 22, 
OM=^OA=l 5" Thus M lies on the O, and CM is a 
tangent Siniikily CN is a tangent Then L MCN will be 
the maximum angle contained by tangents diawn from 
pts on AB 

Foi take any other pt P on AB and draw the tangents PQ, 
PQ' ThenOP>OC \Th 12] 

■ OQ2+QP2>OM2+MC2 \Th 29] , whence QP> MC 

Now apply the AOQP to the AOMC so that OQ and OM 
coincide and Q,P lies along MC Tlien P lies in MC pro- 
duced and aOCM>aOPQ 

the L. MCN (which Is double L OCM) is greater than L QPQ' 
(uhich IS double the aOPQ) 

By measurement A MCN is found to be a rt angle, which was 
to be expected since OMCN is a pai™, and a MON is a rt 
angle 


5 Let AB be the sti-aiglit lod, C its middle point, and 0 the 
inteisection of the lulcrs Then OC=half of AB, and la 
constant foi all positions of AB \Th 41] 

And since the base AB is given in magnitude, the area of the 
A IS gieatest when the perp from O on AB is the gieatest 

Now when AB makes equal angles with the two lulers, OC is 
peip to AB \Th 6 and 4] And in any other position of 
AB, OC IS gieatei than the perp from O on AB [Th 12] 

Hence the greatest A is obtained when AB is equally inclined 
to the two ruleis 


6 Let AB be the given line, and K the side of the given square 

(i) At B draw BC, making the A ABC half a it angle 

Fiom centre A, with radius K, describe a O cutting BC at P 
(or P') Diaw PX perp to AB 

Then^ AX2+XB'*=sq on K 

ForAXBP=-^rt angle, and APXB=one rt angle, 

AXPB=^rt angle, PX=XB 
Hence AX2-J-XB2=AX2-{-XP* 

s=AP®=sq on K 


\Th 29] 
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(ii) Tims AX“4-XB2 is a minimum, when AP is a minimum , 
that is, when AP is the peip on BC 

In this case the APAB=^rt angIe=AABP 

AP=BP, and hence X is the middle point of AB 

7 (i) Let C, D be the centres of the gi\en O" \\hich intersect 

at A, and X the given line 

On CD describe a semicircle , and from centre D with radius 
equal to half of X cut this semicircle at E Join ED 

Through A draw PAQ par* to ED Tlien PQ is the line 
lequired. Join CE and pioduce it to meet PQ at G, and 
diaw DH par* to CG, meeting PQ at H 

Tlien since Z.CED is a nght z., \Th 41 ] 

CG, DH aie perp to PQ [Th 14], and GH = ED=iX 

Also PQ=2GH, [7% 31] 

PQ=X, and is dra\\n through A 

(ii) We *5ee that PAQ is a maximum, \^hen ED is a maximum 
But ED has its gieatcst value ^\hen it coincides with CD 
Hence PQ is a maximum when it is pai* to CD 


8 (i) Let OA, OB be the tangents Take P the middle point of 

the major arc AB, and let PX, PY be the pei*ps. on OA, OB 

To pro\ e that PX + PY is a maximum 

I-iet Q be any other point on the aic AB (m the Fig chosen, 
Q is on PB), and QM, QN the perps on OA, OB 

Ijet PY, QM intei'sect at R Join PQ, OP 
Then since the tangent at P is peip to OP, and Q is on the O*®, 
the Z- OPQ is less than a it Z- 
But ^ RPO =z. POA=45“ , z. RPQ is less than 4 , 

, from the rt angled A QRP, the z. RQP is greater than 45" , 
Z- RPQ is less than A RQP 
RQ IS le^ than RP [Tk 10 ] 

Also RM = PX, and QN = RY 

PQ-RM + QN islets than RP+PX+RY, 

QM+QN IS less than PX+PY 


01 
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(u) Similarly if P' is tlic niuldlc point of the niinoi arc AB, 
it can be pio\c(l that P'X+P'Y is a niiiumuin 

T^t C bo tho centre of the O, then OACB is a sqiiaic 
and CP=CB=:=20" 

Lot PX meet the diain pai' to OX in H 
Then it is easily shewn th it OX=PX and CH =PH 
BHt2CH2=CP=[7’/i 29]=4sti in CH =**/!: in 
OX=OA+AX=(2+s/2) 111 =3 114" 

OX + PX=G83" 

Simihilj OX'+PX'=(l -2-y2)ni =1 17' 

9, Tjct A 111(1 B lie tlie fi\ed point's, PQ the tangent ,it T, ami let 
i.PTA=j.QTB 

To pIo^c that AT+BT is a ininimum 

^rins pioblcin supposes tint AB does not meet the O, and that 
AT, BT ni'c on the side of PQ leiuotc fioin tho O, 

Take X any othei point on the G"* then AX uuist cut 
PQ ] at sonic point K Join KB, XB 

Tlien AK+KB is gicalci than AT -fTB , 3, p 316 ] 

and AX+XB is gi'catei than AK + KB [Et 3, p 34 ] 

Hento AX+XB is gieatei than AT +TB 

10 Let AP, AQ be st lines of iiidelmitc length including the 
fixed Acrtiail angle 

Let ABC be the isosceles A, ha\ing the given altitude AD 
And let AB'C' be an^ othci A luiMng an equal altitude AD' 
Tlien b^ Theoi 17, D is the nuddle point of BC 
Through D di-aw XDY pii^ to B'C' meeting AP, AQ at X, Y 
Now A ABC IS less than AAXY [Ex 4, p 31G] 

And AAXY is less than AAB'C' by tho stnp CXYC?, since it 
Ilia} be shewn tliat B'C' must he on the side of XY lemote 
fiorn A Foi let XY meet AD', or AD' pioduced, at K 
then tho/.AKD is a it angle, AD is gieatei than AK , 
that IS, AD' IS greatei than AK 

IrVlien the given xeitical angle is GO®, for minimum .ii’ca each 
of the base angles must be also 60® \Th 10] , and* the 
tiiangle is equilatenil Let 2(X be the length of each side 
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Then by Th 29, 4rt2=a2+3G , whence cf=2\^3 cm 

minimum aiea=^(Cx4\^3)fiq cm =2078sq cm (toneaieat 
Bq mm } , 

and pcnmeiei of minimum A =12^/3 cm =20 8 cm 

(to nearest nun ) 


11 Let AP and AQ be the two fivcrl tangents, and BC any other 
tangent to the con\e\ aic I-ict O be the centre of Hie O, 
D the pt of cont<ict of BC Join OB, OC, OD, OP, OQ. 

Tlien as in Tli 47, Coi , tlic A" BOP, BOD aic congruent, and 
the A*COD, COQ aic also congruent 

Hence the fig BPOQC = 2 A BOC, and z. POQ = 2l BOC 

Now the quad* APOQ is of constant area, and the A BAC 
IS a maximum when the fig BPOQC is a minimum , that 
IS, when A BOC is a tiiinimuin 

But £.BOC=iz-POQ,=a constant, and the altitude OD of the 
A BOC IS constant 

A BOC IS a minimum when it is isosceles [JE^ 10] , tliat is, 
when BC touches the arc PQ at its middle point 


12 


Take AB = ] 6" as base 


then the altitucle=^=l 5" 
0 o 


C the vertev lies on a line XY pai* to AB and distant 1 5" 
fioni AB diaw this line and dcsciibe a circle to piass 
thiough A, B, and touch XY at C \Et 2, p 311] Then 
the Z.ACB will be the gie.itest \eitical angle, and ou 
measurement it is found to bo 06° (to the neaxest degree) 
Proof by Ex 2, p 31.0 


13 Let A, B be the gi\cn points (both without the given O) 
Through A and B descube a O to touch the given O 
extol nally at C [bx 3, p 312] 

To prove that ACB is the nmximuni angle Let P be any 
other point on the of the gnen O Join AP, BP, and 
let AP meet the O of constiuctioii at Q Join QB 

Tlien Z-AQB is greatei than ^APB , [27i 8] 

and /lAQB=z.ACB \Th 39] 

Z.ACB IS gi eater than ^APB 

If A, B are both within the given O, the O of construction 
must be diawn so as to ha\e internal contact Heie theie 
are always two solutions, and the one winch gives the 
greatei angle must be chosen 
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14 Draw a O to pass tlirongh A, B, and toucli OY [Ex 2, p 311 ] 
Lot P be the pt of contact Then A APB will be the required 

maxinunn angle \E% 2, p 315] 

Now OP2=OA OB=08xl 8=144sq in [7% 58] 

OP =12" 

15 Let ABCD icpresent the budge, wheie AB=49 ft , BC=32 ft , 

and CD =49 ft The st line AP represents the bank 

Through B, C describe .i O to touch AP at T [Ev 2, p 311] 

Then the arch BC subtends the gieatest angle at T 
, [Ex 2, p 315 ] 

Also AT2=AB AC [7% 58] 

=(49x81) sq ft 

AT=7x9=63ft 

16 Since the sides AO, BC aie constant, the aiea of the A ACB is 

a maxiniiini when they aie at it angles [Ex 1, p 317] 

Draw any two ladii CA', CB' at light angles, and join A'B' 

With centre C and radius equal to the perp from C on A'B' 
dosciibe a O, and let the tangent from P to this O cut the 
given O in A and B Then AB=A'B' [77i 34], aftd hence 
by Theor 7 the A ACB is a it angle 

If the radius =6 cm , 

the area of AACB=^AC CB (since aACB= 90°) 
=i(6x6)sq cm 
=18 sq cm 

17. Let ABCD be a rectangle inscribed in the given O 

Join AC Then AC IS a dianietei [7% 41 ] 

Now the lectangle is double of the A ABC 

And since the base AC is constant, the A ABC is greatest 
when the altitude BX, namely the peip fiom B on AC, is 
gieatest 

And BX may be shewn to be greatest m hen B is the middle 
point of the arc AC The rectangle then becomes a square 

And if the radius of the circle be 5 5 cm , 

aieaof theiect =2 AABC=AC BX=llx5 5=60 5sq cm 
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18 Let O be the centre of the given O Bisect AB at X, and 

]om XO cutting the at P Join AP, PB 

To prove that AP^+ PB- is a minimum 

Now AP2+ PB2=2AX2+2XP2 [Th 5G ] 

Hence, since AX is constant, AP2+ PB^ is a ininimtim when XP® 
IS a minimum 

But XP 13 the least of all st lines dia^Mi from X to the O®* 

[T/i 37] 

19 It is shewn in Ex 4, p 191, how to find a point C such that 

AC+ BC may be equal to a given line H Now* the greatest 
'value H can have, in oidei that this consti action should* 
be possible, is the diameter of the second segment theie 
employed Tins determines the point X, and theiefore the 
point C and it may easily be shewn ly Theor 41 that 
CX==CB=CA , that is, that C is the middle point of the 
arc AB 

20 No inscribed triangle that is not equilateiul am have the 

maximum perimeter 

For let PQR be an inscribed triangle not equilateril , then it 
must have one pan of sides unequal, say PQ, QR Hence 
there is an inscribed A on the base PR, which has a greatei 
peiiineter [Z7r 19], the A PQR is not the insciibed A 
of greatest perimetei And this argument may be applied 
to all inscribed tiiangles not equilateral 

21 No inscribed triangle that is not equilateral can have the 

greatest aiea 

For let PQR be an inscribed A not eqiiilatemi , then it must 
have one pair of sides unequal, say PQ, QR Ilence [as in 
Ex 3, p 317] there is an inscnbed A on the base PR, 
which has a greater area 

the A PQR is not the insciibed A of greatest area 

And this argument may be applied to all inscribed A® not 
equiLateral 

22 Tt has been pioved [II p 208] that e\ery tv\o sides of the 

pedal tunugle aie equally inclined to that side of the 
original tiiangle in •«liich they meet 

Also [Ex 3, p 31G] if A and B aie fixed points and P a point 
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Page 322 

The scales 7 tsed ??i the following sohitwns arc chosen fo7 coyivcnicnre 
of representation on the printed page The student shoidd in 
moU case? choose his own so as to produce diagrams of about 
til ICC the size shexon 



hr 

1 30° 

[ 45° 

S3 

92 

11 3 


Tlie scale adopted is that in 'wlncli 2 horizontal dmsions 
repiesent S'* and 2 \eitical duisions represent 1 cm We 
then obt*iin the adjoining graph [The poition beyond 
65° has been cut oil from considerations of space] 
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Tlie ordinate of A, mz 17 6 cm, and the abscis'^a of B 
VIZ, 25°, give the \alues reqimcd 
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2 Bj actual measurement of tbe perpendiculars from B on AC 
corresponding to different values of C we obtain the 
following tabulated results. 


j Angle C 

m 

45® 

1 GO’ 


120*^ 

, 185’ ' 

150- 

1 ISO’ 

1 Altitude in cm 

cm 


m 

h' 

3 46 

1 2 83 i 

2 

0 

1 

lAreamsq cm 

* ? 
0, 5 ; 

f 

7'^>7 

i 866 

\ 

’ 10 ‘ 

S 60 

jTor! 

5 

i 0 
{ 


Now proceed as in Ex. 2. p 321, taking one horizontal division 
to e%ery 6". and 2 vertical dmsions to eveiy sq cm 
The graph presents no difinculty . and it will be found that 
nhen C is 63 the area is S9 cm and that nhen the 
ai'ea is 9 5 sq cm the angle is either 72’ or 10b\ Also the 
maximum area is 10 sq cm., when C=90’. 


3. Let CA=jr cm., then, bv Theor 29, CB=n^ 25- w 
area of ^ ABC=t^ AC CB \^2b — 

Hence by substituting diffeient values for '» we obtain 




1-0 

13 1 2-0 j 25 |3-0 

35 

4-0 

45 


^ A U}\ 1-24 
t i > 

2 45 i 358 i 4 58 1 5 41 ; 6-0 

till 

6-23 jco 

4-90 

1 

0 1 


Taking 4 horizontal divisions foi the x unit and 2 vertical 
divisions for the A unit, we obtain the following graph 
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\ 1 
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) 1 1 » 
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1 1 

M J ,1 

/* ^ ^ 

f M 1 

. c t 1 

1 } 

! » t 

) 1 < 

H « f 

t i t A 
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I F i 

< i 

1 _V \ 

1 t 

i : / 

‘ ^ J 

Ml' 

i ) » 1 1 

i ’ 

i / \ 

1 * 
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1 M n 

) > 1 


: M * 

i M 1 

M J 1 ^ 

( . f 

/7 M » 

D M 1 

Ml* 

IMF 

» • 1 


0 1 2 3 4 5 


It is «5hewn in Ex 5, p 317 that A is a maximum when the 
rod i’^ enuallv inclined to the two rulers • and. bv actual 

7 • 
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calculation from Tlieor 29, or by use of a larger graph, it 
Trill be found that this occui'S when CA=3 53 cm 


(i) Let AP=a7cm , PB=10-^ Hence denoting AP PB 

by y we must diiiw the graph of y=sa(10 — t) 

The following values may be used 


X 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

V 

0 

9 

16 

1 

1 

25 

24 

21 

16 

9 

h 


Hence taking 3 hoiizontal divisions as the unit of r and 
1 vertical division to lepiesent two units of y we obtain 
the following graph 
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It IS seen that y has its inaxiniiim value at the point M whose 
abscissii IS 6 Henee AP PB is a maxiinuin when AP is 
6 cm , that is, when P is at the nnd -pt of AB 

(ii) Here y = AP^ + PB® = r® + (1 0 - = lOO - ar(10 - x) 

Use the following values 


X 

0 

1 

2 

3 

4 

Ll 

G 

7 

8 

9 

10 

1 

y 1 

100 1 

82 

08 

5S 

■>2 

1 

52 

58 

68 1 

82 

100 


Taking 2 hoiizontal dnisions as 1 unit of r, and 1 veitieal 
division as 2 units of y v\e have the adjoining graph 
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It that V has inininiiiin \ahio at the point whoso 

•ihscm-va IS 5 Thus AP-4 PB- is a ininimiuii when 
AP=5 cm , that is, when P is at the niul pi of AB 


5 T)mu an anplo BAG -CO’ with AB=G cm B> takinjrdifibiont 
mIihjs of h i|(inp AC and rncisutinp; the coMXjspondin^ 
hngths of BC (“«) obtain the following: tihle 


m 


1 1 2 

1 

mm 

mm 

n 

G 

B 


H 


^9 

r. 20 

B 

GO 

0 56 


Taking 2 horizontal diMMons to i*o]ncsent tho unit of 6, and 
10 \citit il diMsions (o I'cpitscnt the unit of a wo obtain 
the adjoining gniph 



Tlic minimum value of /; is soon to he 5 2, and on diawung 
the triangle foi this %aluo wo find tlmt BC is pci pendiculnr 
to AC as \sc should expect fiom Thcor 12 
KSG 0 
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6 Take AB=10 cm ancl lucasuie the altitude (p) of the A PAB 
foi diffeient values of the Z-PAB Then since the area 
(A)=i p AB=5o, ^^e have the follo^Mng lesults foi p 
and in cm and sq cm respectively 


A PAB 

0 

7i° 

15" 

22i" 

o 

O 

37i" 

45" 

52r 

■j 

P 

0 

1 29 

25 

3 53 

4 33 

4 83 

50 

4 83 

1 

■ 

A 

0 j 

6 45 

12 5 

17 65 

21 05 

24 15 1 

1 25 0 

24 15 



the values, aftei those coi i esponding to 45"*, leciuiing 
in le^else older 
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0 15 “ 30 " 45 " 60 " 75 " 90 " 


The giapli is then as shevn, the scales being 1 liorizontal 
division =3", and 1 \ertical division — 2 sq cm, and it is 
seen that A is maximum when the aimle is 45" 

O 


7 If we take y to repiesent the aiea of any one of the figures 
and a, to lepiesent the length of the side on ^\hich it is 
placed we know from Theoi 73 that the ratio y jg the 
same for all the figures of the senes Thus the fraction 

^ is constant and its value (which may be found if required 

by calculation fiom any one of the figures) can be denoted 

by m Hence if we diaw the giiph of p—ni, or 

the ordinate corresponding to any abscissa will giie the 
area of the figuie whose side is equal to that abscissa. 
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If the {rnon jnc ‘•quaies in^\ foi ^licn r is 1 null, 

*/ IS 1 Mj III III me llie gnipli to Ik* dia\Mi is timt of 
inoseul^ no d^fl^cnl(^^ 'Ilio abscissa cone- 
sponduig to tlie oidumle 11 8 Mill be fouiul to be 3 13 

[One inch on taoh oms will be fouiul a comcnicnb unit ] 


8, (i) The iri^ph is sIicmh in the diagiani, the ^aluc.s being as 
tabidated 


i’’ 1 ^ 

- 

1 

2 

1 


8 

10 

1 

- \ 
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t 

s 

,.2 


20 

;r= 

4 

1 

! 

' 1 

0 2 *> 1 

; j 

i 1 ! 
1 _ 

\ 

«) 

ir> 

23 

y 

- 3 j 

0 

1 71 


\ 

3 

1 

- 3 



One diri«ion on e«ich a\m Ins boon t<ikon as uniU 
(ii) Use the following \ allies 


n 

M 



B 


-1 

0 

B 

2 

u 

-21 

_ 

-20 

- 10 

-12 

-8 


0 

B 

s 

x'- 

2(j 

23 

10 

9 


1 

1 ^ 

1 

4 

y 

-7 

0 

3 j 

H 

<) 1 

i 
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0 

-7 
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HARMOMC SFCTIOS PAOF 


Taking 2 hon/oiital dm^ions the unit of ;> and 1 vertical 
dnnsion for the unit of ;/ wa obtain the adjoining gi'aph 


. 1 1 

1 i ' 

i ' 1 Y 

!0 ‘ » i 

’ t 

.f.. \ . \ 

‘ » 

. f ‘ 

1 i 

1 > 


’ » ' 

tt 



! \ 

1 1 

1 J / .1 

• 1 |\ 

I 


/ /' ' 


5 ' » 

! 1 < 




1 ‘ * 

/ 1 , 


A i_. . 

> 1 i 



A ' 



} 


hr 

r i i 


\ 1 'X 

1 «5] 


o 

_ \a 

' ' 7 

1 1 

< 1 



1 

i 

* i V L. 

lJj 

‘ J 

< Y 

V 1 


Tlie maxiniimi value of t/ is given bv the luiiximuin ordinate 
vv Inch seen to be 0 


1 


Page 326 

(i) Bv Ex. 1, p 321, AX, AB, AY are in H P 
then reciprocals A, i ± are in A P 

‘ AB AX^AY 


(ii) By the note to the Def p 324, YX is div ided harmonicallv' 
at B A 


: in (i), 


YX YA**’YB 


2 (i) Here XB=AB — AX=2 4'’— 1 5"=0D''; and Y dnides AB 

citerually in the ratio AX XB, viz. 1 •» 0-9, oi 5 3 

AY=^ AB=6-0' [£r 7 p 253] 

(u) Here AX = AY“XY=05 cm, and <?ince B, A divide YX 
haiTnonicalh , 

we have YB BX-YA AX=2 0 0 5=4 1 
YB=,4-r YX=l-2cin 


3 bee Tlieor 01 
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4 Let A be any pt at winch BP, PC subtend equal angles 
Divide BO extol iially at Q in the latio BP PC, »ind join 
AB, AC, AP, Aa 

Because A BAP=i. CAP [/////>], BA AC=BP PC [7% 61] 

= BQ QC [CbasP' ] 
AQ bisects the abac externally \Th 61] 

aPAQ is a it A 

But P, Q aie fixed pts locus of A is the ciicle on PQ .is 
diainetci 

5. Let the line bisect the base BC at K, cut AB pioduced in P, 

and AC in Q, and the pai' to BC tluough A in M 

The A*KQC, MQA aie siinilai by Tlieois 14, 62 , 

QK QIVI=CK AM 

= BK AM UlyV^ 

= PK’ pm (from siniilai A*PBK, PAM) 

P and Q divide KM haiiiionic.illy 

6. Let a line thiough B meet the median AD in K, and cut AC 

in Q, and the pai' to BC thiough A in M 

Thiough K diaw XKY pai' to BC and meeting AB, AC in 
X and Y 

Then by siimlai A“, XK BD=AK AD=KY DC 

[Th 14 and 63] 

Hence XY is bisected .it K, and the pi oof pioceeds as in Ex 5 

7 Thiough P dr.iw XPY pai' to CQ, meeting AC in X and CB 
produced in Y 

From the similar A"APX, AQC, ive h.ive AP AQ=PX QC , 
.ind from the sinnl.ii A" PBY, QBC we have 

BP BQ=PY QC 

But AP AQ=BP BQ [%p] 

PX QC = PY QC , M hence PX = PY 
Now ACPX-^PCQ=it A \Tk 14] 

the A*CPX, CPY aie congiuent [77i 4 ] 

aPCX=aPCY 

Hence CP bisects aACB inteinally, and CQ, being peip to 
CP, bisects the a ACB externally 
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8 OX OY=:OB2 [JSsb 2, p 324] 

Hence the piodiict OX OY is always conbUnt 

When X is \oiy nciii O, OX is \oiy suiiill, and OY is vei} 
luige, Y being infinitely icinoto X coincides with O 

As OX inci crises, OY dinimishes .'ind when OX = OB, OY=OB 

Thus as X moves fioiu O to B, Y moves fi om an in finite distance 
tow aids B, ultimately coinciding with X at the pt B 

Denoting the lengths of OX, OY b^ v and y, we have ry—100, 
and the resulting giaph is a rectangular hyperbola whose 
asymptotes are the a\es of cooi dinates 

9. Thioiigh P and C dra-w’ PN, CM e«ich pai' to BD to meet AB 
in N and M 

Then AB-PQ PQ-CD=AN NM [Th 21] 

=AP PC [7% 60] 

=AO OD \Th 60] 

= AB CD (f 1 oiu the similar A* AOB, 
DOC) 

PQ IS the haiinouiG mean beUveen AB and CD 

[iDc/3,p 323] 


Page 327 

1 (i) Let A, P, B, Q be a hainionio range, and S the ^clte\ 

of the pencil Tliiough P diaw aPb pai' to SQ meeting 
SA, SB at a and h 

Now AP PB=AQ QB Wvp'l 

Alternately AP AQ=PB QB 

But fiom the sinnlai A"APtf;AQS 

AP AQ=aP SQ, 
and fioni the sinnlai A" BP/j, BQS 
PB QB=-&P SQ, 
aP SQ=&F SQ, 
aP=iP 

Hence, as in Ex 3, p 263, it may be shewn that any tnins- 
versal a'p*U poi* to aPb (that is, pai' to SQ) has equal 
paits intercepted by the lays SA, SP, SB 
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(ii) Conver^^ely, let tlie pencil be cut b> a tiansveisal Q^p*b* 
pai' to SCI, so tlifit o*p*—h*i^ it will be plo^ed that the 
pencil IS haiinomc 

As before, througli P draw aPh pai' to ap*U (oi Sd) Then 
from tlie similar A"APa, AQS , 

AP AQ==aP SQ. 

And fiom the similar A" BP6 , BQS, 

PB QB=fcp sa 

Hut since a'p*^Vp' \Jlyp ] aP=6 
aP S<a=fiP SQ. 

Hence AP AQ= PB QB 

Alteiniitelj AP PB=AQ QB, 

01 , A, P, B, Q IS a harmonic range 

Kotf As a ^second comei’*?e it may be shewn induectly that 
if the ramrc is Iiaiiuonic, and if in any transveral dp' ^Vp\ 
then dpV is pai' to SGJ. 


2 Let a hamonic pencil be foinied by ]oimng a point S to the 
haimonic range A, P, B, Q, then it will be pl 0 ^ed that 
anj trans\ei*sal is cut harmonically by this pencil 

Tluough P draw any trans\ei’sal aPig, and also the trans- 
^ersal hPL pai^ to SQ, 

Tlien by E\ 1 (i), /(P=/P 

Hence by E\ 1 (n) the range «, P, 6, q is hatinonic , any 
traii'^Acisal aV6V pai' to aPhq is also cut harmonically 
[SeeZi 3,p 2G3] 


3 (i) In the hannonic pencil {S, APBCi} let one ray' SP bisect 

the angle between the rays SA, SB , it will be pio\ed that 
SP IS pel p to SQ. 

Thiough P draw aP/> pai** to SQ, then since the pencil is 
liaiinonic, aP—hP [£v 1] 

Also in the AaS6, since SP bisects the ^ert A, and aP=6P, 

aS=6S [Th 61] 

Hence the A*SPa, SP6 aie identic<illy equal, so that ah is 
pel p to SP 

also SQ is peiqi to SP 


[Tk 14] 
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(ii) Convosely^ m the harmonic pencil {S, APBQ} let PSQ be 
a rt angle , it will be proi'^ed that SP, SQ .are the internal 
cind external bisectors of the angle ASB 

As before, diaw aPh pai' to SQ, then aP=Pft [Ev 1], and 
the iJ SPo, BPh aie rt angles , \Tk 14 ] 

hence the A^SPa, SPft aie identically equal , [7% 4 ] 

the AaSP=the ^6SP 

Th.at IS, SP IS the iiiteinal bisectoi of tlie Z-ASB , and since 
SQ IS peij) to SP, SQ is the external bisectoi 

4 Join SQ cutting the transversal apbq in q* 

Then {S, APBQ} is a harmonic pencil by definition , hence, 
a, p, 6, q* lb a hai inonic range [Ev 2], 

but by hypothesis a, jo, &, q is a harmonic range, 

the points q* coincide, since they divide ab extei nally in 
the fixed latio qi!) [Th vi p 252] 

Hence SQ passes thiough oi Q^ passes thiough S 

5 Let Pp, B/>, pioduced if nccessaiy, meet at S Join SA, SQ, 

and let SQ meet the transvei sal kph at q' 

Then, ab in the last example, {S, APBQ} is a hariiioiiic pencil, 
A, 5, q* IS a hai momc range [Ex 2 ] 

But A, h, q IS a hai momc range , U^!/P ] 

q and q* aie coincident , oi, Qj piusses thiough S , 
that IS, Pp, Bp, Qq aie conciurent 
Similarly it may be she\\n that Pq, B&, Qp aie concuiient 


6 Lemma Take two straight lines intei’secting at A, and in 
one of them take ani/ two points P, Q, and in the othei 
any two points p, q Let Pp and Qjq inteiscct at S, .and 
P?, Qp at S' , now It 18 pio\ ed in Ex 5, that if B and h aic 
the harmonic conjugates of A with lespect to P, Q and p, q 
1 especti\ ely, then B, h w ill he on tlie li xed lino SS' Hence 
it follows, if SS' intei sects the gi\en lines at B, h, that 
A, P, B, Q and A, p, 5^ aie hai momc laiiges 

Now let PQ<^p be a quadi ilateral, and let the sides QP, qp 
meet at A, and the sides Pp, Qp at S A tomplcte quadri- 
lateral will then bo foimed 
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Let tlie diagonals Pq and Qp intersect at S' then if SS' meets 
PQ at B, the lange A, P, B, Q is hannonic 

Let the diagonats P7, Qp meet the thud diagonal SA at X 
and Y it is lequired to *?hc\v that SA is cut hainionically 
at X and Y Join S'A 

Tlien {S'^ APBQ} is a haimonic pencil , therefore it cuts any 
tians\ersal (such as the third diagonal AS) hainionically 
Tliat i*!, the i*ange A, X, S, Y is hai nionic 

Note The Lemma attached to this pioposition furnishes a 
simple linear constiuction for hnding a fouith haimomcto 
thiec points 


Page 329 


1, Draw any radius CP in the first O, and a pai' diani** P'C'P' in 
the second O , and mctisiiic the distance bet\\een the 
points uhere PP\ PP' cut the line of centies 

Suppose S and S' to be these pts , S being the external pt 

Then CS SC'=:7 /=3 2 12=8 3, 

and CS' S'C'=? 7'=8 3 

Hence S, S' dn ide CC' externally and intei nally in the ratio 
8 3 

CS=3-^ of 5 5 cm =8 8 cm 

0 — 0 


and 


QS'=--— of 5 5 cm =4 0 cm 
0+0 


2 With the fig of p 320, hiking CS=2 7", iie have 
C'S 80=?-' ;=10 18=."! 0 
C'S=eof 2 7''=15" 
CC'=CS-C'S=1 2" 

Also CS' S'C'=r ^=0 0 

CS'= of 1 2"=0 77" 
SS'=CS-CS'=193" 
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3 From the siniilai A'SCP, SC'P’, ■«e have 
SP SP'=CP C'P=J 7' 

Also since CT, CT .ire pai', the A»sdT, SOT .ire similar, 
ST ST'=CT CT'=» 

• SP sp'=sT sr 

Hence PT is pai> to PV [7% 60 ] 

i.SPT'=._SPT=^STQ \Tk 49] 

T, Q, P, r «ire concyclic 5, p 163] 

SF SQ=ST sr [Th 58] 

Similarly SP SQ' = ST ST 

SP SQ'=SF s(a=sT sr 


i See Fig , p 213 Here AB, AC produced are common tangents, 
A IS one centre of similitude , and since Bl, Bl^ are the 
internal and external bisectors of the ^ ABC, the pencil 
{B, AIYI,} IS hainiomc. fT/i 61 Cbr] 

i ,, = 1A liA=IY IjY 
Y IS the othei centie of similitude 

5 Taking the Fig and the lesults of p 217, we ha\e fioin the 

similar A®ASO, aNO, 

SO NO = SA Na 

= circum-i adius nine-ponits-radius 
O IS the external centie of similitude of the tMO circles 

[Ez 1, p 328] 

Again fiom the similar A“ASG, XNG, 

SG GN=SA NX 

==ciicum-iadius nme-points-radius 
G IS the internal centie of similitude of the two cnclcs 

6 Tjct C, C' be the centies of the two fixed O* exteinal to one 

anothei, and 0 the centie of a vaiiable O touching the 
othei s at P, Q icspecti\cly In the Fig taken, the given 
O" aie both exteinal to tlie O (O) Then OC, OC^pass 
rcspectnely tluough P and Q [Th 48 ] 

Produce PQ to cut the O (C') at P, and join C'F 
Then, since OP==OQ, and OF = C*Q, 

z.OPQ=iO(aP=veit opp z.C'QF= 4C'P'Q 
CP and CV aio pii* 
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PP patsses tbrougli the c\tcinal centic of simihtudo S 
It will he found that if the gncn O" aic both external, oi 
both iiitei nal,^ to the ^ unable O, then PQ passes tlnough 
the crtcmal ceutic of similitude 

If one of the given 0» is within, and the othei without the 
xaiiable O, it will bo found that PQ p.ib.ses tlnough the 
internal centio of sniiilitude 


7, Lot C, C’ bo the centics of the gi\eii cncles, uiid X the gi\en 
point 

Taho S the external centic of similitude, uiid let CC'S out the 
gnen O’ between C, C' at M and N 

Join SX, and in SX (by dosciibiiig a O tlnough MNX) take a 
point Y, such that 

SX SY=SM SN 


Bi Ex 3, p 312, desciibo a O to p.uss tlnough X, Y and to 
touch the O (C) at P This O w ill be pi oved also to touch 
the O (O') Let O be its tenti c 

Let SP, pioduccd if iiecessaiy, meet the O (O') .it Q 

then SX Sy=SM SN [C'oasft ]=SP SQ 3, p 329] 
the O (O) jiasses through Q [Ei 6, p 230 ] 

It I'omains to pi o\ e th.it (0) toncha (O') ut Q, that is, that 
OQ, C'Q aie in one lino Let SPQ moot the O (O') again 
at P' , then since P, P' .no coiiesponding points, CP is 
pai' to C'P* hence 

L OQP = L. OPQ == ,ilt z. C'P Q = i. C'QP' , 


but PQP' IS one st line, OQC' is one st line 


.Since two O’ can be di , 
[Ev 3, p 312], It 
the pioblciu coii^.j 
siimlitudc Siiiiilai ^ 




thiougli X, Y to touch the O (C) 
that thcic iUO two solutions of 
to the cxtcindl centio of 
luc Mill he Uvo inoie solution’:^ 


coiicsponcling to the intcinal ccntie of similitude 


8 IjCt A, B, C he the centies of the given O® 

Take the geiieial case when the 0"aie unequal and exteinal 
to one ciuothci Let (A) bo the least of the given O® 
Pjom centio B, with radius equal to the difleicnce of 
the i*idii of (B) and (A) desciibe a O , and fioiu centie C 
with laduis equal to the dilfeience betivccn the ladu 
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of (C) and (A), desciibe a O Tlien by the last exercise 
describe a O to pass through A and to touch the two 0“ 
of construction Take O the centie of tlie last dra\\n O, 
and join OA, cutting the O (A) at P Then a O described 
from centie 0 with ladius OP will touch the three given 
0“ The validity of this construction is appaient at once 
on di'awing the figuie 

As each of the given O* may be touched by the requited O 
eithei inteinallj' oi externally, the required O may in 
general be drawn in 2 x 2 x 2, oi 8, ways 

The student will have no difficulty m investigating special 
cases for himself 


9 


Let Tj, 7*2, ^3 be the radii of the three O® 

(i) Let S2'C2, S/C3 intersect in O , join 0^0 and produce it 
to meet C2C3 at X 

The A®C20C3, CfiCi aie on the common base OC3, and it 
may be proved by similar triangles that 

the alt of AC2OC3 the alt of A 03001 = 0283' O1S3' 


Similarly 


A O2OO3 O2S3 T 2 
A O3OO1 0^83 

A 0]002 0183' 

ACp^a ~ O3S2' ~ 


, by multiplication, AO1OO2 A0300i=r2 
But A O1OO2 A O3OO1 = OoX 


C3X, 


O2X O3X —Jo r*^ 

X coincides with 8/ , hence 8/01, ^ 2^2 ^tnd 83'03 are 
concurrent 


(11) To prove 81, 8^', 83' collineaj 

Join 82'83', and produce it to niLt O2O3 at Y 

Then O2O3, the external diagonal of the quad* O18/O83' is 
divided harmonically at 8/ and Y [Ev 6, p 327] 

hence Y, the haimonic conjugate of 8/ with respect to CjC^ is 
coincident with 8^ , 01 8^, 82', 83' are collineai 

In the same way it may be shewn that each of the langes 
of points consisting of one external and two internal 
centres of similitude are collinear, and also that the three 
external centres are collinear 
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Page 330 

1 Let O and C be the centres, and P the pt of intersection of the 
two Clicks 

Let PK be the tangent at P to the O (O) Then OP is perp 
to PK \Th 46], find is the tangent at P to the O (C) 
[Def otOithogonal O"] 

Hence the tangent at P to the O (C) passes through 0 

Similarly the tangent at P to the O (O) parses through C 

2. Asm Ex 1, ^OPCisait A OC^^OP^ + PC^ [7% 29] 

3 By Ex 1, the leq^ locus is the Lingent to the given O at 
the given point 


4. Let Q be the pt through which the leq^ O has to pass, P the 
pt at which it has to cut the given O oithogonally, and O 
the centie of the given O 

By the last Example the centie of the req*’ O lies on the 
tangent at P to the given O 

By Prob 14, it must also he on the perpendicular bisector 
of PQ 

Tlie centie of the req^ O is theiefore determined 


" Page 335 

1 Let A and B be the two given points, and let P be the 
intersection of their polars Then by the Reciprocal 
Pioperty of Pole and Polai, since the polar of A passes 
through P, 

the polai of P passes through A 

Similaily, since the polai of B passes through P, 

the polar of P passes thi ough B 

Hence the polar of P passes thiough both A and B , that is, 
AB IS the polai of P 
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2 Let P be the intei'sectiou of the gnen st lines PQ, PR, and 

let A and B be then poles 

Then since AB passes thiough A, its pole lies on PQ the 
polai of A 

Similarly since AB pas'^es through B, its pole lies on PR 
the polai of B 

Hence the pole of AB is at P, the only point common to 
PQ and PR 

3 The locus must be the polar of the given point A , foi by the 

Reciprocal Piopeity of Pole and Polai, (i) the pole of any 
st line through A must he on the polai or A , and (ii) any 
point on the polar of A must be the pole of some st line 
thiough A 

4 Let 0 be the common centre, P the point of contact of any 

one of the tangents, and Q its pole then since the tangent 
IS peip to OPiTh 46], Qmiy?t he on OP(oi OPpioduced), 
and OP OQ=the sq on the ladius of the given circle 
Rut this ladius is constant, and OP is constant, OQ is 
constant Hence the locus of Q is a concentiic circle 

5 Let PQ be a diameter of one of the 0“, and let O be the 

centre, and ? the ladius of the other From O dra^ OT 
touching the fii*st O, and join OP cutting the first O at R 
Join QR 

Now OR OP==OT2[77i 68] 

=?-, since the circles are orthogonal 

and QRP is a rt z., being m a semiciicle 

Hence QR is the polar of P that is, the polar of P passes 
through Q 

6 Let P and O be the centres of the two O® 1:1111011 intersect at 

A, B and let OP cut AB at Q Join PA, PB 

Then since the O® aie orthogonal, PA and PB touch the O (O) 
at A and B hence OP OQ=(radius)2 [Th 66, Cor’\ 

And OP meets the choid of contact at rt angles [Ec 7, p 177] 
AB is the polai of P with legard to the O (O) 

7 Let A and B be the gnen points, and O the centre of the 

given O Then since the polai s of A and Bare respectively 
perp to OA, OB, one of the U between the polars^the 
Z-AOB [Ex 8, p 43] 



POLK AND POLAR PAGE 33.) 


217 


8 Tjot Q bo the point to P Mith respect to the gnon O 

DIa^\ OY pcip to AB , and thiough Q di awQX petp to 
OP meeting OY .at X 

Tlien since the z.* at Q and Y aie it angles, 

the points Q, X, Y, P ate concychc \Th 41, Cbni? ] 
OX OY = OP OQ [Th .58] 

Wyp-\ 

But OY IS constant, OX is constant , that is, X is a fi\cd 
point 

And since the ^OQX is a i( l [Couft ], the locus of Q is a 
ciiclo on OX as diaiii \_Th 41] 


9 Tjct Q he the point on OP irneiso to P, and i the ladnis of 
the O uho&e ccntie is O Dmw OX a di.mi of the fust O 
Join PX, .md dmu QY poip to OX 

Tlien OPX is a it A, being in a semicircle , 

* and QYX is a 1 1 A by consti uction , 

the points Q, Y, X, P .ii e conc} clic , [Th 41, Com ] 
OX OY=OP OQ=?^ 

But since OX is constant, OY is constant , 
heiire Y is a-fi.\ed point 

Iheiefore the locus of Q is the st line peip to OX through 
the point invcise to X , th<it is, the poiai of X 


10 


Let C and D be the points inveise to A and B lespectively, 
and let AX, BY he the peips fiom A and B on the polais 
of B and A From A and B di.aiv AM, BN perp respec- 
tively to OB and OA (pioduced if necessar}’) 

Then OA OC=OB OD=»- [Defimtion'\ 

And since the A* at M and N are it A*, the points M, B, N, A 
are concychc. 


By subtraction 


OA ONt=OB OM 
OA NC=OB DM 


[Th 58] 


But NC=BY, and DM=AX 


OA BY* OB AX 


[Th 21] 
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11 Let RQ cut AD and BC at p and p* Then it was pro^ ed m 

the solution of Ex 6, p 327, that the ranges P, A, jo, D 
and P, B, p\ C are hannonic 

Hence bj the hannoniL propeHy of Pole and Polar, the polar 
of P passes through both p and p' that is, RQ is the 
polai of P Siniiltuly it may be 8he^^n that PQ is the 
polai of R Hence by the reciprocal poperiy of Pole 
and Polar, PR is the polar of Q , that is to say, the 
A PQR IS self-conjugate \Mth respect to the circle 

12 Let P be the point A\hose polai with respect to a gi\en ciicle 

IS to be found 

Thiough P draw PAD, PBC cutting the O at A, D and B, C 
Let BA, CD intei'sect at R , and AC, BD at Q. Then, by 
the last Ex , RQ is the polar of P 

If P IS an external point, and RQ cuts the ciicle at T, T, 
then clearly PT, PT' are the lequiied tangents [JS^ 1, 
p 332] 

13 Let PQR be a triangle self -conjugate \Mtb regaid td a circle 

^\hose centre is O Then since QR is the polar of P, 
PO IS peiji to QR [Def 2, p 331] 

Siunlaily RO is peip to PQ, and consequently QO is peqi to 
PR [T p 207] That is, O is the orthocentre of the 
A PQR 

14. Let A, P, B, Q be a haimonic range, and O the centie of the 
given O Then by the reciprocal property of pole and 
polai, the polars of the points A, P, B, Q arc concuirent, 
since they must fill pass through the pole of the line AB 
And since these polai*b aie respectnely perpencliculai to 
OA, OP, OB, OQ, they must foim a pencil whose ra>s 
contain severally the same angles as the lays of the pencil 
{O, APBQ} ButjO, APBQ} is a haimonic pencil {Hyp 
and Def 2, p 327], the pencil formed by the polars is 
ilso harmonic 


Page 339 

1 Let TT' be a common t ang ent to the two ciicles, and let their 
RadiCcal Axis cut TT' at P TJien, by Definition, the 
Lingential distances of the point P to the two O" aie 
equal that jc, PT = PT' 
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2L Let P be anr pomt on the Radical Axis then the four 
tangent*; dni\Nn from P to the t\NO circle*? are equal [Def'] 

Hence a O described fn>ni centi’c P with anv one of these 
tangent*? as mduis will pass through all four points of 
contact 

And «!ince the radii drawn from P to the point*? of contact are 
also tangents to the given circles, the O who*5e centre 
is P cut^Tthe gi%en G' orthogonallj [p 330 Dcf^ 

3 As in the last ex-ample, all tangents drawn from O to the 
three O* are equal, a cii’cle fi-om centre O with radius 
OT vnW pass through all the points of contact And 
since the radii of tins O drawn to the points of contact 
are also tangents to the gi\en O*, the O who*?e centre 
i« O cuts the gi\en O' orthogonally 

4. Let the O* (A), (B), (C) touch one another two and two, and 
letr OT, OT be the common tangents of the O* (A), (8) 
and (A), (C) at then points of contact 

Tlien *!ince OT and OT are tangents to the O (A), 

OT=OT 

Tliat IS, tangents drawn from O to the (B), (C) are equal 
O is a point on the radical axis of the O* (B), (C) 

But the radicsil axis of two O* winch touch one another is 
death tlie common tangent at their point of contact 

Hence the common tangent to the O* (B), (C) passes also 
through O 

5 Take the figure of p 208 

Since the 4L*8EA, BEC are rt angles, O* described on 
AB BC as dtam*? pass through E \Th 41] , 

that 1 C, BE IS the common chord of the O* on AB and BC 

Similarly AD and CF are respectively the common chords of 
the C* on AB, AC and on BC, CA 

Hence O, the pomt of intersection of the common chords, is 
the radical centre [p 337]. 

6 Let C l>e the centre of the given O, and A the given fixed 

point Let DAT lie O passing through A, and cutting 
tlie tnven 0 orthogonally at T Join CA, and preduce it, 
if necessai i, to meet the’G DAT at B 


KSG 


P 
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Tlien since the 0“ cut oithogonally at T, CT is a tangent to 
the ODAT[77t 40] 

CB CA=CT2 [Th 58] 

But CA and CT are constant , CB is constant 

B IS a fixed point, viz Ihe inverse of A ^Mth lespect to 
the given O 

7 Since hy the last Example all O" which pass tlnmigh the 

fixed point A and cut a given O oithogonally, pass also 
thiough a second fixed point B (the inverse of A with* 
legaid to the given O), the locus of then centies is 
the st line bisecting AB at rt an<^cs 
To find this point B, diaw any I’adius CT to the given O 
describe a O to pass thiough A and touch CT at T 
Let this O cut CA at B Then B is the required point , for 
CA CB = CT- [27/ 58] 

8 Let C be the centre of the given O, and A, D the given 

points Now by Ex 6 all O® through A cutting the given 

0 oithogonally must pass through B the invei'se point of 
A M xth respect to the given O 

Detennine B as in the last Example Then the O circum- 
scribed about the A ABD is that requiied 

9 Let P be the centre of any O iihich cuts the two gnen O* 

01 thogonally at T and T' 

Tlien PT=PT', being I'adii 

Also PT and PT' aie Liugents to the given O*, since the 0“ 
aie cut orthogonally 

Hence the locus of P is the radical axis of the two given O* 

10 Let C and C' be the centres of the given 0“, and A the given 
point • 

Tlien all O* through A cutting the O (C) oithogonally pass 
thiough B the inverse of A with lespect to the O (C) , 
and all 0“ through A cutting the O (C') orthogonally jiass 
thiough B' the inverse of A with respect to the O (C') 
Determine the points B and B' as in the solution to Ex 7 
Then the O about the A ABB' is that required 

Note that by Ex 9 the centie of this O is on the radical axis 
of the given O* (C) and (O') 



RADICAL AXIS PAGE 339 


221 


11. Let A, B be the centres of the two given O* , PQ, PR tangents 
to them from the given point P Let the B^idical Axis 
cut AB at S 

Diaw PM, PN perp lespectively to AB and the Eadical Axis , 
and bisect AB at O 

Then AP2-BP2=2AB OM ' \Th 56 Ex] 

And AQ,2 _bR2=AS2-SB® [£^v 1, p 336] 

=2AB OS [77i 56 Ex] 

, by subtraction, e 

AP2 - AQ2 - (BP2 - BR2) = 2AB(OM - OS), 
or PQ2 _ PR2 =2AB SM=2AB PN 


12 Let A, B be the centies of two O* of the system, and let their 
Badical Axis cut AB at S From P, any point in the 
Badical Axis, draw tangents PQ, PR to the two 0“ , then 
• PQ=PR[i7y^] From centie P, nith ladius PQ, describe 
a O cutting AB at L, L' Then it will be proved that 
L, L' are fixed points foi all positions of P 

Fiom S draw tangents ST, ST' to the two O* v 

Then SL==PL2-PS2 [7% 29] 

= Pa2-PS2 
= PA2-QA2-PS2 
= PS2+AS2-QA2-PS2 
=AS2-AT2 
=ST2 

But ST IS independent of the position of P , L is a fixed 
point 

Similarly SL'=ST'=ST-=SL 


13 Lot the radical axis cut the line of centies at S, and let 
any O of the system gut the same line at X, Y If ST 
IS the tangent fiom S to this circle, then by definition 
ST =SL=SL', where L, L' are the limiting points 

Also SL2=ST2=SX SY, \Th 58] 

L, X, L', Y form a haxmomc range [Ex 2, p 324], since 
S bisects LL' 
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14 TVith the notation of the last Ex , since L, X, L', Y form a 

haimonic range, the polar of L with regaid to any 
circle of the system which cuts the line of centies at X, Y, 
must cut this line perpendicularly at L' [Ev 4, p 334] 
But L' is a fixed point [Er 12] , the polar of L for all 
circles of the system is the same 

15 Let 0, O' be the centres of two O® which cut one another 

01 thogonall^ at T Let AB, a diameter of the O (O), cut 
the O (O') at P, Q 

Tlien OP OQ=OT2=OB2 

A, P, B, Q, form a haimonic range [Ex 2, p 324 ] 


Page 343 


1 (i) Since OP OP'=i®j w^e have OP'=pr^ and similarly for 

OQ', OR' 

Now OP', OQ' OR' are in H P if are m A P . 

OP no OR 

that 18 , if -jj, -p- are in AP, which is true by 
hypothesis 

(ii) Since OP, OQ, OR are in G P , we have 00,®= OP OR 

00' is the Geometric Mean between OP', OR' 

2 The inverse will be a st line par’ to the base of the A 

* [Ex 2, p 341 ] 

3 Draw any line through O cutting the O®® at P and P' Let 

OT be the tangent from O to the O 

Invert with respect to the circle whose centre is O and radius 
OT Then since OP OP'=OT® [Th 58], the inverse of P 
will be P* that is, the inverse of any point on the O is 
another point on the same O Hence the ciicle inverts 
into itself 

4 The radius of the orthogonal circle is equal to the tangent 

fi om its centre to the gi\ en circle Hence, by E\ 3, the 
given circle inveits into itself 
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5* Draw any othci chord through O cutting the O at P and P' 

Then since OP OP' = OA OB [T/t 57]=OA2, the ln^erse of P 
will be P' .ind the O iineits into itself 

[Notice that in this CcU>e the niveiNe jit P' it, tihen in OP 
pi educed Imckvcnd^ This kind of invereion is known as 
Ncqatiic Invoiiioii ] 


6 By E\ 1, p 33G, the tangents fiom anj pt O on SP to the 

two cucles aie equal Taking this as indius of invei-sion, 
>re see by E\ 3 that each ciiclc iineiU into lUelf 

7 Ex 2, p 337, the tangents from the Badiuil Centre of 
three circles to each of the cucles aio equal 

Taking this point as centic of in\ei‘sion and the tangent to 
one of tlie cnclcs as i.iduis of in%ci:sion, wc sec b}’ Ex 3 
that each ciicle inveits into itself 


8 Let the diametci of the O which is pcip to the given line cut 
the O" in O and Q', and the line iii Q. 

Let any other line tluough O cut the line in P and the 
O'* m P' Then since -OPQ'=a it l \Th 41] and 
APQQ'^a rt l {Const the points P, P, Q', Q aie 
conc} clic, and OQ OQ'==OP OP' Hence if we take 
O as ccntic of in\ei’sion and Z^=OQ OQ' the gi\en line 
jind the gixcn O will each inveit into the other [Notice 
that ^=^aist fiom O to the pt of intei^bcction of the line 
and circle Th CO ] 


9 Let A, B, C denote the three given circles Tnveit with 
lespect to an> point O on the ciicle S which cuts e»ich of 
the cucles oithogonally 3, p 339] 

Then by Ev 3, p 311 the mveise of A is another O A' , 
and bj E\ 2, p 341 the inveise of S is a st line S' 

But by E\ 4, p 342, Coi , the angle between the O A' and 
the line S' is the same as the angle between A and S , that 
is, is ,i 1 1 angle 

Hence tlie lino S' ib a diameter of the O A' 

Siinilaily S' is a diametei of B' and C' 

Thus the centics of A', B', C' aio colhncai 
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10 Let O be the centie of invei^on and C the centre of the given 

circle 

Then by Ex 1, p 340 the inveise of any diametei is a O 
passing through O, and it must also pass thVough C', the 
inverse of C 

Thus the diameters invert into a system of O® passing through 
0 and C', that is, a co-axal system 

Again since the ciicle and an^ diameter cut at rt z.®, their 
inverses must also cut at it u [Ex 4, p 342 Coi ] 
Hence each O of the co-axal system cuts the inverse of 
the given O orthogonally 

11 Let O be the centie of inversion and P', Q', R' the inverse of 

P, Q, R Then, by Ex 1, p 340, the pts P's Q', R' lie on 
a ciicle through O 

By Ex 6, p 342, we have PCi=Qp— etc 

Hence the given relation becomes 

B P'Q' Q'R' P P'R' 

OF OCi'^^OQ' OR' OF OR' 

'which simplifies to 

FQ' OR'+Q'R' OF=P'R' OQ', 

which is the same as Ptolenw’s Theoiem on foui concyclic 
points [Th 78] 


Page 346 


1 . 


(i) Let D, E, F be the mid-pts of BC, CA, AB respectively^ 
and let the perp to BC at D meet EF in A' Similarly 
for B', O' 


By Ex 3, p 64, EF is par' to BC , l DA'E=a rt z. 

Similarly the l FC'E is a rt z., and the A® DA'E, FC'E are 
similar 


Similarly 


FB' 

A'F“ 


by multiplication, 


EA' 

EC'" 


ED 

‘ef 


and 20'. 
FD’ DB' 

EA' FB' DC' 
AF B'D C'E 


DF 

~DE 

= 1 


, by Cova’s riieorem, FC', EB', DA' aie concurient 
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(ii) Let the bisectors of the,^.® A, B, C meet the opposite sides 
in D, Ej F 


Then, by Theor 61, we have 


DC AC’ EA BA’ FB CB 


Hence, b> multiplication, 1 

DO tA rD 

, , by Ceva’s Theoiem, AD, BE, CF aie concurient 

(ill) Let D, E, F be the mid-pts of the sides 
Then BD=DC, CE = EA, AF=FB 
Hence BD CE AF=DC EA FB 

the medians AD, BE, CF are concurrent 


2 Applying Menelaus’ Tlieorem to the transveisals PEF, RED, 
Q,FD in tuin, ve obtain 

BP CE 

PC EA FB ’ 

^ BD CE^ 

RB DC EA 

CQ ^ BD^ 

QA FB DC 

Multiplying the thiee lesults togethei, remembering that 
AF=AE, CE=CD, BD = BF [Th 47 Cot ], we have 

^ CQ 
PC QA RB 

P, Q, R are collinear [J/cneZoKS* Theo7em'\ 


S From the A ABC and the transversal PEF, 

BP ^ 

PC EA FB ^ 

ButAF^EArTA 47], 

*■ PC CE 

Hence BP PC=FB CE 

= BD DC 

BC IS divided hai-raonically at P and D 


C 


[Tk 47, Cbr] 
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4 BD DC=ABAD ACAD [T/i 70] 

= BA2 CA2 [77/ 72 and 49] 

Similarly CE EA=CB- BA- , 

and AF FB=AC2 CB^ 

, h} multipbcation, BD CE AF=DC EA FB 

Hence, by the converse of Menelaus’ Theorem, the pts D, E, F 
are collinear 


5 Take the figure and the lesults of p 213 

We ha\e, since AF=AE, and BF = BD, and CD=CE, 

FB DC EA ’ 

AD, BE, CF aie concurrent [Ceva^s Theorem] 


6 Let the foui st lines EAB, EDC, FDA FCB foim the complete 
quad' ABCDEF , and let X, Y, Z be the middle points of 
the diagonals BD, AC, EF 

Then X, Y, Z >m 11 be pio%ed collinear 

Take P, Q, R the middle points of EA,^D, AD 

Then fiom the AAEC, since P and Y are the middle points 
of AE, AC, 

PY IS pai' to EC, and cuts AD at its middle point R 

Similar!} PZ is par' to AF, and cuts ED at its middle point Q , 
also QX is par' to EB, and cuts AD at R 

Hence QX, XR, PZ, ZQ RY, YP are respectneh hahes of EB, 
BA, AF, FD, DC, CE 

But the sides of the A EAD aie cut by the transversal BCF, 

^ 22-1 

BA FD CE“^ 


Hence 


^ PZ ^ 
XR ZQ YP 


Y, Z, points in the sides of the A PQR, aie colbnear 
[See Bouche et de Coniberousse, TraiUde Geometne^ p 205 ] 
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7. Let the four lines EAB, EDO, FBC, FAD form the complete 
quad' ABCDEF Let AC cut BD in P and EF in Q. Let 
BD, EF cut in R 

From the A CFE and the point A n'e have by Ceva’s Tlieorem, 
FGL ED CB=QE.DC BF 

^_FB CD 
QE BC DE 

From the A CFE and the transvereal RBD, "we have by 
Menelaus’ Theorem 

FR ED CB=RE DC BF 


Whence 


FR FB CD 
RE BC DE 


FQ QE=FR RE 

Hence EF is di\ ided harmonically at Q, and R 

Similaily by taking the A AFC with the pt E and the trans- 
•\ersdl BPD in turn we can shew that AC is divided 
harmonically at R and P 


8 Let the A*ABC, A'B'C' be co polai , that is, let AA', BB', CC' 
meet at S then shall they be co-a\ial , that is X, Y, Z 
the intersections of BC, B’C', of CA, C'A' and of AB, A B' 
shall be collineai 

From the A SAB and the transversal A'B'Z, 

ZB B'S A'A 

From the A SBC and the trans\ ersal B'C'X, 

B'S c;c 

BB' SC' CX~^ 

Fiom the ASCA and the transversal C'A'Y, 

M' SC; CY_ 

A'S C'C YA~^ 

Multiply mg these results w’e have 

^ ^ CY_ 

ZB CX YA~^ 

X, Y, Z ai e collinear 
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Convex sely, let X, Y, Z be colhneai , then shall AA', BB', CC' 
be coucurieiit 

Let BB', CC' meet tit S 

Then the A"BZB', CYC' aie co-polai , hence by the first proof 
they are co a\ial , that is, A, A', S aie collinear, 

01 AA', BB', CC' meet at S 


9 Let Cl, Co, Ct be the centies of the thiee O®, and rj, rg, ^3 
then ladii Let Sj and S^' be respectively the external 
and intei nal centies of similitude of the O* (C2), (C3), and 
let S^, So', S3, S3' have coiiesponding meanings 

To piove Sj', S,' and S3 colhneai 

By definition we have 

CiSi 1 1 ^^Sj 7 2 C3S2' 

S3C0 7 2 ®1 ^3 ^3 ^1 

CjSi c^ c,s;_ 

S3C, Si'C3 Sj'Cj 

Hence fioin the A C1C2C3, the points S/, So', S3 aie collinear 

[Menelaiu^ 'Iheoiem^ Come}se^ 

In the same ^^ay it may be she^^n that each of the I’anges of 
points consisting of one external and two mteinal centres 
of similitude aie collineai, and also that the three extei nal 
centies aie collinear 



PART VI 


Page 353 

1 Panllol lines must Im to plunfn 

3, The intoi'^ectioiH (i) of a sjihoio In n )>Iano, (n) «)f the cm \ eel 
sinfa^e of a c\lnuler uj the plane encK , (m) the unved 
of a nglit cone b\ the plane base thcijC aio all 

cucles 

« 

4 (i) (?«e perpendiuilai , (u) an infinite iiuviba of pei peiulieulars 

6 At the gnen point O inaKc a light angle AOB If OB roUilcs 

about OA .us aMSj ilicn in all positions it will be pcip to 
OA, and in out position it \\ ill also be peip to the duection 
fioin which it hUiled IhuB we ha\c tluec dueUions 
eitli of which IS peip to tlie othoi two 
Tlie second sUitcniont follows at once fioni Thcoi 81 

7 Let P he an\ iioint <m the O*-** Join OP, AP Then in all 

positions oi P the i-AOP is .i it angle [p 318, 1)cJ. 8] , 

AP=:s'OP-4-OA- [77/ 29] 

— consUnt , 

foi OA IS fixed, and OP is of constant length 


Page 355 

1 One \crlical line , an infinite lunnbei of horizontal lines 

2, Tlie Cl ease is pei pendiculni to each of the two shoi t ed^cs, and 

thcicfoic peiponchculai to tho plane on wliieli they lesfc 

(n 81 ] 

3. Phaee tho BpuitJevel along any tw’^o inierscctwq lines BC, BD 

(sec Fig, p 3*)4), then, li^ these lines aic found to be 
hoii/ontal, the \oi tiral lino thiongh B is peip to both, and 
theiefoie pei-p to the plane XY in which the}" lie [77i 81] 
That IS, the plane XY is luni/ontal 

Constclei the Fig on p 370, in which XY lejncsents a hori- 
zontal, and ABCD an inclined plane Then tho line of 



230 PERPENDICULARS TO A PLANE PAGES 355, 359 


section CD is hoiizonLil , and all lines diawTi ;?ar* to CD 
in the plane ABCD amU also be hon7ont<il Tims in an 
tnclined plane there can be a senes of parallel horizontal 
lines 


4 Let Q be aiii/ point on the O®* Then, as in Ex 7, p 353, 
PQ=\^OF-+OQ-=:co;w^aw^ (foi all positions of Q) 
=V(5 6)2+(42)2=V49^=7 0 cm 


5 Wbatevei be the aAOC, the A" POA, POB are congruent, 

PA=PB [Tk 4] 

SmiiLiily PC = PD 


PA=^^6P2+A02 
=N/(2 4y+(18)2 
= 30 " 


PC==VOP-+CO- 
=n'(24)^(0^2 
=2 5" 


6 (i) OP, being perp to the plane ABCD, is perp to the diags 

ACC, BOD at their common niid-jit O , hence the A** POA, 
POB, POC, POD aie congruent [Th 4] 

PA=PB=PC=PD 

(n) Take X the middle point of AB , then AX = OX =10 cm 
And OA2=AX2+OX2 [77/ 29] 

= 100 + 100=200 
Also PA=s^Pb-+X)A- 

=\^00+200=VT800=42 4 cm 

(ill) Heie OA=\^AP-'-“OP-=\/852^^2^40 cm 
OA 

and AX = ^ 13, p 124] 

=|^x40x*/2 =283 cm 
AB=66 6 c*ii 


Page 359 

1 Denote the set squares by AOB, A'O'B', the light angles being 
at O and O' 

Place the set squaies so that O and O' are at the gi\en point, 
and the edges OB, O'B' on the given plane (not in one 
straight line) then bring togethei the edges OA, O'A' A 
straight lod laid along flie coincident edges OA, O'A' will 
evidently be peip to the given plane 
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2 Slide one edge of tlic •sot sqiiaio containing tlic iiglit angle 
along BC until tlio pci pcndiciilar edge can be made to 
pa<!a tliioiigli A till's dctciiiiines the point D (Tf the 
peip odM IS not long enough to leach to A, it may be 
jii'oiongen by means of a stiniglit lod ) 

T'ec the set •sqnaio to dniw DE in the plane XY peip to BC 

Now slide one edge containing the light angle along DE, until 
the peipendicular edge can be made to pass through A 
this detei mines the point P 

Hence the jio^itmn of the pci pcndicnlai AP is found 

3. Tlic consti notion of Piob 4, p 74 must be poi formed in the 
])lano of ABC, and o« f/w side of BC i emote fiom A , this 
would be msxde the gi\en solid- 

In BC niaik aiij two points B and C equidistant from A this 
can be done w ith compasses 

Bisect BC at light angles by DE this construction {Proh 2, 
p 71) 18 to be done in the pl.ino XY, 

Then AD is peip to BC, foi the A" ADB, ADC aic congiuont 

{Th 7] 

By the same method obtain P the foot of the peip fiom A on 
DE 'nicii AP is pei p to the plane XY 


Page 361 

1 Consult the Fig of p ,360 

Let A be the given external point, AC am/ one of the equal 
obliques, and AB the peip fiom A on tlie plane XY 

Tlicn B IS a fixed point , AC, AB arc of consbint length , and 
the L ABC 18 a light angle 

BC=x^AC^— AB'^=coKs;ffn? [77< 29] 

the locus of C IS a ciicle whose centio is B 

2. (i) The nght-angled A* PSA, PSB, PSC ate congi iiont \Th 18] , 

SA=SB=SC 

(u)Heie AB=V^'!4. BC3 =n/( 3 6)^+(l 8)-=C 0" 

And S must be the middle point of AB [Proh 25, p 193] , 
PA=Vps^+SA^=v'4 0H4 0^=5 0". 
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perpendtoulahs to a plane paoe m 


3 Placing one end of tlie lod at the given external point P, lay 

it successively in any thiee positions oblique to the plane, 
meeting the latter at the points A, B, and C 

Pind S, the circum-centie of the A ABC Tlien PS is the 
lequued peipendiculai 

4 Let P be tlie point at which the three given lines meet Fiom 

these cut off any three equal lengths, PA, PB, PC Tlien, 
as in Ex 3, diaw PS perp to the plane ABC 

As befoic, the right-angled A* PSA, PSB, PSC are congiuent , 

[Th 18] 

iLSPA=Z-SPB=j.SPC 

5 (i) This IS the Theorem of the Thee PerpendnAdoi s [p 357] 

Make RA, RB of any equal 
lengths 

Join QA, QB , also PA, PB 

Then fiom the congruent 
A®QRA, QRB, 

CiA=QB[77i 4], 

and from the congiuent 
A» PQA, PQB, 

PA^PB [T/i 4], 

hence fiom the congruent A® ARP, BRP, 
z.ARP=^BRP[!77i 7] 

PRisjieip to AB 

(ii) With the same constiuction as befoie 

Tlie A®PRA, PRB aie congruent [77/ 4], PA=PB 

Again, A® PCiA, PQB are congiuent \Th 18] , QA=QB 

Lastly, A® QRA, QRB aie congruent [77/ 7] , aQRA=aQRB 

QR is peip to AB 

6 Here PQ=140iu, and QR=0 48m 
Flora the It angled A PQR, PR=\/pQ-2+QR2 

= 1 48 m 


P 
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7. Tike X any ponil in PQ, and let XY, 
dt-awn pel p t*i tlio pi me AD, meet 
the plane BC .il Y 
'Jo ffifir th'tt Y /it' »ji PR 
.Tern PY Tlien b\ the Thcoiem of the 
Th)ce I*erpc 7 i(firuf(n <i [p 357], YP is A 
poip to AB ButPRisjieip to AB 
[Z/?/;)] , .md YP is in the plane of 
AB, PR 

Y IS a point m PR 
XY he* in the plane QPR 

8 (i) I/it A and B he the (Ao gi\cn points, and P ani/ point in 

space equidistant fi oiii A and B 
Take X, the inid-point of AB , then XP is perp to AB [p 91] 
nuis e\en point cquidisunt fioin A and B lies in sonic 
line perp to AB at its inid-jioint 
But all such lines he in the plane passing through X perp to 
AB[p 3')1, Coi] 

all points equidistant fi oni A and B he in tins plane 

(ii) Ijct A, B, C he the thiec points (foinnng the ^ertlces of a 
tiiaiigle) 

Then all points equidistant fiom A find B he in the plane 
perp to AB through its inid>poiiit 
And all points equidistant fioin A and C he in the plane peip 
to AC thiough Its nnd-point 

all points equidistant fioni A, B, and C must he in the line 
of section of the two pl.ines iiiciitioiied 
the method of Bx 2, p 3G1, it may he shew’n that the 
lequired locus is the peip to the plane of the A ABC 
through its ciicum-centie S 

(ill) Tins is woikcd out in full with a Figure on p 426, the 
in oof there gnen nnolMiig nothing subsequent to 
Theor 85 



Page 362 

1 Con'sidci the plane of the pai’" AB, CD 
Because AB is equal and j»ar’ to CD, 

AC is equal and iiai’ to BD [TVi 20 ] 

Similarly it may he shewn that CE = DF, and EA=FB 
licncc the A” ACE, BDF aio coiigiucnt [77i 7 ] 
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2 Let ABCD be a skew qiiacb Diaw tbc (bag BD 

Then the quad* consists of the A’ABD, CBD in two planes of 
which the line of section is BD 

Let X, Y be the mid- points of AB, AD , and let P, Cl be the 
nud-points of CB, CD 

Then XY is par* to BD [E% 2, p 64], and PQ, is par* to BD 

XY IS pai* to PQ ^ [Th 86 ] 

Similarly XP is par* to YQ XPQY is a pai«* 

3 In the A ABC, let AX bo the pci p from A on BC, and let the 

tiiangle revolve about BC 

Tlien X IS flxed^ «ind in ill positions AX is at i ight angles to 
BC , AX geneiates a plane [p 354, Cbr ] also AX is of 
constant length A describes a circle about X as centie 

4 The regiilai hexagon consists of sixc(][uilatcifil tiiaiigles con- 

sider one of these, namely A OAB 

Then OX is peip to AB \Th 7] , 

PX IS perp to AB [p 357, Cb? ] 

(0 PA = n/PO® + OA= =*/9216+l6 
=-/lWi6 
= 10 4 cm 

(u) 0X=N/0^^=^^=N/i6^=\/11 

= 35 cm , to the nearest min 

(ill) PX=\^PO’* + OX2=V92 16+12=\/l()4 IG 

=10 2 cm , to the neatest mm 

i V OA 4 

(iv) cos OAP=^-p=~=0 385 

Page 364 

1 AB, CD, l)eing botli noiincil to tlio given plane, aie pai"* to one 
anothei . and, by hyp, they aio equal, AC, BD are 
equal and pax* [Th 20] 
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A1*5o, since AB i*^ nominl to the plane, the L ABD is a light 
angle. the fig ABDC is a icttiinglc 

2. Let AB, a iioini.il to the plane, be fixed in position and magni- 

tude , and let C be (/«j/ point ^^hose peip distance fiom 
the plane i^ equal to AB 

Then, b\ Ex 1, AC is jicip to AB So that e^erv point on 
the requited lotus lies on some line through A petp to 
AB, and con\ei‘sel\ iiny jioint on ain Mich line is at the 
gi\en distance fioni the plane Noni all Mich lines 
genemte the plane thi'ough A pci p to AB [p 354, Ci>? ], 
nanieh the nlnno tin oiigh A p ii * to the given jilaiie Hence 
the letiuuctt locus it* a plane pai' to the gl^en plane 

3, See solution to K\ 8, (i), p 361 


Page 365 

1 If possible, let two planes (P) and (Q) passing through the 

}K>inl A be both pai' to a thud plane (r) 

‘ Snpjiosc the planes (P), {Q\ and (R) to be cut by a plane (X) 
ulucli passes through A 

Then the lines of section of (X) ith (P) and (Q) intersect at A , 
and, b\ Theoi 89, each of these lines must be pai^ to the 
ficclion of (X) with (R), which is impossible [p 35] 

2 Consulei the Ym of p 36 1 Let the planes XY, PQ be par\ 

and let AB l)o noinial to the plane XY Cut the two 
))lanuB b\ an// thud plane thiough AB , then the lines of 
section aie nai' [77/ 89] But, In Inp , AB is peip to the 
section in the plane XY , hence iL is also peip to the sec- 
tion in the plane PQ .ind this section niaj be ajii/ line in 
that plane AB is iioinial to the plane PQ. 

3 Let the planes (P) and (Q) be each par' to the plane (X) , and 

let any line notinal to (X) cut that plane at A, and the 
planes (P) and (Q) at B and C [In the Fig tiiken, (P) 
and (Q) arc on opposite sidcfc» of (X) J 

Tlicn bcc«*iuse (P) is jiar' to (X), and the hne BAG is normal to 
X, BAG is also normal to (P) [i^t 2 ] 

Siunlaily BAG is normal to (Q) 

the planes (P) and (Q)aiopai'allel [77/ 88] 

Q 


K s G 
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4. Let (P) and (Q) bo par^ planes, and let the par^ lines AB, CD 
cut (P) at A and C, and (Q) at B and D 
Then AC, BD, being the sections made by the plane of AB, CD 
Mith (P) and (Q), are pai' [Th 89] the fig ABDC is a 
pai" AB=CD 

5 Each plane of one pair will cut the other pair in two parallel 
lines Hence tliero will be/oiw parallel sections in all 


Page 367 

1 Consider the Figui'e on p 363 Heie ABED, CBEF represent 

the gi\en intersecting planes, which aie cut by the two 
par' planes in the lines of section AB, DE, and BC, EF 

DE IS pai*' to AB, and EF is par' to BC [7% 89 ] 

the LDEF=the lABC [7%, 87] 

An exceptional case arises when the pai' planes are pai'' to 
BE, the line of section of the intei'secting planes In this 
case the four lines of section ate pai' 

2 Let A and B be the two given fixed points Then the locus 

of points 111 space equidisLint fiom A and B is the plane 
peip to AB through its midpoint [Ex 8, (i), p 361] 
Hence the leqnired point is that iii which the gnen 
straight hue cuts this plane 

The consti iiction is impossible when the given line is parallel 
to the iiboi e mentioned plane 


Page 369 

1 Let ab be the projection of AB on the plane XY [Fig 2, p 368], 
and let AB be par* to the plane XY Then AB, being pir' to 
the plane XY, can nevei meet ah which lies in that plane 
Moico\er AB and ah are in the same plane ABta [7% 92] 

AB and ab axe par' 

2, Take the Fig of p 369 

(i) Wlicn AB is nai' to the plane XY, the fig kBha is a par*", 
foi Kn and Bo aic pu', being both perp to the plane XY , 
sotlmta5=AB ^ i i i 
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(ii) "When AB IS perp to the plane XY, then B6, An become 
ovc Imc, nameh BA pi (uluceil , so that a and h coincide, 
and consequently a6=0 

(in) If the angle a =60% the ABA6' becomes half an equi- 
lateral ti langle, so that A6' is half of AB 

ai=A AB 

Ofcherwice the angle a = GO’ , 

a6=ABcos60’=ABx^ 


3 Consult the Tig of p 360 

Ileie AB is the peip fioni A on the plane XY, so that BC, BD 
arc the pi ojcctions on that plane of the obliques AC, AD 

Tlien, if AC=AD, the riqht-anqhd A" ABC, ABD are congiuent 
[77t 18], BC=BD 


4. Take the Pig of Tlieoi 92 p 368 

Suppose .inothei line A'B' to be dravn par’ to AB, and let a'U 
be the piojection of A'B' 

Then B6, B'ft' aie par’, both being pcrji to the plane XY 
[77i 83, CoHr] Hence the plane of AB, Eb is pai’ to the 
plane of A'B', B’V [Th 90], and the proje< tions aft, n'6' are 
the lines in ^^hlch these planet, ara tut by the plane XY 

rtft, rt'ft' aie jiai’ \Th 89] 

Tlie exceptional case is when AB, A'B' aie yiei pcndiciilar to the 
gn on plane 


5 Let BA meet it-s pi ojection B'A' produced at P , and let DC 
meet D'C' pi oduced at Q. 

Then BP, DQ are pai’ [//y/j], BB', DD'aro pai’ [Th 83, Conv], 
and PB', QD' aie yui’ [^Er 4] , 

_BPB'=i.D(aD'=a(say) [Th 87] 

But A'B'=ABcoso, and C'D'=CD COSO. [37i 92, Cbr 2] 

AB 1 CD 
A'B' “ COSO C'D" 

or AB,A'B'-=CD C'D' 
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Page 371. 

1 (i) m true , (u) IS false 

To pioAC (i), let PQ be par’ to Afe, and let AB be pai* to the 
plane XY aho let the plane of tlie pai'*’ PQ, AB cut the 
plane XY m the line CD [Fig p 370] 

Tlien AB is par^ to CD [T/i 93, Com ] , 

PQ is par* to CD UTtfp and Th ir>] , 

P(J IS p.ir* to the plane XY, which contains CD [Th 03 ] 

2 AB generates a plane par* to the gi\cn plane XY. 

Let a l>e the pi ejection of the fixed point A on the plane XY ; 
and let ab be the projection of AB in amj one of its 
positions 

Tlien Af/ft is a light angle , and AB ah are pai * [77/ 93, Com ] , 
tf AB IS a 1 ight angle and A'/ is a fixed line Hence AB 
generxtes a plane [77/ 82, Cor’] And this plane is par* to 
the plane XY , foi ever} jwint in the foiinei lies in sonic 
line thiough A par* to the latter 

3, Let the two intei'^ecting planes ABYX, 

CDYX pass i*espccti\eh thiough the 
pai** lines AB, CD , and let XY l>e their 
iiiu of section 

Since AB is pai** to CD it is also par* to 
the plane CDYX which passes thiough 
CD [Th 93] 

Hence the plane ABYX, which passes 
through AB, cuts the phne CDYX in 
a line par* to AB [77/ 93, Con ] 

Tliat is, the line of section XY is pai* to AB, and consequently 
also pai* to CD 



4. Let PQ be par* to each of the planes ABYX, CDYX, of which 
the line of section is XY 

Tliiough PQ take a plane cutting the plane ABYX in ab, and 
the plane CDYX in cd , then ab, cd aie eacli pai* to PQ 
[77/ 93, Coiiv ], and theiefore pai** to one another 

Hence, b\ Ex 3, XY is par* to ah and cd, and therefoie to 
PQ[77/ 86] 


Through P draw PX, PY pai* respecti\el> to AB, CD 
Then AB and CD are both pa^ to the plane of XPY , foi each 
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6. liCt AB, CD 1)0 the two show lines 

In AB tiiho any point P, and in CD tahe any point Q 
Thiough P ditiw a line PX i>ai’ to CD , and tluough Q diaw 
a line QY pai* to AB 

Then the j)lano of AB, PX is iiai^ to the plane of CD, QY 
[T/i 00] 


Page 375 


1 Consider tho Fig of Tlieoi 92 

Let AB be the given line, and XY the given piano 
Tn AB tiihe any‘point P, and let Pp be the peip fiom P on the 
plane XY. 

Then tho plane tluough AB, P^ is jieip to the iilane XY 
[7% {33] 


2 Tjet (X) and (Y) be iiai^ jilanes , and lot a line ABC cut (X) at B, 
<ind (Y) at C 

Fioiu a point A in the given line lot AP be diawii peip to the 
))lane X , and let AP (or AP piodiiced) cut the plane (Y) at 
Q Then APQ is noinial to the plane (Y) [Ei 2, p 363] , 
.ind the angles at which the line ABC cuts the planes (X) 
and (Y) aie measured by the A'' ABP, ACQ. 

Now the plane of ABC, APQ cuts the pai^ planes (X), (Y) in 
the lines BP, CQ , BP is pai’ to CQ [7% 89] , the 
coiiespondnig ^‘•ABP, ACQ aie equal 


3 Let the plane (C) cut the pai^ 
planes (A) and (B) in the lines 
PCi, PQ', then PQ, P'Q' aie 
pai' [7% 89] 

Su])pose the tin ce planes (A), 

(B), (C) to be cut by a plane 
pel]) to PQ, and consequently 
peip toP'Q'[77i 83], and let 
the sections of this plane with 
the i)lanes (A), (B), (C) be XY, 

X'Y', ZXX^ lespectively 
Then XZ, XY aie perp to PQ 
[Def 8, p 348], and X'Z, X'Y' 
aic peip to PQ' , so that the 
dihedial angles between the planes (A), (C) and (B), (C) 
aie measuied by the a'ZXY, ZX'Y'. Hut XY is pai' to X'Y' 
[77/ 89], 

[Th 14] 



^ZXY=Z.ZX'Y' 
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(i) Tlie dihedinl ingle (a) be» 
twoen the pi me ABC'D' ind 
the floor is iiie*i.sui'ed b\ the 
'.DAD' 

Now AD'=s'(G0pT(4 5^=7 5 ni 
cosa=S^“0 8000 

I o 

(n) Ihe dihedi“il angle (/J) he ^ 
tween the phne ABCD uul 
the floor is nieasui-cd tlic ^ BAB 


fi 


Kow 


AB'=n ''(7 0)-+(4 o )-=1 5 x \^34 


cosj8= 


4 O 


1 5 X s'34 34 


-=#-08574 


B' 


/ 

c'/ 



J 

/ 

\ 

7 


B 


Let O be the in-centrc of the «;qiiare, and X the mid-point of 
AB Tlien OX is cMdentl} peiqf to AB 

Also OP^Sr, OX=^r, and PX=\^ 6 f+OX-= 25 '’, 
cos OXP=j^. =02800 


Page 379 

1 Call the thi'cc planes (A), (B), (C) 

Let the section of the pi uie< (A) and (B) be XX', and the ‘Ac- 
tion of the planes (A) and (C) be Y Y' Tlicii XX' and YY , 
being both in the plane (A), will in geneinl meet at some 
point O So that O is a point common to the plines (B) 
and (C), and therefore lies m the line of section of those 
planes In othei words the three line's of section aie 
concurrent , lienee the planes meet at a point 
Exceptional cases (i) Wlien the thi*cc planes ai*e inr* 

(ii) ^Yhen two planes are par*, and are cut b^ the third. 

(ill) When the sections of the pHnes (A) and (B) and of the 

E lanes (A) and (C) aie pairtlkl , in which case all three 
nes of section are pai-allel 

2 Let ABCD be a «hew quidiilateinl Join BD, thus dniduig 
the qiiadnl itenil into two mangles not tn ihe &ame 
Tlien iL A + ABD +.L ADB= ISO’ , 

also z.C+.-CBD+-CDB = 180’ 

Hence 4 lA-i-jlC-(-ABD+-.CBD)+(-ADB-»-:.CDB)= 360 % 
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But in the oolid angle at B i.ABD+i.CBD is gi-eiitei than the 
i_ABC, n.imeh the *_B of the qiiadnlatenl [TVi 97 j 
And ni the hohd angle at D, ^ADB+iCDB is gieatei than 
the ^ ADC, nanieU the ^0 of the quadiiUteral 
Hence A+,^C-f _ B+_ D i^^ lo-^s tlun 360’ 

3. (i) :.AOX +Z.BOX is giiatei than 4.AOB * \Th 97] 

BOX COX is gic,atci than ^.BOC 
«.COX-i-jlAOX is gi eater than ;lC 0A 
Ilcncc, hy addition, twice the sum of the i.'AOX, BOX, COX 
IS greater th vn the sum of the AOB, BOC, COA 

(ii) JjPi OY 1)0 the conunon section of the planes AOB, COX 
'Hien i.COB-*-^BOY is gicatcr than i.COY [Tk 97], to each 
add ^YOA 

Tlieii t.COB+-BOA is gieatei tluan i.COY+_YOA. 
Bnt_YOA+iYOX is gieatei than J.AOX [7'/o 97] , to each 
add i COX 

Tlien jlCOY-^-YOA is greater than _COX+i.AOX 
A /b)f(on**.COB-ri.BOA is gieatei than _COX+i.AOX 
(in) It has hcen pio\ed that 

_AOX +J.COX IS less than *.AOB J-aBOO , 
similarly BOX-)- _AOX is less than ^BOC-t-i.COA, 
and iCOX-t-Z. BOX is less than A COA -t-i. AOB 
Hence, ha addition, twice the sum of the 4 J'AOX, BOX, COX 
Is less than tw icc the sum of the AOB, BOC, COA 


Page 381 


1 


Jjct AB lie an ohliqiic, and AP the 
jierp drawn fiom a point A 
to a plane XY , so that BP is 
the piojcclion of AB on that 
plane 

Txt BQl)oan;y othci line thiongh 
B in the plane XY 
7b jwne thnt Z-ABP is less than 

_ABa 



hi ihc BQ, equal to BP, and join AQ, 

Then the peiq) AP is less than the oblique AQ [77i 85] 

And in the A' ABP, ABQ, w e have AB, BP equal to AB, BQ 
ix'«pcotivcly, but AP less than AQ , 

4 . ABP Is leas than ^ABQ. [TVi 19, Coni'] 
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2. It will be shewn that the hue of gieatest slope is perp to the 

line m which the given pLinc cuts a hoiuontdl plane 

Considei the Fig of p 381 

Let C be the given point in the plane BD, which cuts a 
' hoiiT^ontal pLine in the section AB Let CB be peip , and 
CA^oblique to AB , and let CE be pein to the hon/ontil 
plane Join EB, EA Then the angles which CB, CA 
make with the hon/ontal plane aie measuied by the 
iL“CBE, CAE 

To pi ove L CBE gi eatei than L CAE 

It may be shewn, as on p 357, Cor , that EB is iieip to AB 

EA IS greater than EB [Tit 12 ] 

From EA cut off EX equal to EB, and join CX 

Tlien the A® CEB, CEX aio congiuent \Th 4]; so that the 
Z.CBE=the^CXE 

But the ext Z.CXE is gx eater than the int ojip ^CAE , 

A CBE IS gieatcL than Z.CAE 

3. Let AB be any lino thiougli O iii the plane XY , let PQ be the 

peip fioni P on that plane, and PR the jiciji on AB 
Bequiied the locus of R 

Join QR , then QR is perp to AB [see solution of Ex 5, (ii), 
p 361] 

Now Q and O being fixed points, and the aQRO being a right 
angle, it follo%\s that the locus of R is a cucle on QO as 
diameter 

4 (i) Let XYE, XYF be the two planes cutting in the line XY , 

and let BP, BQ be the lines of section of these two planes 
M ith the plane of AP, AQ 

Tlien since AP is pei p to the plane XE, the plane of AP, AQ 
33 also jierp to the plane XE [T’A 95] 

Siinilaily the plane of AP, AQ is peip to the plane XF 

Hence the pi me of AP, AQ, being peip to the planes XE, XF, 
18 peip to XY then line of section [Th 9G] 

(u) Since XY is peip to the plane of APBQ, BP, BQ aie 
peip to XY , so that the dihcdial angle between the given 
planes is measuied by the l. PBQ, mIiicIi is equal oi sujqde- 
nientary to the -.PAQ, since the A® at P and Q aie light 
angles 
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5 (i) Tlio tlni'f* poinl<^ A, B, and D aie Now if AC 

ami BD co nian.n, tlien C be in the plane of 

A B and 0 , in winch case AB and CD would be co-planai, 
wlndi m continvN to liNpothc^is, 

(u) A«i on p ^71 , (W ^ it nm be ^hewn that two pai’allcl 
planoN ma\ be jia^^sed one thiouirh each of two <ihcw line<? 
AB, CD 'Flien the pioje*(ions of AB, CD on am plane 
l>erpDmhculai to ilie two ])iiulh‘l planes will be parallel 


6, Let AB CD bo the two ‘'hew lines, and P inj point in space 

a pi me tlnoutrirP and AB, and a <5e^oml jilane Uuough P 
and CD femc*o those jilanes have the jioint P m common, 
thov cannot bo pu’*, and hence thev inteisect in a line 
thrmgh P 

n)i-» hue of rectum Ix^mg ni the plane of P, AB, and also in 
the jilane of P, CD, vmII in gcneiwl inlee^^ctt both AB and 
CD 

\n exceptional ri«»e au^t.^ when the line of section is pai* to 
eithci AB oi CD 


7. (0 AO IS peip to the jihinc of OB, OC [77/ 81], and OX is 

pcip to BC in that piano , 

AX is also pcip to BC \fJ%*or of Three Pap ^ , ]) *^57] 
SuntlaiK BY, CZ Jiie peip respectively to CA, AB 
XYZ Is the pedal tri.inglc of the A ABC 

(h) T’loduce AP, BP, CP to meet BC, CA, AB lespectnely at 
X, Y,Z 

Then, «us bcfoic, AO 5s pci’ll to tlio piano of OB, OC , 

the plane AOXP is peip to the s,ime plane [77/ 95] 

Again the jilane AOXP, whuh jias'-es tlnongh OP is peip to 
the plane ABC [77/ 95] 

BC, the section of tlio idancs OBC, ABC, is ppi]^ 
plane AOXP [77/ 9G] 

AX w pel p to BC 

Smnlaily BY, CZ aie lespectively peip to CA, AB , 

P IS the oithoeeiitie of the A ABO 
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(i)smfi=^=§| ^=sina.co5BCA 
=siiia cosjff 

(u) tan6=^=^ ^=tan^ secDAF 
=tanj8 seccu 

/ \ ^ CE CE EA n 

(m) taii«=gg=g^ ^g-tane secBEA 

=tan^ sec-ffi. 

, . „ DC FE EA , 

{n)sin^=^=g^.g^=s.n<5 


Page 382. 

2 In the Fig of p 3S2, let Q be the mid-pomt of OP Let QN' 

be th'e peiT) from Q, on the plane of OX, OY , and let 
OM' M'N be the coords, of N' m that plane. 

Then N' is the mid-point of ON \Th, 92, and Th. 22 Cbr.J 
and QN'^iPN=5 

Similarly OM^=|OM=3 , and N'M'=^NM=4. 

• required coords are 3 4 5 

3 See p 3S5 Art S. 


Page 389 

The protected area \rill be the projection of the iron sheet on 
the horizontal plane 

this area = (,irea of sheet) xco^ 60" = 144 'sq ft x4=7'2sq ft 
(i) OP = v''OG=- PQs=v/0A=_AQi-s- PQ- 
=N‘'l5--y-S^=v '2S9=lT cm 

. »>*aop.|p.'-3^_||.o^34 

Area of fig. OAPR=OAxOR=12x\^92j- 8==14449 sq cm. 
(u) cos a=^ : cos 0=^ ; cos y=°° 


OP’ 


OP 


.. co^a-cosS0-i-cos2-/=?^°§’Il°5:_9if_l 
' OP2 OP^“ 
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(ill) By Theoi 93, tlie lequired pLine must pass through OP 
and some line pai’ to BQ This condition is satisfied by 
the plane of OP, OA, namely the plane OAPR 

Tlie shoitest distance between BQ and OP = the perp from 
any point in BQ on the plane OAPR [Th 94] , and this is 
equal to the pei;p from B on OR 

Let BX be the perp from B on OR 
Tlien BX OR=2AOBR=OB BR , 

or BX n/6-+c- =6c, 

BX=&c/^/^?T^ 

3 The cutting plane intei sects each pair of opposite faces in 

pai’ lines \Th 89] , hence the lines of section, being 
coplauar, foim a par"* 

4 Considei the Fig on p 39G, wheie the pi ism (ABODE, 

A'B'C'D'EO is ""cut by pai^ planes in the polygons Aftcrfe, C 
AWrfV 

Now the lateial edpes of the prism are all pai** , and, by 
Tlieor 89, the plane of the face DCC'D' cuts the given 
])ar’ planes in the pai^ lines c2c, dd 

Thus the sides of kbede are respectively pai' and eqiftil to the 
sides of NVdd’d 

Hence the angles of Nbcde aie lespectively equal to the angles 
ofAWrfV[7% 87] 

the polygons aie cbnginient 

5 Of the SIX edges of the tetiahedion, two will be equal to a, 

two to &, tw’^o to c , and, on diawnng the Fig , it wull be 
seen that each tiiangulai face will have the sides a, 6, c , 
thus all the faces aie congiuent hloieover the plane 
angles at each coiner arb those opposite lespectiveiy to 
edges a, 6 and c , that is to say, the angles aie equal to 
those of one tiiangulai face Hence then sum is 180'' 


6 Tlie diameter of the circle pai^ to the section of the two given 
planes will have a pi ejection equal to itself, Viz* ©cm , 
and this will be the gieatest choid of the projected cui\e 

Pi ejected area=(given aiea)xcos 45'* 

X 52 X i == 7 r X 25 X ^ 

=55 54sq cm v 



<^oui) ncsnus j‘V(.r .w 


2}« 

7-10 a) rf Inhlrtfl erc^n** < o7t thr Mrafi tlrt^v it^ojff 
h}f ytittlhl p^H7U < (f to'nqfi c tch J*fl}T 

Of tiitj <s ]V 371] T/fV j?/> pf(tn^^ sn tlmm* 

farsr at e/irlomtff ptrafn^rpip’^fl^ of rZj'/i opfontte f to 
hn *• nppo^it^' ot ih*^ iOt^nh Jron doiaovith Ths 

r\pi\Ot t*fl tfi th fiinqrit»i7 r//»/t (A BCD) w 

th aiii}} mh'f^ro/K (A/ pra^fti if H idti^r fo dratr (fte 
rtiflodT^if yxTolhlfpiiyfl avd tht* txjio^ 

ITxh ) 



7 In tlio 0»>M> hi a plm^ to AC, 00 (that ts pn* 

to ihf' op|H»Mtt fno ARCP% QBSD of tho pti'’) cut tlio 
odist's AB, BC, CO DA of tlu titnlmliaiu in th^* ixants 
E, F, G, H 

'Hi n licf:an'»<» AC h pu' to thv i.nttinq' plin^, and 

1>s ui-i tht p!am ACB llu tuitin^ plane in EF, 

EFinpiiJ loAC [7/ 0\ Cna) 

''inidith HG par* to AC EF and HG iro tlHin*^.'h< ■* 

''iinilith FG and CH au pir 


H In tl d»ij:nim, jf tie tMMhidne) n u^^ndar, then aU 

th*' d i^onali «t the xu>^ tf tin in^ juratleh p |Mfi 

-^11 » p*"] Jh th» ati <iji 1 ipN^^kd the 

I ih p»]v fl 1» *t^Xi t * a n nhf 

\r tl €vp|i ^d'*- AC BD td ih» t« tt ah*^dion h» mtliwntr* 
•'T n Af^CP, QBSD , ' M th< th *ani» *rii 

#'C, no 1 ]► '* [i ai ^ lOtt U tv ?t n tin N« p) iRt -c- 

* BK * 
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Thus an the square BRAQ, 

BR=ABx-^ \Ex 13, p 124] 

==iof AB 'S 

(diag of sq on side AB) 

9. In the same diagram, if AC, BD aie at right angles, then in 
each of the equal and opp pai'"* ARCP, QBSD, the two 
diags aie at light angles , lienee each of these par'"* is 
equilateral AP=AR 

Similaily, if AB, CD aie at right angles, each of the par'"* 
AQBR, PDSC IS equilateial AQ— AR 

ap=aq=ar 

Hence the pai"'* APDQ, RCSB aie equilateial , so that then 
diags aie at light angles 

AD and BC are at light angles 
10. In the same diagram, 

AC®+BD®=the sum of the sqq on the diags of thepai"* APCR 

=the sum of the sqq on the sides of the pai"* APCR 

[El 4, p 231] 

=5 4Ap2, for the pai'" is equilat , \Ev 9 ] 

^constant, foi the pai-* has equal edges [Ez 9 ] 

Page 391. 

1. (ii) Heie 2c(a+&)=86 70 sq m 
and c=3 40m 

peiimeter=2(a+6)=^^=25 50 m 

% 

2 V olume in cubic dccimeti es =125 x 80 x 65 = 650 
That is, number of litres =650 

AV eight in hilogi-ams = 650 x 4, = 520 [See p 393 ] 

3 Since 1 hectaie= 1000 x 1000 sq dm , and the rainfall=6 5 dm , 

the number of hties lequued is 1000x1000 x 6 5, 
01 6^ millions 

4 Requii ed weight in kilogram8= 12 x 7 5 x *> x 2 64 

= 1188 
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KFCTANGUL/VR SOLIDS PAOL.'^ 393, 394 


Page 393 

1 Nimiljei of cu 'vds — s= 196 3 

2 Nuinbei of kilogniniss=212ox 15>c6 4=20400 

3 Volume in cu dm —12 8x1 "ix 05 =9 6, 

i*equiied ueigbt=9'Gx7 8=74 68 kg 

4. Volume in cu ft =54840 x 9x' 

X 9 X 7 

requn-cd weight in ton3= "g^~^^^ x lOOOx 1 28 
=5445 

5 Aiea of bottom =(2 50 x 1 24) ivj ni 
Aiea of two side‘5=2(250x 1 50) «5q ni 
Ai*ea of two eudss=2(l 24 x I 50) m 

Total aica = 2(3 74x1 50-r2 50x I 24) «!q ni 
= 11 224-31=1432 ^q m 

co^t=14 32x7=100 24 pence=8# 4cf, to neare‘5t penny 

6 Volume in cu dm =ygjyXl02-=3 
weight in kilograms=3x 7 14 = 21 42 

7 Here the thickness =0 025 m , and foi the inner dimensions 

ticK' the thickness must Ixi subtracted from the outer. 
Thus the inner dimensions are 

length = 1 6 m , w idth -12m, height=0 5 m 
Area of bottom =(1 6 x I 2) sq m , 
area of two sides=2(l-6 x 0 5) »[ m , 
area of tw o ends=2(l 2x0 5) sq ni 

Total area = 2(28x054-l Gxl 2) sq nu 
=28+1 92=4 72 <5q ni 
" costs=4 72 X 1'25=5 90 shillings 

=5^ nrf, to the neatest penny 
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8. (i) If a IS the edge of the cube, 6a®=2 5350 , 

whence a=0 63 m =65 cm 
(n) Length= V274625=65 cm 

X 

9* Let ^ = the thickness in centimetres , then the inner dimensions 
aie 12 - -i, 10 - 8 - 1 cm respectively 
2(12 - v)(10 - ^) + 2(12 -^P)(8-^)+ 2(10- 0(8-x)=376 
Tins equation gives ^=2 
Thus the leqiiiied thickness is 1 cm 

10. Let the dimensions m centimetres be 4«, 5a, and 6a , 

then 2(20a^+24a2+30a“)=1332 , whence a=3 

Tlius the dimensions are 12, 15, and 18 cm respectively 

11. Let the length, bieadth and height be a, h and c centimetres 

respectively , 

then a6+6c+ca=107, 

a6=42, ac=35 

These equations give a=7, 6=6, c=5 

12 Heie diagonal =a^/3 [page .385, Art 8, Coi 2] 

10=0^3, whence a=3 8 

Wliole surface =6a2=^^^^= 200 sq cm 

, , 10x10x10 1000V3„„ 

Yolume=a®= = — r; — 'Cu cm 

3\'3 9 

1732 0 

= — ^ — =192 4 cu cm 

13. "With the notation of p 390, Ait 15, we have 
a6=48, c=3, a-+62+c*=169, 

0.2+62=160, whence a=12, 6=4 

14 Here a2+62+c2=172=289, 

2(a6+6c+ca)=552 , 
by addition, (a+6+c)2=289+552=841 
0+6+0=29 
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EIGHT PRISMS PAGE 395 


15. 


40 


40 gals porimn ft per nun 



cu ft pel houi 


IGOxCO 

the rise per lio«r=^2Q--^g 
= 14 4 inches 


feet 


16, Area of base = (4 x 15) sq cm , 

volume =4 x 15 x 12 = 720 cu cm 
Also AB=\/l5^+8-=l7cm 

permietei of baae=(15+8 + l7) cm =40 cm 
Lateral hui face =(penme ter of bjise)x height 
=40 X 12=480 sq cm 

17 The aiea of the base (found by the method of page 111, or by 
the foiniula at the foot of that page) is 36 sq cm 

\olume=36»x 10=360 cu cm 
Wliole smface = Iatei*al siuf.ice+area of two ends 

=(36 X 10+2 X 36) sq cm =432 sq cm 


18 Area of base=i(13 + 17)x8=120 sq cni , \Th 28] 

volume=120x 100=12000 cu cm 


v/l9. 


Consider the quantity of sand lying on a strip of ground 
4 ft wide and extending for 1 ft of the wall’s length 
Tins will form a tuangulai pijsrn whose end is a iight- 
angled triangle The sides containing the nght angle ate 

4 ft and ft respectively [See Bx 14, p 124 ] 

' v3 


Hence volume 



4 

x4x-f 

a/3 



cu ft 


8 ^ 

3 


1 73|2^ cu ft =4 G cu ft 


20 


The capacity of trpnch=[i(15+9)x8x62i] cu ft 
= 0000 cn ft 

Numhei of gallons =0000 x 6|= 37500 


AVeiglitin tons = 


0000x1000 

"2240x16 


= 167, neatly 
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21 The volume of cp"! i- that of a cuboid nhose base is 
^ - sq ft , and vlio'-e Iieiyht I"* 14 ft 


COS 23' 

JItnee Mcnrhi in toil's = 


4S40>'Oxl4 1 


092OO 


^28 




22^ The volume of ^^atel flowing tluough the pipe per minute is 
that of a cuhokl who-^ diinen'non*? are 400, OS, 0 8 deci- 
iiicti'es respectiNoh 

8 S 

Hence numbci of pei imn =403 ^ Iq 

= 2o6 

Time i^uircd fora million minutes 

=65 hrs- G| rnin 

23. Let the lateitil surfaces and the toluine^ of the two prisms be 
presented b\ S^, Vj, and V_ iC'^paclneW. 

Then <iince Inlrral ^nrfat of hatz)y.lmQht^ 

^ (^GxS)^8 4 

-Again, ai-ea of hexagonal basc=(4 x 4 x 6) sq cm 

. Vj=16n'^3x0x 6 cuL cm 

To find the aica of the octagon, pioduce alternate sides so as 
to foim a ciitnri^cnbing squiiie Let PQ. be a side of 
this sfjuaie l>a»ing through a side AB of the octagon 
Tlien itc^isiU follows that 

PA=BQ=3n^ 2, and PQ=6i-6N'2 
Xmv area of octagon =sq on PQ— area of 4 corner LJ 
= PQ--2PA- 

={(6-C\'2)2->18x2}sq cm 
=72(1 4-N^) sq cm 
. V^=72(1 -fv^2)x8 cii cm 
Vi ,16x'3x6xC ^ 
Vs^720-^s^i)x8“l^x'2 

717 .. . 

loof) 

* R 


K^O 
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PRTS:^IS P^TIAMIDS, PAGES 401, 402 


24 


The \ohime lemovcd e\ca\ation tljat of n piism whoso 
ends .ii*e trape/iunis ■with pamllel sides equal to 31 20 and 
10 80 meties, and height equal to 4 50 ineties. 


At ea of ti-apeziuni = ( 5 x 48 x aq ni , ^ ^ 


■S'"** O-vJ* 


nunibci of tons* iemo% ed =■ lOS x 850 x 2l 

mi . 1 t ^ 108x850x0 

That IS, numbei of da\s= — j — =459 

’ 4 X 450 


Page 401 

3. ( 1 ) V=^x 11x7x12=308 cu cm 

( 11 ) Bj the method of page 111, <aca of A =84 sq cm , 
V = \ X 84 X 10 cu cm 
= 280 cu cm 

4 Using the Figuit on p 401, wc ha\e 

SP = = n'OT = 9 85" 

Agiun SA = \/SP-+ PA- = V‘)7 + 1 G 

=\'ni =10 63" 

5 Here S=-4 x5x\^10-+5- «?q cm 

= 11 18 X 20=223 C ««q cm 
V=>xl0xl0-=333 3cu cm 

6 Wjth the Figine on p 101, volia%c 

SP2=172-0*=203 

802=208-111=04, 

80=8 cm 

AKo V=J x8xl8x21 = llC2 cii cm 

7 Here SP=2ri", 80=2 1", PO = PA==07", 

».SPO-g-I,028 

Ai I I of paije* tmn of f ».< ^-(0 7 x 2 5) x ros SPO 

“0 7y25\-<r sq in 
-0 JO 111 
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8 "Replacing llio squaic base of figino on p 401 by an eqnilatcial 
n ABC, ^\e ba\e OP =5 l.m .10* 

SP2 = 23 + 25 lan-.S0“ = 25 sec^SO" 

10 loVii , „ 

SP=- 7 ?.— — = — =5 8 cm 


\fr 


IOnAs 


i\iea of side f.ito=AP SP= — xr )=-28 87 sq cm. 

l^or^ OP 5 1 

«”SPo=sp=73’‘-io“l 


9 


Heic mLcio A i*? tlic aie.i of tlio baso and h is the 

height of the imaniul 

Also A= 3 x 3 n^ 3 xG cm 

=1 732 x 54 si| cm 

=03 53 sq cm 


4 


3 V 810 
A 03 53 


=8 7 cm 


10 ])i\ iding the w edge ns desci ibed, we htw e 

\ olnmo of ])} i amid = (a — c) x 6 x 4 ; 
volume of pi ism , 

liciice^ by addition, 

volume of wedge (2^^+6') 

11. Let FG be the peip fiom F on the baso, and FP the perp 
on BC Tlicn FP meets BC at its middle point P 

Slant sill face of wedge =2 (trapezium EB+tiunglo FBC) 
Now FP2=FG2+GP2=42+ 

area of A FBC = 16 x \s/4h^+(a—ey , 

/ Jfi 

aiCtV of tmpe/uiiu EB=]_(a+6')'y/<-+ j = J (n + c)n/ 4/4>+6- 
"Wlicncp, by addition, -we obtain tlio icqiiiicd lesult 
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12 Dnulmp tlio ftnstnm as <les«.iibal, let the Roctmn tluon«li A 
cut CC' in P, and BB' in Q. XiCt A be the .iicii of the base 

Then volume of pnsm=«A ' ' 

Tlio inminul h.w foi its biso the tinpe/iiim PQB'C', and its 
hcight=p,^ 

2A 

% olumo of nuiiicl = x ] (CP + B'Q) x PQ, x 

w hole \ oluiiio “ + r - 2«) 

= ’jA((/ + i+0 

Page 409 

1 The ”1 olunio s=s 8 5x00x7 1= 377 4 cn cm 
If the (liincnstoTH .no cich 1 iiiin iii defect, 

^ \olume=8 1 X 5 Ox 7 3=361 788 cii ein 
the giealc^'t po'^mblo eiioi m defect =15 612 cii cm , 

and the eiioi pei cent = x 100 = 1*31 

rtUi /oS 

If the diinensions me cieh 1 nun in cxcoqs, 

\ ohmic =8 (>x6 1 x7 5=303 450 cu cm 
the gieitcst po'-sible eii(»i in o\ces'i=lG t)j0 cu cm, 

ami the eiioi pei cent — —Ar?: x 100=4 03 
* V)tJ JoO 

2 Olio Ieni;th of the pi ink 10 ft , being the hjpotenuso of a 

iight-nngkd timngle \\ln»-.e Mdes aie 8 ft nnd G ft 

mpiiitd \\( ight= ^10 X X y ^ x boj Ilw 
=87^ 11h 

^ A 

3 ^rim an i of the < ipul A is 3 x 3 \^3 sq cm 

3 1 C 1 5 X 5 y (i»s 0, 

I A C> X 1 I 

AMi<im,bj ni<Mti«t«if IhliU'), 0 - M/sa’ 
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4. See figure of p 398, -fiat 21 

TTeie SO=8cni, PB=2 ctu PO=2N^cin 
SP=x'64+ 12=^76=8 718 cm 
Sla7iis}rrf =:\( pa imeter of basfi) ^ L\lcuiL^hcifi/it) 

24x8 718=104 6 sq cm 
Vob(m€^'^{areaofbase)x(j>e)p height) 

= 6x2x2\^x8=64\^3cu era. 

= 1108 cu era, 

5 Use tlie figure on p 401 

Sp2=SA2-AP2=C2-32=27 
OS=\/SP- - OF-=\^27^= cm 
=4 24 cm. 

Volume = ' X 3G X 4 24 cu cm 
=o088cu cm 

6 Let the point*? in the oi-dei gi\en be denoted bj A, A', B, B', P, 

and let AB meet the axis of ^ in Q. 

Tlien PQ=Vl2-+9- = 15 , 

and aiea of A PAB=o x 15=75 units of ai c«u 
Snmlaily aiea of A APA'=13 xP=117 units of aiea 
Thus the ^\hole slant siu*f =2 x (75 + 117) units of area 

=384 units of area. 

7 See figure of p 308, Art 21 

Here OB=5cm. PB=2 5cra Z-SPO— 60"* 

Also OP=OBsin60®=^^^ cm 

SO=OPtan60'’==^x^^3=^ cm 
2 2 

Volume=“^(area of la^e) x height 

=93 75 X 1 732=162 4 cu cm 
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rXKKClsrs ON rOIAKLDUA I'AOF -100 


) In Ej ampler 8-1 2 ref a enre mil be vuu/a lo thefollou mg iltugt am 

A 



C 


v/S Let APl)P pcip to ba'sc BCD of ,i icguHi tctinlic^ron (A, BCD) 
.Tom BP, CP, DP, .md produce tliein to meet tlie sides of 
the hii'.c in X, Y, Z 

Then from tlie it angled A* APB, APC, APD, we ha\o 


^9 


PB = PC = PD \rt, 18] 

And from the A' PBC, PBD, the u PBC=tho L PBD [77/ 7 ] 
Ijastl} from the A'XBC, XBD, i\e ha\e XC=XD [7Vi 4 ] 

Hence BX is a incdian of the base siniihiili CY, DZ aro 
medians, mid F’ dnides each of them in tlie mtio 2 1 

[p 97, IIJ Co) ] 


Jjct AP, BQ Ihj the jieij'i’ from A and B on the opp f.ica*? of 
tlu» letnihedioii the i 0p^ wlieii inoduced at X 

tlic inul-point of CD [/;, j * 


Jlonco AP, BQ, AX, BX -iro iil in.u 
]ni* to BQ, niUHt mcLt A x, and be 

Thus from the «ouiil»t A*BQx^ PLX, 


fio Unit a line PL, dm\ n 
peip to the face ACD 
[T/i 83] 


BQ PL =- B> px j 
nr, AP PL-*n i 


[]> 97, Cot ] 


N/10 


Tlio faros of a i. gtil u t/li-ih* dp,,,, 
'ITius in the abioe ill igruii AX _ gj( 
^♦o^, BXV BD- DX* 

.-bH*-lV 


ttjmlatmtl 

[TVi 29] 
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PX = iBX, PX==g BX2=^‘ 


And 

3 ■ y .3 

Lastly AP2=AX2-PX2, [77/ 29] 

‘ oi, p^=^Z‘)rfi~^— 

11 (i) "Witli the s<irae Fig as befoie, we liave, as m the last Ex , 

BX2=3ot' BX=jk\^ 

I ^ 

Now area of face BCD=^ CD BX 

'ichole sin face of foui equal faces =4ni2N^ 

(ii) Vohime^=^ (aita of base BCD)x AP 

o 


-I 


[JSv 10] 


2 /- 


12 Since AX and BX are both peip to CD, the dihedral angle 
between the faces ACD, BCD ib measurad by the ^.AXB 

Now 


py 1 

cos AXB=g=|=0 3333, 


< 


\£Zi2l 


-.AXB=70'’ 32' neailj, fioni Tables 

13 (i) Consult the Fig on p 384 

'The fig BA'D'C is a pai“ Qi 384, Ait 6] , 

. BD'2+CA'2-=BC=+CD'+D'A'2+A'B'^ [^Tf 4, p 231 ] 

Similarly AC'2+ DB'== AD=+ DC'-’+C'B'2+ B'A^ 

By addition, sum of sqq on four diags of par^ 

=AD2+ BC2+ B'C -+ A'D'2+(CD'2+ DC'-)+(A'B2+ B'A^) (a) 

But from the par“ CDD'C', 

CD'2+DC'2=DC2+CC'2+C'D'2+D'D2, (6) 

and from the pai-*" ABB'A', 

A'B2+B'A2=AB2+BB'2+B'A'2+A'A2 (c) 

Substituting m (a) fioni (b) and (c) we ha\e the lequiied 
lesult 



25a EXERCISES ON POUIIEDUA PAGE 4 10 

(ii) TaTve the Fig given on p 246 of the Key 

Let (A, BCD) be a tetitihcdion Pass pairs of pai* pianos 
thioiigh the opposite edges, tlins enclosing the tctiiihcdion 
in the paiallclepipcd (BROS, QAPD), of winch opp faces 
have opp edges of the tetiahedion its diagonals 

Now the line which joins the niul-points of AC, BD (that is, 
the common peip to AC, BD) is equal to AQ, a common 
pci p to the opp faces ARCP, QBSD of the pai**' 

Sinnlaily the line joining the niid-points of AB, CD, and 
that joining the mid points of AD, BC aic respectively 
equal to AP and AR 

Now " AC“+BD“=siim of sqq on diags of pax’" ARCP 

= 2[AP2+AR2] [Cx 4, p 231 ] 

Siniilaily AB2+CD2=2[AR2+AQ2] , 
and AD2+ BC2= 2[AP3 + AQ-] 

By addition, sum of sqq on edges of tetrihcdron 

=4[AP^+AQ-*+AR^J 


14. 


In the tetiahcdron (A, BCD) let the plane ABE, winch bisects 
the dihedral angle between the planes ABC, ABD cut 
CD at E Tluough B take a plane perp to AB, and 
diaw CF, EG, DH peip to tins plane , so tliat thps6 lines 
no co-planar and pu> to AB and to one aiiothei 

Fiom C and D dvsivr CK, DL perp to AB , 
then CKs=FB, and DL=HB , 




(i) Tlio pyramid (O, ABC) nia> bo rcgaidcd as (C, OAB), that 
iSj as baviTig tlio ^eltox C iind sUindiiig on tlio baso OAB 

IJenco s ol of pj H =;= 1 (area of A OAB) x 00 


15 
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(u) T)raM OP peip to AB, and ]oin CP , then CP is also perp 
to AB [77/eoj of Thee Petp', p 357] 

Tlion OP=OA cos 45°=-^ , and AB=o\^2 



PC=v'OP‘-+OC2='\/^+a2=a^ 

Areaof AABC=i AB.PC=i a\'2 


(m) Tf^ denotes the peip fiom O on plane ABC, 

then vol of pj'i^ (O, ABC)= 5 (<uea of A ABC) p , 

» o 

tliatis, ^=1 la\/3 p f(i)and(ii)] 

a 

16 (i) Vol of pyr'* (O, ABC)=i(aiea of AOAB)xOC 

O 

ia& G—^ahc 


(u) Diaw OP peip to AB , then CP is peip to AB 
Now OP AB=2AAOB=a6 




AB'^ 

AABC=1aB PC=i'ya-i^+6“'AB2 
2 2 




(lu) If jo denotes the perp from O on plane ABC, 
then vol of pyi'*^ (O, ABC)==“ A ABC j? 

o 

that IS, \ahc=^\ Xp [(i) and (ii)] 

0 V 2 

p =5 ahe f 



POLYIIEDRA CYLINDERS PAGES HO, 41% 



17. Let (ABCD, A'B'C'D') be a cube of A 

winch 0 IS the centic, and ^ 

Js^jyUthe^nn^mill'L 2f ® o ^ ! 

adjacent edges AB, AD ■ j- 

Takc a plane tluough L, M, and O / '''/O 

Tins plane ^M!1 e\identh tut the ^ / / \ 


E ointsPandQjandwillbcsecn '' 

3 the s>Tniueti > ofthofiguie ^ 

to cut tiie edges BB, DD' at ^ " 
then mid points R and N o ti o 

Hence the lines of section of the cutting plane >Mtli the faces 
of the cube foim the hexagon LMNPQR, \\hich may easily 
be proved to be icgulai * 

18 Let (S, ABCD) bo the squaio pj ramid, and (A'B'C'D', abed) the 
lUhCiibcd cube, of vhicu each 
cdge=.r inches let the face aftcc? 5 

cut the altitude SO at o 


Tlien Oos=r , so that So=^/i-~x 
fioin similar A*, 

So SO=oc OC 
=6c BC 

That IS, A — r a , 

01 o(A — t)=Ar, 

hence r=a/i/(a+A) 


ipHW 

•/ n*"' * A 


Page 413 

1 (i) Curved sui face = 2s-r/t == (27r X 3 x 8) sq cm 


= 151 sq cm 

Volume =7-r®4= (jT x 9 x 8) cu cm 
22 

=72x-^=22Gcu cm 

Curved sin face = (2a- x 4 5 x 7 2) sq cm 

=(31416x9 0x7 2) sq cm 
=204 sq cm 

Volume =[a- x (4 5)2 x 7 2] cu cm 
=458 cu cm. 
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2 Total sill face=27-; {h +r)=(2r x 4 2 x 20 0) sq cm 

— (3 1^410x40 X 4 2) sq cm 
=528 cm 

3 Volume=:^/i=314l6x(lS)-x 12=122 cu cm 

4. Tlie locus IS CMdently the cuixed surface of a cylinder \vhose 
avis Is the gi\eii stxniglit line, and whose radius is the 
gi\en distance 

Surface=(2rx3 5x5 6)sq cm, 

=3 141Gx7 0x5 6=123 sq cm 


5 Tlic external and intern«il nidu are 4 cm and 2 cm, re- 
spectn ely. 

Area of the tvro ends=2T(4"— 2-^=24 t sq cm 
The cui ved external smface=(2r'x4x 12) sq cm 
.. internal,. =(2— x 2xI2 ) sq cm 
Thus the whole surface= 24:r x 7 = '328 sq era 


6 Here 


V 128 2 
7-;^=^ -x4 


ra 


=32 05 y i =(32 05 X 0 31831) ni 
=10 20iu 


7, Let d be the diainctei in inches 

^fJ2. 

Then X 1000 x 36= vol of the "wire m cubic inclies 

4 

= 1 

„ 1.1 031831 0 00031&31 

9000^ IT 9000 9 

=0*000035 , ; 

- c7=0*OOG inches, approximately. 

8 Here 2;rr// = 1000, and 2r=20 7“A= 50 cm 

V =—^1*2=50 X 100=5000 cu cm 
50 

And /^ =— =031831 X 50=15 9 cm 
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9 Tlie diamclei of the Imsc of cylinder is v'16-4- 12^=20 inches 

Tims J =10 in ^ 

Volume of conci'ete=8^x ' 

=0 8484x81=699 cu ft 

10 The outei and inner radii aie 2 7 cm and 2 3 cm respectively 

volume = [7r{(2 7)- — (2 3)-} x 18 x 100] cu cm 
= [77X5 0x0 4x 18x 100] cu cm 

= 1^360077 X cubic decuueti'es 

weight = (3 077x7 79) kg 
^881 kg 

11 Ijet the length of the wiie be a centimeties , 

2 

then vx jQ=smface of cjlindei in sq cm 
=27-x5x 12 , 

7=60077=1884 9, 

thus the iGcpnicd length = 18 85 metics 

Again, \ olume of wire = j^l 88 5 x tt x 

wcight=(0 01885 X 3 1416 x 8 88) kg 
=0 52586 kg 
=525 9 grains 


Page 417* 

1 In the Figuio on p 415, the ACAB=fi. 

I. 

(i)S=7-7/, filso r=Atan tt, Z= 


S= 


cos a 
" *7rtan g 
cos a 


V=lr^/,=lrA^Uxn-a. 
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EXERCTSES OX COXES PAGE 417. 


(n) S—zrl ; and : 

^ ’ sma 

sma 


V=\—r^h and h=~ — ; 
Z tan a 


- V— _ 

* ^ 3 * tan a 

Let /•,, l>e the height*; of two cones w itli &inie vertical angle, 
and let Vj, V- be their ^ olames , then 

Vj . Voss^/n^t in-a A/tan-tt 


2 . 


6) S=rT7=-rxCxlO=l?S4 so cm 

. required fcurf.»ee=lSS sq cm 


x6rxS=301 5 ciK cm. 


I’oqtiii'ed Aolume— 302 cu. cm 


(-ipprox.) 


(li) 2 xn^ 1 44-rl2 2j cnu 

2xn/iTC9=(^x 1 2x3 7) sq cm. 

= 13'9 «sq. cm 

required <?urface= 14 sq cm. 


V=ri— x(l 2)-x3*5=(— x04Sx3 5) cu. cm. 
=5 3cn cm 


3 WTiole surface=rv(/ -rr) 

Alco cm. 

S=— x9xo0=14137 sq cm 

==9*6x0‘6==5 76 

V=J^— x5*76x4a*>s={-“X5*76xl 5) cu cm 
—27*14 cu cm 


4. Here 
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Page 421. 

1 By foimula (i) of Alt 34, 

slant sui face = ’ (4 x 20 + 4 x 4) x 
Also f=v^l5- + 8^=17. IVTW \ 

slant sill face = ^ x 96 x 17 = 816 sq cm 

2 Gunned sui face = [ir (4 + 3) x 6] sq cm 

= 35x^" = 110sq cm 

3 By formula (ii) of Art 34, 

Aolume=[Jx3x(82+8x6+6^] cu cm 
— 148 cu cm 

4 Curved surface = [tt x (4 + 1) x 5] sq cm 

= 257r s= 25 X = 79 sq cm 

Volume (4“+4x 1 + 1®), vrlieie /~4 

»5 ~ 

=|x4x21=4x7x v = 88cu cm 




5 Heie 6)2+(3 3)2=6 5 

slant siuface=[2 (8x4 + 1 4x4)x66] sq cm 
= 188x65=1222 sq cm 

6 Tlio triangular ends ai e i ight-angled , thus 

1 5=30 sq cm, and £ 0 =^ 6 cm 

\oluine = J 8[30+\/30x cu cm 

= Sx(Yi+16)=140 cu cm 

7 Volume of c^lindei on base of mdius iCrj+j®) 

4 

Volume of cone on base of ludius A(rj— r^) 
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2 Here ^=i’!HH=44i u , 

TT 

r=21 ft appiox 
?=\^30^-h21^=36Gft 
Cui ved sui face = Ttrl — (r x 21 x 36 G) sq ft 
=2414 6 sq ft 

lequired length of canvas 1 3d ^Mdo 
=(2415x5) ft 
=805 ft =208 yds 1 ft 


3 Here 


2A=90 478 
_ 90 478x3 
3 1416x16 


m 


4 Tl)e greatest cone \m 11 obMously hwe its vertex in the face 

opposite to that in vrliicli the hose lies And the base of 
the cone bo the ciicle inscribed in the squaie base of 
the cube Thus the coue has a mlius of 10 cm and a 
lieight of 20 cm 

Hence the hole sui face = r 10 - + tt x 1 0 x \^10-+20- 
= 100t(1+v/5) 

= 100^x3 2361 
= 101 6 6 &q cm 

5 In 1 minute a c\hndncal coliinm i\hose base has a ladius of 

0 25 cm, and whose height is 1000 cm enters the vessel 
Hence if s is the tequix^ed time lu minutes, 
a XTTX (0 25)2x1000=5 17x20^x24, 

400 x 8 32000 ^ 

thus the requned time is 51 nun 12 secs 

G "By Ex 1 on p 417, the sui face of a cone is gnen b} the 
foj inula s=— -211“ 

COS a 

in the present case if //| and S| in the cone cut off coiic- 
s|}ond to // and S in the wliole cone, 

Sj S = /i,2 7,2 

But S^=5S, /^j=57i 

the segments of A made by the cutting plane aic in the 
latio 1 2 
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7. Tlie cone has a base of indius 0 7 cm , and its slant height 
ih 2 5 cm 

Tlie whole surface lequued consists of 

(i) the ciiculai top, (ii) the curved suiface of the cylinder, 
(in) the slant suiface of the cone 

Mhole surface=7r(0^7)2+(27r x07x2 4)+(7rx07x2 6) 

=0 77r(0 7 + 4 8 + 2 5) 

=5 67r=17 59 sq cm 

8 The radius of the top=10 cm , and vhen the watei is drawn 
off the height of A\atei .left is 1 5 cm 

if 9 lb the ladius of the surface of watei, 

9 15 

• — , whence r= 2 

10 75' 

Noav cuived suiface of fiustuni of cone— tt (2 + 10)? 

Also I IS the hypotenuse of a it -angled A whose sides are 6 cm 
and 8 cm Tlius ?=10 cm 

surface of ^essel exposed =1207r= 376 99 sq cm 


9, Let V and V he the volumes of oil and water lespectively 
Then v+V is the volume of the wdiole outei cone Also 
the outei and inner cones have bases of ladii 6 6 cm and 
3 5 cm , and they have the same height 

V 2;+V=(3 5)2 (5 6)2=25 64 

V V=25 39 

the ^oetghts are in the ratio 25 x 0 92 39, 
that IS, 23 39 


10 At each end the surface left will be a circular ring whose 
outer €ind inner radii are 4 cm and 3 cm lespectively 

Tlie two cones have base of radius 3 cm and slant height 5 cm 

Curved surface of cylmder=27r X 4 x 10 sq cm 

Sui face of two ends = 2 x tt ( 42 — 32 ) = 149r sq cm 

Surface of two cones=2x7rx3x5=307r sq cm 

Thus the whole siu face =1247r= 389 56 sq cm 
K S G, S 
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EXERCISES t)N TIIE SPHERE PAGE 427 


Page 427 

1 Tn tho Tig of p 424, let O be the common centre of two 

spheies whoso ladii aie ON and OA, and let ON^r^, and 
0A=J2 

Now the tangent plane to the inner Bnheie at the point N is 
perp to ON [Ait 39, p 424], ana cuts the outer spheie 
in the circulai section QPR, of which N is the centre, and 
NP a ladius , 

also NP»=\^OF^ON-=\^rr-“?i“=a coiisiavif 
fov^ny point N on tho huifaco of the inner spheie 

2 Let O be the centre of a spheie of radius and X an} point 

on the surface at a given distance a fiom the fixed point 
P Then the AOXP is of fixed si/e and shape for all 
positions of X , and if the AOXP rovohes about OP as 
axis, the veitex X passes through all points on the surface 
at the gii en distance a fi oni P Nowr if a ti laiigle i ev oh es 
about its babe, tlio vcitcx moves in a plane, and 
desciibes a cade \Ex 3, p 3G2] 

3 Tlie spheres touchy if 

The spheies cuty if j 4 - 7 ^ > a, and ? < a 

If the spheres cut, let O and O' be then centies, and Pa point 
common to tho two sin faces Tlien, the AOO'P being of 
fixed size and shape, it may be shew n, as in tho last £x , 
that the locus of P is a cuclc 

4 Let TP be a tangent fiom the ex- 

ternal point T to the spheie 
whose ceiitie is O Join OT, OP 
Then the Z-OPT is a it z. And 
if the A OPT revolves about OT 
as axis, the point P moves in a 
circle [i^r 3, p 362], and on the 
surface of the sphere, for OP is 
its ladius 

Now m all positions the L OPT is a 
it Ly hence in all positions TP IS 
a tangent to the sphere Hence 
an infinite number of tangent 
lines can be dmwn from T, and 
the locus of then points of con- 
tact IS a ciicle 

The tengent TP, as it levolves, generates the curved suiface 
of a cone 
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5 Thi« Exercise depends on the following extension of Theor 4L 
Bv rotating the Pig of p 164 about the diameter AB it is 

immediate! j seen that a diameter AB of a sphere sirbtends 
a right angle at avy point on the surface Hence it follows 
that the locus of a ^int in space at iriach a fixed line AB 
^ubtend^ a right angle is the ^rrface of a sphere. 

In Ex. 5 let O be the centre of the giien sphere, A the given 
fixed point, and P the centie of the cii*cular section made 
by an\ plane through A Then OP is perp to this plane , 
and the ;lAPO is a rt angle Hence P moves on the 
^surface of the bpheie lm\nng^the fixed line OA as diaraetei 
If A IS icithm or on the surface of the gl^en sphere, the re- 
(fuired locus is the irhole surface of the sphere on the 
diam^ OA, but if A is outside the gi%en sphere, the locus 
of P is that part of the surface of the spheie on OA which 
f.ills within the gi\cn sphere [Compare Ex 6 p 165 ] 

6 From O draw OA perp to the gi\ en plane ; and let the circle 

through Q, P, A cut OA at B 

Tlien OA. OB=OP. OQ [Th oS ] 

= constant , V^l/P 1 

, since OA is fixed, OB is also fixed. 

And because A, B, Q, P are concyclic, and the z. at A is a rt A. 

.‘ thez.Qisart 4- \Th 41] 

Jlence the fixed line OB subtends a i*t angle at Q, a point in 
•space , 

. the locus of Q is the surface of a sphere on OB as diam* 

\Ex 5] 

7. Let (A BCD) be the given tetrahedron 

Consider the planes A\hich bisect the three dihedral angles 
whose edges aie BC, CD, DB These three hisector-planes 
must meet at some point O [Ex 1, p 379], 'which will be 
the centre of the inaci ibed sphere. 

It is easih" seen that the locus of points equidistant from tif'O 
qhen intersecting planes is the ptane irjtich bisects the qnen 
dihedral angle 

Hence it follows that the point O is equidistant from the six 
faces of the tetrahedron, and therefore the centre of the 
inscribed sphere 

Thecenti'e of an escnbedspheieisfouudby hl^ectmgexternaUy 
the dihedi'al angles whose edges are those of one face of tlie 
tetrahedron As this process maybe pei fanned on each 
face, there are four possible esenbed spheres 
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8 


Til tl\e Fig of p 387, siipini-.e (A, BCD) to be i rcnvlm totra- 
Till n, T» s 3 iiiineti\, G is clciul\ tlio centio Iwtli 
of the insciihed .ind eiiciiiiisciihcd <;j)heic 


and AG=R, .iImi G'/j=r 

So that R=3r [Ait 12, p 3‘»7 ] 

Nom '.uiiiiosing the A BCD eqml.itei-al, c.uli edge being 2rt, 
’w 0 1 m\ c 

BX = «\'3 [Z7i 11, p 124], iiul 8^1 = [p ] 


Also 


A</,=x'AB— B^/,-='\/-»"- - 


AG(oi R)=-jA 7 , 


[Alt 12 p 3S7] 


=5 


9 It has been sliewTi [sec solution nf T,\ 5 ] lliat the locus of 
points III spice <it 1x111011 a fixed line subtcMuls nii^ht ciiij^lc 
Is the BUI face of the spheiX! hanng the fixed line as 
diam' And since in this ])ioblcin the points aie also to 
be in a gueii plane, then locus Mill bo tlie line of section 
of the ])laiie and the sphere, that i** to kix, a ciule 

10 Tins folloMS from the fact that tmu/ent h}u< <IraiC7t to a sphere 
fiom an extenud ojc equal 

Let (A, BCD) be a tetinhedion in which a sphere is placed so 
as to touch the edges AB, AC, AD at the points P, Q, R 
rospectixeU, and the edges CD, DB, BC at the points 
X, Y, Z 

Then AB+CD==(AP a.BP)+(CX + DX) 

- AQ +BY + CQ+DY 

=(AQ+CQ)+(BY + DY) 

- AC + BD 


1 


Page 432 


(i) S== 4 rr 2 =t 4 rx (2 4)2 


V 



w2 4sq cm 

72 4 X 0 SsssoT 0 cii cm 
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(h) S=47r/^=47r x( 10 3)"=44l7r=1383 44 sq cm 
V=|ct'»= 1385 44 X ^=(1385 44 X 3 5) cu cm 

O o 

=1849 04 CU cm 

2 Cost in t»]ullings=‘i x (Itt x*6^) x »] = IOStt 

=339 29 

Tlius tlio cost IS £16 195 4rf, to the neaiest imiin} 

3 lleio 47r/-=7rx(l 4)®, Avhence ; =0 7 cm 

4 Let t be the req[Uiied number , 

then t X ^jTT 3^=7r 2^x45, whence •)=15 

5. Volume=;j7r(6^ — 5'*)=5’rx91=381 2 cu cm 

6 AVliole sui face = sum of two Iiemisiilienuil sni faces +aie<i of 
cii culcir 1 mg = 27r X 5^ 4- 27r X 4^ + TT (6** — 4-) 

=7r(50 + 324-9) = 285 9 sq cm 

7. Let ^ cm be the tliickness of the tube 
Volume of tube=7r[r)2— (5 — ^)2] x 4 , 

4;r[52-(5-t)2] = i7r 3‘, 
whence ^ (5-^)-=16, and a = ] 

8 External curved suiface=^ x 4?r x 6^= 72ir sq cm 
Internal cut vcd surface ='^ x 47r x 5^=o07r sq cm 
The flat circular nm =7r(6- — 6^)=ll7r sq cm 

total smface=1337r=417 8 sq cm 
Volume of bowrl = 57r(6® — 5^) cu cm 

190 59 cu cm 
the w^eight=(190 59 X 8 88) grains 

=1693 95 giams=l 694 kg 

9. Volume of cylinder=7r x (3 5)® x (27r x 3 5) cu cm , 

^olumo of spheie= J 7 r (3 6)^ cu cm 
1 equired volume = (3 5)® x ?r X (27r - J) cu cm 
=(42 87x4 95 xtt) cu cm 
=212 2067r=666 96 cu cm 
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10 Here 4rr°==curved surface + j&ui face of two ends 

=^2^x2xl6+2xrx22 
r==16+2=18 , 

required radiusss3V2^4 24 cm 

11 It IS easily seen by similar tiianglcs that at any depth the 

height of the water will be twice theiadiusof the surface 
Let r be this radius in inch&> when the glass contains 500 
diops, then 

whence ? , that is, the height of the watcr=l inch 

12 Suppose the water n^es r centimetres, then the volume of 

the sphere is equal to that of a cylinder of height x cm 
and diametei 12 cm 

^-xe^xr^^T-xS^, 

whence a = 1 , that is, the water ls raised 1 cm 

13 The xolumes of the two spheres ara as the cubes of their 

radii , hence their %ceigkts will be in the ratio 289rj^ 

64 n3 17 
whence rj ro=8 17 

14. Required weight in kilograms 

4 / 4 

""3'’\TbO/ 

12 8 

=-^ X n 35 X -r=:48 43- 
= 152 14 

15 Required weiglit in kilograms 

=i7-(6S-4=>)x888xp?oii 

=608-x2 96xr5>inr 

=0 608 X 2 96s-=5 6538 
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16 The radius of the wire is ^ meties, and the radius of tlie 
sphere is metres. Let t meties be the length of wire 
required ; 

then ’ W 

T\hence i =24300 

05 3 

In the second case, indius of v\nie= 

_19 ^ 

~20^10* 

. in equation (i) above vre have to multipli the coefBcient of 
X by j of fh® equation remains unaltered. 

( oQ\2 / 39 \ 

or { 1 +g^ J of its former lalue 

Therefore the increase pei cent in the length is 
39 


361 


xlOO, or 10 S 


17. 


See Figure and notation of p 431, Ait 53 

Let ANO meet the «!phere amin in A' Tlien n e have to find 
the whole suiface and lolume of the segment PA'Q 

OP=r = 13cm NO=:18— r=6cm 
PN=rj=12cm AN=A=8cra "I 

Tolume of segment PAQ=r-A®^r 

=7r X 64 X (l3 - 1) =EiL^-2i5i cu cm 

4 

Volume of sphere= 5 W x 13® cu cm 

O 

4 

vol of segment PA'Q=^7r(13®- 16x31) cu cm 


=(4 1888x1701) cu cm 
=7125 15 cu cm 

Again whole surface =area of base + curved surface 

=7-r,®+2rTAi, ■whei^Ai=NA'. 
=-(144+13 X ISK^/cm 
=6127r=1922 66sq cm 
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18 Here r = 10 cm , X = 2 cm 

Cui\ed surface^ 277 X 10x2=^4077 sq cm 
Area of two ends5=77(6-+8^=10077sq cm , 
whole surface^ 14037=439 82 sq cm 
By Alt 54, 

\olunie of frustum=^(3ri2-f-3r2-+^-) 

'i, =5ir(3 82+3 62+2=) cu cm 
o 

s=?^E= 318 348 cu cm 

o 

19 Letaperp fiom the centie O of the sphere meet the plane 

ends of the /one in P and Q Then PQ=7 cm 

If OP= ^ cm , we have 5“+(7 +^)-=r2 

' =122+r2 

From this equation we find j:=5, and thence r=13 
^ ^ surfftce-of /one = (£77 x 13 x 7) sq cm 

f ^ * =18277=571 77 sq cm 

20 Let O be the centre of the sphere, P the position of the 

obseivei'’s 030 Let PR, PR' be tangents to the spheie 
Join RR', meeting OP in Q Then the portion of the 
spheie visible is the segment whose base is the circle 
on RR' as diameter 

Then PR^^OP^- OR2=372- 12^ , 

whence PR =35 

Now OQx37=122, OQ=^ 

37 

, c, 144 12x25 

surface of segment = ^2n- x x 12^ sq cm 

= ^200n- X sq cm 

=611 84 sq cm 
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21. Using the «!ame rigiiie and letteis a*; in E\ 20, let OP meet 
the •'pheie in T. Then mc h,nc to find PT gnen that the 

sill face of the segment RTR sq nii 

2-xQ.Tx4000=^-”-’JqJ^-\ that is, QT=^^=0 008 mi 

Lot PT= T miles, and denote QT b> h 
Then j-ft4-2rWPR-= PQ PO 

=(»+/')(’ +0> 

^\hence r{r—h)=hr 


hr h , A h\-^ , 


Thus the required height=(0 OOS x 1760 x 3) ft =42 24 ft. 


22 Let (he peip fiom B on AO meet AO in P and the ciicle in B' 
Let AO produced meet the cucle in A' Join BA' Tlien 
the icqmred suiface is that of a segment of a sphere i\ hose 
ladius IS AO, the height of the segment being PA. 

S=27rAP AO; 
but from it - ingled ABA' 

AB2=AP AA'=2AP AO 
S=rAB2 


23. Denote the -volumes of c^lindei, heinisphci e, and cone by 0, 
H, and C' 

Then obviousl} , since the heights of tlie cvlindei and cone are 
each equal to the radius of the base, 

C=.TT-xr, H=^, C'=irX7'i-2 

5 o 

C_H_C' 

3 2 1 


Page 435. 

1 From the Fig of p 434, if O' is the centre of the circular 
section OPB, 

vv e ha\ e 0'P= OP sin O'OP , 

or, r|=OPsin(9O“-tl)=rcos0 
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% 

'2 (i) Let I be the length of the equatoi, 

then I = (27r x 3960) nil 

Z=24880 mi 

. V , I. T . 24880 

(ii) The length of a knot= ggQ^^Q nii 

= 1 152 im 

♦ 

(ill) The lequiied length in miles 

=27r?i, wheie ^ 1=3960008 55“ 
=^cos55“, fiom (i), 
lequued length =14270 im 

(iv) The lequiied distance in miles 
_27r 3960003 51“ 30' 

24 

_?cos5r 30' 

24 

lequiied distance =645 nii 


log’tr=0 4071 
logZ=0 3010 
log39C0=: 3 5077 
log 2 =4 3038 
Antilog 4 3958=24830 


log 2r=4 3058 
log cos 55* = 1*7586 
log(2cos55*)=41644 
'mtilog4 1544=14270 


log 2=4 3058 
logcosSl 3(y= l 7041 
41899 

subtract log 24= 1 3802 
2 8007 

antilog2 3097=645 2 


3 


In the figure of Art 55, let PR be tbe peip fiom P to ON 
Then 

(i) Surface of segmental Ciip 

= surface of hemispheie — suiface of zone XBCX' 

=27rr2— OR 
=27rr2— 2;rr rsin0 
=27rr®(l— sin 0) 


(ii) By formula (iii) of Art 53, 


Volume of segment=flrA^ 



Also A=ON — OR=r— rsin^, 

volume = J7rr2(l - sin 0y(3r - A) 

= J7rr2(l -sin 6)-(2r+r am 0 ) 
=57rr®(l -sin 0)(1 -sin 0)(2+Bin 6) 
= “ sin ^(2 - sm ^ - sin^fi) 


4 . Tlie thickness of the zone is evidently ? sin d^-TBin 62 , 
surf«ice of zone= 27 rr 2 (sm 0 ,-sin $2) 
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5. (i) Tlic A' hole «nrf ice nf the Kirtli 

=4rr?- r.r- 

x(7^»22)*Kj jni 
'* surface - 1*17,100,000 nti 


loi--=0-S'>Tl 
2\i*fdsi 7 7^7<i 

$•*2^7 

J'>1T=1<>7,100,<XW 


(n) Surface of Arctic (^i]) 

= 2-r=0 -t-UiO) 
‘'inl 9 =-'-ni 6<»*’— 0 0171 , 
l-Mn'c?. 0 - 0 * 520 . 

. Mirfau* ~ * 1,1 72,000 Mj ini 


lOfrsO Wl 
loff 2=0*3010 
2ln^r=7 IPjO 
1 og 0 j=* 2 *^1 PG 
0^21 

ant ilo:r 0*0121 = S, 172, 000 


(til) Frrmi the fipnie in Art 
Surface of liop»"il Zone 

- iCMiifac-c of ?one XBCX’), 
^ihctv ; 

^ 1-l^MU 2.1f 
-=“cf'Mn 23l“ 

' surface— 7S 090, 0(K) R<j mi 


ril from (1) 

liii'MiiSJl =l*C'<y>T 
T S^SI 

rtlitliOiT «''54=rs,i'X),0(Xl 


6. In the fijrnf e on p ige 3S2, join OP and ON 
Olien ^.PON- 0 i-MON^r/., OP=^; 

^=:OM — ON cos */,, ami ON =ru;s 0 , 
. a:~-rc(>''0cocr/i 

y=NM-=ON Mil «fj, and ON = ri.osd, 
j/= rcoH (?sin </< 

=^PN=--OPMnt; 

-rwii 0 


Page 440 

1. IjCt r bo the mdnis of tho sphci e and i a side of the cube , 
then J7rr®=r^. 

losr3= 1771 lORir=0-t<»fl 
logtg gi (mi iog-i= :0r.02i 

3 1 73770 l-OSOS 

r-7't2l} 

nntUogT'792C=0 CS03 

^31 no 



—0 620, approx. 
r'a-«62'100 
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2 Let ? be a side of the cube, d its 

diagonal, and r the radius of the 
spheie^ 

then 47rH— 607^=2^2 , 
d 

Hence ? = 23 cm 

3 Heie S=7rr?, and 1=^1 

S=-^ \/157 = ~^ V107, 


S=204 sq cm 


loffir=0 4971 
log 2= =0 3010 

2 1 07081 
0 3990 
log 58 4=1 7664 

0 3990 

1 3674 

aiitilogl 3674= 23 20 


log 07 6=1 0S94 
log 6 = 0 7782 
1 2112 
Alogl57= l 0970 

2 3001 

'iiitilog2 3001=203 7 


Again 


«2 Q- P « \^7^ 7 

— 9/ 6 , 7 = — ^ Also , 

VTT ^ 

„ 1 1 97 6 11 \/^ 

v-5"-'‘-5- — 0 -7J 

(97 6)^X11 
IS*/? 

log ^^= 2485 log 07 6=1 9804 

log 18= 1 2553 3 

16038 2 1 5 9682 


log ^^= 2485 log 07 6=1 9804 

log 18= 1 2553 3 

16038 2 1 5 9682 

2 9841 
log 11 = 10414 
4*0255 
15038 
^15217 

aiitilog 2 5217=332 4 

V=332cu cm 


4 Volume of cylinder =7r x 3- x 6=54:r cu ft 

Volume of immersed solid= x 2^^ + Qtt x 2® x 4^^ cu ft 

=|(16+16)cu ft 
=— cu ft 

vol of watei left=u-^54-Y^=i^i!i cu ft 
=136 1 cu ft 
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5 Let j be tbe ratluis of the base of tlio cone , 
then ^x(lG2)3=5Gxi7rr2x70 2, 

o o 

r4>r70 2 

lo^Tl 4=0 14bl logir, 2=1 2095 
log70 2 =l 8403 3 

1 9924 3 6285 

I 9924 

2logr=1 6361 
logr=0 8180 
iTitilogO 8180= G 577 

Thus the radius to the nearest nullimetre=6 6 cm 


6. Using the left-hand figuic on page 418, we have, with the 
notation of Art 34, 

^ = P/)=13cin, ai=AB=40cm, cr2=a6=24 cm , 

also +64=21 9 

Slant surface =i 4 ( 01 + 00 )^ 

=(2x64x21 9) sq cm 
=2803 2 sq cm 
Volurae= J^[40®+40 24+24^] 

= 1 X 313G= 15680 cu cm 


7. 


Let X be the heiglit of the cone, and Ji that of the cylinder , 
then X = 217'9 - 124 3 = 93 6" 


Whole volume of tent 
=?rrVi + j7rr®X 
=TrX 1182(124 3+31 2) 

= (it X 1 18^ X 155 5) cu inches 

irx 1182x155 5 f. 

= cu ft. 


loBr =0 4071 
21og 118=4 1438 
logics 5= 2 1017 
C832G 
log 1728 = 3 2375 
3 5951 

nnhlog 3 5951 =3937 


volume =3937 cu ft 


8 


If 


r IS the radius of the spheie, we have 

|7n^x246=|irx(7 3)®, 

„_4x(7 5)2 
24 6 
r=8 3 cm 


log4 =0 6021 
31og7 5 =2 6253 

3 2254 
log24 6 =1 3909 

2 | 1-8345 =2 log 
logr=0 9172 
ititilogO 9172=8 2G4 


r 
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9 The solid is a double cone 

8=2-r7, wbeie r=3 7 X \^3, and ?=7 4 
=!2 tx3 7x\^3x7 4 
=47-x(3 7)2xn^, 

S=20Ssq cm 
V=* 3 ->'=^, nheio /<!=3 7 
= 31-x(37x\'3)-x37 
=*2rx(3 7)5, 

V=s318cii cm 


lo^ir^O 4971 
l<n,4=:0-C02l 
2Ioff3 7=sl 1364 
jlogSs O 23S5 
24741 

AtitllogrS 4741s29S'0 


loffff =0 4^71 

]ok2s 0*3010 
3loff3 7=l_7046 

2 5027 

'intUog2 5027=31S2 


10 Let r be the intei nal i'acbu<5 of the buiJcling Then the volume 
IS made up of a c>lnidci of height rand raduis r, togethei 
with a hemisphere of radius r 

r^r^xr-^ “7-1*^=5230 , 

that is |rr®=5236, 

3x5236 

or 

UX3141G 

10x31410 ’ 

1 =10 ft 
the height=2r=20 ft 


H Let R and r be the outer and innei ladn of the shell , then 
V=-jr(R3-H‘) 

=3r(R-r)(Ri+R;+,^ 

='”x‘^^^R- + RH->“), wliei-c / IS the thicLmos of 
the shell, 

=sol of fin-tnm of rone whose height is 4jt, and 
whose bise-, aiv ciitlt_-s of radii R and r 

12 IVith the Tieurc on mpe 41 r« the insciibed sphere will touch 
the Inst at B ind has t us cent iv at i point O in AB Join 
CO and let OB =.r, 
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Then since CO bisects the z. ACB. 

BC CA=BO*OA; 
r l=Ti h—Ti 

that is, T{h -ri)=?rL or TJi—ri{l-^r) 

Vow V -7^^ 7-rxri(Z-t-r) -r(^-fr) S 

V~Arr^~ 4-riS ~ 47^1^ “S' 


13 


Let r be the radius of the base of the cylinder ; then the 
Trhole solid consists of a sphere of radius r and a c\ linder 
of same radius whose height is 2r, 



— j^y 2^3^464 


■^^7^=464- 


, 139-2 



Whole surface = surface of sphere -i- surface of cylinder , 
S“4— 7®-^2-rx2r=8rv^ 


=8T-f =8--(139 2)1 

logS=log8-^^log:-+" log 139*2 

C C o O > O 

=log8-fi(Iog--2logl39 2) 

. S==315 sq, cm 


log ='=04571 
21<^139-S =4f372 
S j47S13 
15943 
logS= 0<C<31 
2 4&T9 

antilog 2 4979=314-7 


14. In one second the water which flows through the pipe is a 
cilindrical column whose ladius is 15 cm. ana length 
1-25 m. 

Volume of cylinder=7-(l 5)2x 12 5 cubic decimetre^i 
- number of litres per hour==7- x 2 25 x 12 5 x 60 x 60 x 24 

=?-x2 25x125x24x360 
==:-x 2 25 X 1000 x lOSO 
=22500x108:- 
=2430000:- 

=7634000. to the nearest thousand. 
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15 


Tolume of cvlii:(it:r— {z'xC4x4-) cu- cai- 


- :rx04xlG ,0^1. 
Tre»ght = — — X kg. 


^(trxICe4yI36)kg 
s=43 75 kg 


16 If r IS the tree niue of the n:d*i*s. the nitscisarfcd rains £s 
r{l=rO‘<»l) sccordiDg as the error of measiirement is ia 
excess or dtrfer.: 

Thus thtr calculated value o* the voluise 13 
r- kT 4rT^iO-&5>= ; 

that 4:r’^x1-03^* or 4r^*^x0'^70. approximately, while 
the true value is 4sr^ 

Thus the calculated value may exceed the true value by 
» *03 - that is bv 3 per <hrna or itself. 


17 Let jr=tue number of then the volume 01 the wire is 

that or s cylinder. iO-'" decimetres in length, oa a base 
0*2 2 - 

of or — Ts atemetres. 
i(v/ iO- 


weight of rare 
£> 2 


=:t|^IQrx^^) x^rxS-SS { 

xx4r“xSi5S ^ ^ 
ify 


4=* X 


1(P 


^=^593 - 


Lr-*=c*<rci 

1 ^rr-=o-^ T I*Tg'£jCx2*V=s7“m 


593x10^ 


43rxS-SS' 

Thus the reuuirtd Ieni:rh=r53i500 metres. 


18 Let r be the required number then the volume of the sh jI 

=[" (M) J ‘isi'-Eetres. 

35 = 1043. 

^ X 3 X 10^ 
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iogi0 4';-i 0]*'i 
liK, t. 0 4771 

lor 4 r- 0 0021 
lt>r - Si. 0 4071 


nio/ 1 3 -0 0117 

7 41H.J 

i(»g n ijv^^o 

2 40 0 

2 4<»i>0 

log n ct 6*0003 



Thus H = 100,000, roughijt 

19 A=-»S5‘-(i in B-TSCsq in // = 46" 


28.3 


47 33 


78 fJ 

logA-1 4'.48 

— - 

logB = l 8054 

154 43 

2l3 1502 

1_-| 

logs^AB-l 0701 

151 43 

nntilog] 67'»l-47 33 


231 Od 

Thus the ^ olume =- 232 cu in 

(i) "When A= B the foIkI bceoines a cyhndoi on n base of ait.i 
A, and with height /<, and the foi inula i educes to /cA 

(ii) "When B— 0, the solid bocoine^ a tone on a base of ,iic.i A, 

;,A 

and with height /<, and the foi inula ledutes to — - 


20 . 


21. 


Tlie radius of e.ioh tube is 1*2’)" oi ft 

/ 1 2!) \ 

total heating sui fncc=: 1 2- x x 8 x S')© ) sq ft 

= ^5 X 330 X j Bq ft 
= 18.32Gsq ft 

Here 


Vi==i«x (8 1)2x27 5 011 ft, Vj=Vx(815)2x276 cu ft 


1o,r -r -0 4071 
2 log 8 1-lSlTO 

log 27 'isTJToa 

'1 7531 
log 3 =- 0 4771 
2 2763 

nnlllofrC 2763=1FS0 


lo^ r ss0 4'*tl 
2 log SI5«1 8"2J 
logCrC -MfOO 

JToai 
log 3 g Q 4771 

2 2S3a 

nninog2 2R33=-l020 


T1iu 8 tilt approximate vnlups of the \o1nmc m the two cases 
arc 18Sh cu in and 1020 on in 

T 


II S K 
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22 Let d be the diameter then 

Hi) 

- j_ 6xOC4p 

. 3 log £f =Iog 6 —3 log 30 4 — log— 
Thus d—45 16 cm. 


ZJofgOrj 4g= -*T5S33 
5 4515 
^71 

1t35,3 

oatnosli^S^iu XG 


23 Let <? be the diameter of the second sphere * then 
“ ^x0-64=8 11- 

O t> 

that IS. O6)»xl-2lxll=<i=x064xS 

or O6)’x(ll)==d’x(0S)S; 

j ^Gxll 

— =' ' 

Thus the diameter is 7 7 cm. 


24. Let Zh be the height of the first cone, and 3r the indius of its 
base , also let Vj be its volume. The planes of section cut 
off two cones of heights 2/^ and A respectiveh on basess of 
radii 2r and r Let Vj and Vj be the i olumes of these cones 

Then we have to find the ratios 


Now 

that IS 


Vi V.^V. Vs-V^ 

Vi_ V. ^ V.. _ 

r-A (2r>=xA (3r)-x3A 

Yi-^.-V3 

1 ^8^27^ 

Vi V.-V, V3--V2=1 7 19 


Note. The solution niav al«o he very easily obtained by means of 
fonuala (i) in Ex. 1 on p 4lV. 


25 See Ex 1 on p 435 

Length of Arct’c Circle 

y 392a^coiCQ13ir- 

Tlm^ the length =^9^26 m? 


Ic;j2«0*CCI0 
lo^ ^=0 ,^’<•1 
logtjtZ=Z 

io^c&4 c ^ cor srlnrc" 

aaf Off 3 ss*^.# 







Zi. i>: V 1s:^‘z. zr, eiia ri tee 


c- V, 

V jticr' e I=rf: —V 'i — 

?i;'. 

After tee d c:i~- 
Trl:^e left = 0 ^ 0 /- 

=(' 3 ^/^/. and st c: 
Thms sf^er ten caj^- 


cter*: = 2 ‘ 2 t*C- 

rCrf'-i 

a=::ilc 


and 1 ct- fe ^e:gl « IKO os-: 
I 4 ? 7 % o-z- 


lT'!!? tee reitj’zfred Teisit is. 
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28 By Ex 11 on p 410, if an wise of tlit tetrahedron i« 

2 / / 

a centiinetrc?, the volumes: ”1 -JvJru cn 
„3jn l«rl2 sl-O-yS ln?U-35=l'0"O 

.. ^^x^3'l«10 70-<1000, KJo;w=«..j]i Ji^ 2 

& 10 -G 

. 12x10700 ,1311 

01 ft ' -rnrTv */ r 1 m 


Tlin'< as=2000 cm 


I I 0 l 0 e 20 «) 


29 . (0 Let ABC 1)0 the o/juilat/'nl £< ro\oUinp al)owl BC Jy^t 
AD liwct BC at tight vnt:U« Tlum thf foIuI g<»ncrai«*<l 
IS a double cone TTho**© height is BD, and 'w ho'ic ln< 5 e has 
DA for Its radius 


ff , rxA 

and DA= 

,- 1 ,- 1 / ft 

\ol of FOlld=2X;j-|^ ^ 


Again if G i** the centre of the tnangle, DG — ^DA [p 97 1 

Circmufeicncc of un-le de«tnhpd 1 »> G 


_ 1 ovi -« 

e=2ry , r = -r 
i n '3 

= /(, NIJ 

Area of tnangle ABC==:” 

Vol of pnsm v\hosc ha'-c is A and height A 


<1 “"K ”n® 

“ 2 ’' 1 -’'; 73 =T’ 


Minch agrees vnth fornnila (i) 

(n) liCt the solid be generated hj the rcMilution of the cqm- 
lateril A ABC about the line DAE pai> to BC IjCt BD 
and CEbe pei^ps from B and C on this line 



r‘< iv 
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30 


Again if G IS the centre of the square, 

circunif of circle described bj G=2sr AG 

=2r -^=r-a\^2 

Area of square =a- 

volume of solid of re\olution='Ta\^2xa3=ra3V2, 
which agrees with foi inula (in) 


(n) Let the solid be generated bj the revolution of the 
hexagon ABCDEF about AB , and let CX, FY be the perjis 
fiom C and F on AB produced. 

Then the required Aolunie 
= cylinder foimed by ie\oIution of ABDE 
+t\vo equal frusta b} revolution of BDCX, AEFY 
- ti\o equal cones by revolution of A* BOX, AFY 
Vol of cylinder =7r AB BD-=7-a(atan60®)- =3a-a^ 


Yol of twofrusta=2x^ BX{BD2+BD XC+XC=}=7-a* 
o 4 

Tol of two cones=2x^ BX CX- =77-0* 

0 4 

reqiiiied volunies=-ra®|^3+^ — 


This result maj be verified as m the foiiiier examples 


Area of circle=— sq in 

Circunifeience of O desciibed by centre 
=2rx7 in 


required volume 
8 

=423 1 cu in 


2 lofr 17=0*0042 
31ogr= 2 535i 
3*5205 
1 (^ 8 = 0*0031 
2*0204 

anhloge 6264=4231 
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